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1 Introduction

For x > 0, the classical Euler gamma function I" and psi (digamma) function v are defined

by

I (%)
(x)’

0

['(x) = / e dt, V(x) = (L.1)
0

respectively. Furthermore, the derivatives ¢, ¥", vy, ... are known as polygamma func-

tions.

As an important role played in many branches, such as mathematical physics, proba-
bility, statistics, and engineering, the gamma and polygamma functions have attracted the
attention of many scholars. Recently, many authors showed numerous interesting inequal-
ities for the digamma (psi) function v and the Euler constant defined by

n
. 1
y = nll)rrolo<k2_l T lnn) =0.577215664 - - -,

where > 7, % := H,, is called the harmonic number. In particular, there has many approx-
imation formulas for psi function and harmonic number, which can be found in [1-18],
and closely related references therein.
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We would like to mention DeTemple and Wang’s paper [19] for half-integer approxima-
tion formulas

I 1 1 H I 1 ! (1.2)
+In{n+ =)+ ——=<H,<y+In|n+=)+— .
v 2) " 2amrre Y 2) " 24w

and

1 1 A | 1 S B
+Inln+ =)+ +—— <H,<y+In[n+=)+ +——. (L
4 2) "2 T 960 mr1)t ST 2) " 2422 " 960 n*

It was also proved in [13, 20], [21], Lemma 1.7, that
1 _
ln<x+ 5) <1/f(x+1)§ln(x+e V) (1.4)

for x > 0, where % and e are the best possible constants, and y = 0.577215664 - - - is the
Euler-Mascheroni constant. Thanks to formula (1.4) and the relation H, = y + ¥ (1 + 1),

we have
1 .
y +1In n+§ <H,,§y+ln(n+e V—l) (1.5)
for any n € N. In 2011, Batir [22] further proved that
L. (2 -2 1 2 1
Eln(x +x+e ”)Sw(x+1)<§ln x +x+§ (1.6)

for all x > 0, where e™2” and 1/3 are the best possible. As a direct consequence, he showed
that, forn e N,

1 1 1
y+§ln(n2+n+62‘2”—2)5H,,<y+§1n<n2+n+§>. (1.7)
Batir [23, 24] provided another interesting bound for the psi function:
a- ln(el/x - 1) <Yx)<b- ln(el/" - 1), (1.8)

where x > 0, 2 <In2, and b > 0. Consequently, the double inequality

2
In % ~In(e" ~1) < H, <y —In(e’"*) — 1) (1.9)

for all » € N was attained in Corollary 2.2 in [23]. Later, this inequality was sharpened to
1+In(ve-1) - In(e""V ~1) < H, <y - In(e"") 1) (1.10)

for all n € N by Alzer [25].

For reader’s convenience, here we name this class of bounds for the psi function and
harmonic numbers the Batir-type bounds and call the corresponding inequality a Batir-
type inequality.
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Also, inequalities (1.10) are equivalent to
a<elm _efln < p (1.11)

with the best constants a = e(y/e — 1) ~ 1.7634 and b = e’ &~ 1.7810 (see also [26]). For
a more general result, see [3], Theorem 1.3. Similarly, in the context, we call inequalities
(1.11) the Alzer-type ones.

Batir [22] further proved some new Batir-type inequalities for the psi functions and
harmonic number, in particular,

1 2x+b

1
Elnmfw(xﬁ'l)filn

2x+b : 0
2l _q  orx=
with the best constants @ = 2 and b = e~2 (¢ — 1). This implies that, for n € N, we have

1 2n+b <H<11 2n+b
3 M _1 = =5 e 7

where a =2 and b = 27 (e — 1) — 2 & 2.0024 are the best possible. Obviously, it is equiv-
alent to the double inequalities

€% (2n +2) < et — oM < 027 (21 1+ 2.0024 - - -).

Clearly, it is an Alzer-type inequality.
On the other hand, Villarino [27], Theorem 1.7, proved that the sequence

1 1 1\*
d, = ——|n+=
Y(nm+1)—In(n+1/2) 24 2

is increasing for n € N, and meanwhile DeTemple and Wang [19] by an approximation

argument for the harmonic number showed, for € N, the following inequality:

1 1 1
H, -1 2)-
24(n+1/2)2 +21/5 n(" " 2) VS 24n+1/22 +1/(1—In3+In2—y)—54

with the best constants % and 1/(1 = In3 + In2 + ¥ (1)) — 54 ~ 3.7393. Yang et al. [28],
Theorem 2, further showed that the function

x> F,(x) = 24(x2 + a)[w(x +1/2) - lnx] -1

is strictly completely monotonic on (0, 00) if and only if a > 7/40.
Motivated by all these recent papers, the aim of this paper is to investigate the mono-
tonicity and convexity of the function related to the psi function and present some new

general, Batir-type, and Alzer-type inequalities for the psi function and harmonic number.

2 Preliminaries

In this section, let us recall a few of involving lemmas and some basic facts.
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Lemma 1 ([29], pp.258-260) Letx >0 and n € N. Then

~1)"n!
YO+ 1) - g e) = T 1)
xn+
Lemma 2 ([29], pp.258-260) As x — 0o, we have
11 1 1
~lnx— — — - , 2.2
V)~ Inx = - e Toont 2528 22)
1 1 1 1 1
")~ =t —+— - +—, 2.3
Ve~ et 6 30w T ad @3)
, 1 1 1 1 1
Vi)~ —— - — - (2.4)

—_ -
x2 X3 2x*  6x°  6a8

Lemma 3 ([30]) Let f be a function on an interval I such that lim,_, . f(x) = 0. If f(x +1) —
f(x) > 0 for all x € (a,00), then f(x) < 0. Conversely, if f(x + 1) — f(x) < 0 for all x € (a, c0),
then f(x) > 0.

Lemma 4 ([31], Lemma 7) Forn € Nand m € NU{0} with n > m, let P,(t) be a polynomial
with n degrees defined by

n m
Pu(t)= ) ait' =) ait, (2.5)
i=m+1 i=0

where ay, ay >0 and a; > 0 for 0 < i < n—1withi+# m. Then there exists an unique number
tms1 € (0,00) satisfying P,(t) = 0 such that P,(t) < 0 for t € (0,t,,41) and P,(¢) >0 for t €

(tm+1: OO)

Lemma 5 Let u be the function on (—oo, 00) defined by

u(x) = @Sﬂ (2.6)
Then, for x # —1/2, we have
1
px) = "G u(x+1)+u(x)<0. (2.7)
Proof Differentiation leads to
Wiey=—20 % (2.8)

3 (40x2 +7)2°

Factoring gives

*) 1 400 x+1 400 x
X) = — + — _—
p @+1/22 " 3 (A0(x+12+72 3 (40a%+7)
1 400 4,800x* + 9,600x3 + 6,96042 + 2,160x — 49

T (x+1/22 3 (40(x + 1)2 + 7)2(40x2 + 7)2
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Replacing x by (¢ — 1/2) and factoring, we get

7,680,000 — 384,000t° + 2,851,200¢* — 531,760t> + 250,563
3£2(40(t — 1/2)2 + 7)2(40(t + 1/2)2 + 7)2

pk) =-

’

where t =x +1/2.
Note that the numerator of this fraction can be written as

() = 7,680,000£8 — 384,000¢° + 2,851,200£* — 531,760¢ + 250,563
7,692,800 , 1
+ e —

t* + = (920¢> - 867)" > 0, (2.9)

- 4,800¢* (408> - 1)
3 3

and the desired result easily follows. 0

Lemma 6 Let u and p be defined by (2.6) and (2.7). Suppose that q and r are defined on

(=1/2,00) by
_ 2 " 1 "
Q(x)—m—u (x+1) +u”" (x),
1 / /
r(x)z—m—u(x+1)—u(x).

Then, for x > —1/2, we have

glx+1) q(x)
S(x) := +r(x+1)+ —-rx) - —=<0. 2.10
(%) 12 (x+1) ) (%) o) (2.10)
Proof An immediate computation yields
400 120x* -7
") = — ————. 2.11
w 3 (40x% +7)3 (2.11)
Then we get
2 400 120(x+1)2—-7 400 120x%-7
q(x) = -— +— , (212)
(x+1/2)3 3 (40(x+1)2+7)3 3 (40x2 +7)3
1 400 1 400
r(x) = i i (2.13)

T@r122 T3 (401277 T 3 (402472
Substituting p(x), g(x), r(x) into S(x) and factoring it give

16 x 101 S)(x)

S(x) = 3 Sw

where

Si(x) = (2x + 1)2(2x + 3)2(404% + 7)* (404 + 160x + 167)
x (7,680,0004° +92,160,000x” + 483,456,000x° + 1,448,064,000x

+2,711,491,200x* + 3,257,107,200x> + 2,458,239,44.0x>
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+1,069,159,920x + 205,944,303)
x (7,680,000x° + 30,720,000x” + 53,376,0004° + 52,608,000%°
+35,011,200x* + 18,182,4004° + 6,745,040x>

+1,301,840x + 319,823),

18,277,115,756,544
5 X
, 106,181,83L688,192 ,, 2,147,345768,669,184
5 25
| 6:422,868775,010304 |, 368287,175,087.671.296 ,,
25 625
| 662,967,302,010,630,144 ,;  4756,138,453,310,742,528 ,,
625 3,125
, 5:496,272,101,145296,896 , 25764,390,625415,987.616 ,
3,125 15,625
 3.939,003,200,496,190.272 , 12,333,289,847,706921,772
3,125 15,625
, 6:339,553,647,515,390.816 ; 26,760,64338,980,254,467
15,625 156,250
4,616,788,558,072,176,841 , _ 513,733,037,814,725250,509 ,
78,125 31,250,000
, 27.954545,230,825,852,509 ,  44,860,757,315,321422,071 ,
7,812,500 78,125,000
2,404,936,823,928,444,981  389,355,305,888,516,211,027
39,062,500 x 100,000,000,000

Sy(x) = 19,544,408,064x%° + 390,888,161,280x" +

Page 6 of 17

(2.14)

We further prove that S;(x), So(x) > 0 for x > —1/2. In fact, replacing x by (t —1/2) in (2.14)

and arranging, we obtain

S1(x) = 16£%(¢ + 1)? (40#* — 40t +17)* (120 + 40¢> + 97)
x (7,680,000£° + 61,440,000¢” + 214,656,000£° + 427,776,000£>
+534,691,200¢* + 433,804,800¢> + 225,855,440t + 69,477,280t

+9,866,003) x pi(2),

where p;(¢) is defined by (2.9), and £ = x + 1/2 > 0. Clearly, S;(x) > 0 for x > —1/2.

Similarly, we have
Sa(x) = S3(2) + £254(2),

where

4,351,725,010,94:4 ;8

S3(t) =19,544,408,064¢%° +195,444,080,640° + =

11,314,743,607,296,:17 94,415,373,656,064t16 104,269,760,888,832t15
+ + +

5 25 25
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1,887,440,973,367,296 ,, 888,059,638,659,072 ,,
+ I+ t

625 625
, 1921,294271,712,768 , 1795217,217,788,928
3,125 3,125
8,617,726,188,296,736 , 928,558,757,330,976
15,625 3,125
1217,964,858,530,932  353,703,953,859,088 ,
15,625 15,625
3,731,661,240,517,347 ¢ 151,574,123,955,363,957
156,250 156,250,000

20,166,045,810,484,915,467
100,000,000,000
1,496,705,911,425,721 , 78,4~52,580,264~,405,241t2

’

Sa(t) = ¢
156,250 31,250,000
25,060,239,724662,741 . 11,608,44.0,209,633,547
- +
15,625,000 9,765,625

It is clear that S3(¢) > 0 for £ = x + 1/2 > 0. To prove that Sy(x) > 0 for x > —1/2, it suffices to
prove that S4(¢) > 0 for ¢ > 0. In fact, it is easy to check that

4,490,117,734,277,163 , 78,452,580,264,405,241

S, () = t
156,250 15,625,000
25,060,239,724,662,741
15,625,000

has a positive zero point # € (1/3,1/2) such that §,(z) < 0 for ¢ € (0,%) and S, (¢) < 0 for
t € (tg,00). Since S4(0), S4(00) > 0 and

1,496,705,911,425,721 , 11,608,440,209,633,547
+
156,250 0 9,765,625
(78,452,580,264,405,241 ,  25,060,239,724,662,741 )
- 0

Sa(to) =

31,250,000 o 15,625,000

1,496,705,911,425,721 (1 >3 11,608,44.0,209,633,547

156,250 3 9,765,625

78,452,580,264,405,241 (1\* 25,060,239,724,662,741 1
_( 31,250,000 (5) * 15,625,000 E)
_1,922,580,540,937,065,541
- 16,875,000,000

so we get S4(¢) > 0 for £ > 0, which proves that Sp(x) > 0 for x > —1/2 and completes the
proof. d

3 Monotonicity and convexity
In this section, we state and prove Theorems 1-3 on the monotonicity and convexity of

three important functions f(x), f2(x), and f3(x) concerning the psi function, respectively.
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Theorem 1 The function

1 1 1
xr—)fl(x)zexp<1ﬁ(x+§) _ﬂm> -

is decreasing from (-1/2,00) onto (0,1/2) and convex on (-1/2, 00).

Proof With (2.6) in hand, f(x) can be written as
fl(x) — ex//(x+1/2)—u(x) —x.

Differentiation of this formula yields

@) = (¥ (e +1/2) = /() e? 1270 g, 3.1
. Y +1/2) —u” (%) + (' (x + 1/2) — 1/ (x))?
fl ( ) = e~V (+1/2)+u(x)
g(x)
= e 32
By (2.1) this yields
glx+1) —g(x)
=[x +3/2,2) —u'(x+ D]+ [Yx +3/2,1) - (x+ D]
- {Ip(x +1/2,2) —u(x) + [w(x +1/2,1) - u’(x)]z}
= p(x) I:Zw(x +1/2,1) + r(x) + @}
p(x)
:= p(x)h(x), (3.3)

where p(x), g(x), r(x) are defined by (2.7), (2.12), (2.13), respectively.

Similarly, we get

2
h(x+1)—h(x)=—m+r(x+1)+p(x+1) rix p(x):

By Lemma 6 we have /(x +1) — h(x) < 0. It follows from lim,_,  /#(x) = 0 and Lemma 3 that
h(x) > lim,_, o h(x) = 0. Thanks to inequality (3.3), p(x) < 0, and Lemma 5, it follows that

glx+1) —g(x) = p(x)h(x) <0,
which implies by Lemma 3 that g(x) > lim,_, » g(x) = 0. Thus, in combination with (3.2),

this leads to £ (x) > 0, that is, f] is convex on (-1/2,00), and f{ is increasing on (-1/2,00).

Utilizing the asymptotic formulas (2.2)-(2.3), this yields

lim f{(x) = lim fi(x) = 0.
X—> 00 X—> 00
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Therefore, we get that f] (x) < lim,_, o f] (x) = 0, which implies that fi(x) is decreasing on

(-=1/2,00). Moreover, we conclude that

0= lim fi(¥) <fi(x) < _lim fl(x)zé,

x—-1/2%

which completes the proof. 0

Theorem 2 The function

1 1 1
x> folx) = expw<x+ 5) —xexp<ﬂm>

is decreasing from (0, 00) onto (0,e™” /4) and convex on (1/2,00).

Proof We have

1 1 1 1 1
e -

1 1
= exp<2—4 m)fl(x) 3=ﬁ)(x) 1(x).

Noting that
1 X 1 1
/x =—————"-€X ——— 1 <0 forx>0,
S = =35 Ga 774002 p<24 PN 7/40) = =
» 1 14,400x* +2,080x% — 147 1 1 0 forxs t
X) = X — | > orx -,

0¥ = 57600 (a2 + 7/40) P\ 22 +7/a0 =3

we have

fx) =fo@®)fix) + fox)ff(x) <0 forx>0,

N =

o () = f3 (A ) + 2f (x)f] (x) + fo(x)f' (%) >0 forx >

A simple calculation leads to

1 1 1
. T . — : - _e7
xh—glof2 (x) - xlggo exp<24 x2 + 7/40) xlggoﬁ (x) 0 and xl_l)IBlJrfz (x) 4 ¢

which completes the proof. d
Theorem 3 Let a > 0. Then the function

x+—>f3(x):1p<x+l)—lnx—i 1

2 24 %% +a

is decreasing and convex on (0, 00) if and only if a > 7/40.
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Proof The necessity is obvious; it follows from the inequality lim,_, o, x°f(x) < 0. Indeed,

using the asymptotic formulas (2.2), we have

7 1
li 5 ¢/ - _Za<o,
Jim #5060 = 375 T 64 =

which yields a > 7/40.

We now are a position to prove the sufficiency. By differentiation we have

(O P T L
f3(x)—1/f(x+2) x+12(x2+a)2'

1 1 1 1 1 a2
(%) = w”<x+ —) +—

+— - = .
2 %2 122 +a)? 3 @x2+a)l

Using (2.1), we have

1 1 1 x>

" " Y 3 1
s )= =y <x+§)+(x+1)2+E((x+1)2+a)2_5((x+1)2+a)3
B 1 1 1 1 1 &2
_l/f(x+5>_9?_ﬁ(x2+a)2+§(x2+a)3
2 1 1 1
- (x+1/2)3 i (x+1)2 " E((x+1)2+a)2
1 x? 1 1 1 1 %
_g((x+1)2+a)3_;_ﬁ(x2+a)2+§(x2+a)3
P(x)
T 22 (2x+ 132 + 2Pk + 1)2(a2 + 2x +a + 1)3

where

P(x) =12(40a — 7)x'2 + 72(40a — 7)x™ + (1,5364> + 7,576a — 1,290)x°
+(7,680a% + 11,4804 — 1,830)x” + (2,0164> + 16,7884> + 11,0384 — 1,563)x°
+(8,064a> + 21,0724* + 6,952a — 816)x’
+(1,440a* +14,1124° + 16,7104 + 2,840a — 252)x°
+(4,320a" +14,1124° + 8,634a> + 724a — 42)x°
+ (5764° +5,652a* + 8,8624° + 2,8534? + 1154 — 3)x*
+(1,152a° + 4,104a* + 3,6124° + 5404> + 14a)x®
+(964° + 9364° + 1,764a"* + 9664° + 394 + a)x®

+(96a® +360a° + 432a* + 168a%)x + (124° + 364 + 36a* + 124°).

It is easy to check that the coefficients of the polynomial P(x) are nonnegative for
a > 7/40. Then we have f;'(x + 1) — f3'(x) < 0 for x > 0. By Lemma 3 we get that f;'(x) >
lim,_, o f3 (x) = 0, which implies that f;(x) is increasing on (0,00). Therefore, f3(x) <

lim,_, o f3 (x) = 0, which completes our proof. d
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4 Inequalities for the psi function and harmonic number
Denote Fi(x) = fi(x + 1/2) (i =1,2,3) in Theorems 1 and 2. Then, since F; is decreasing,
F1(0) = 77531, and lim,_, o, F(x) = 1/2, we get the following conclusion.

Corollary 1
(i) Forx>—-1/2, we have

1 1

1
Doln(x+z)4——
Ylerl)> n(x+2>+24x2+x+17/40

(ii) Forx >0, we have

1\ 1 1 1 1
n(x+=)4——o 1)<l - a1
n<x+2)+24x2+x+17/40<1/,(x+ J<InGerao)+ o o 17a0” Y

where the constants 1/2 and g = 77> 2 050903 are the best possible.

Remark 1 Comparing (4.1) with (1.4), we find that, for x > 0,

1 1 1 1
Infx+=)<Infx+= )+ ————<P(x+1)
2 2 24 x% +x +17/40

Ins-+ o) + = ——— Inx + )
<Inx + o + ——<Inx+e€ .
O 04 42 ¥ x +17/40

In fact, it suffices to show that the last inequality is valid for x > 0. Let

1 1

Di(x) =1 S S
1(®) =Inlx+00) + o 17740

< ln(x + e_y).

By differentiation we have

) 11 2% +1 1
Di(x) = -— -
x+ag 24 @x2+x+17/40)2 x+pB
_ Ds(x)
3(x + 00) (% + B)(40x2 + 40x + 17)2’
where

Dy (x) = 4,800(e™” — atg)x* + 400(24e™” — 24ag — 1)x® — 40(232a9 — 2127 + 5)x°
—40(107ag —97e™” +10age™ )x — (867cy — 867e” +200ape™”)
= agx® + azx® + arx® + ayx + ao.
It is easy to check that a4, a3 > 0 and a3,a;,a0 < 0. Then by Lemma 4 we see that there
is %9 > 0 such that Dy(x) < 0 for x € (0,x9) and D,(x) > 0 for x € (xg, c0). This indicates

that D, is decreasing on (0, x) and increasing on (xg, 00). Therefore, we conclude that, for
x>0,

Di(x) < max(Dl(O),Dl(oo)) =0.
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Remark 2 Similarly, we get the following inequalities:

1 1 1 1
Zn(a? “2v) <1 Z - - 1
2 n(x +x+e )< n<x+2>+24x2+x+17/40<1//(x+ )

1 1

1 [, 1
<=In(x"+x+=-)<hn(x+ag) + ——————
2 3 24 x% +x +17/40

for x > 0. A direct computation shows that

i Yx+1) - 2In(? +x+ 1) 1
=00 x4 ~ 180’

im Yx+1)—In(x+ %) - ﬁm _ 2,071
x>00 x6 806,400’

Page 12 of 17

4.2)

(4.3)

which implies that the approximation formula of the psi function given in (4.1) is superior

to (1.6).

Since F(1) = e?8¢/291-7 by the relation v (1 + 1) = H,, — y we deduce the following:

Corollary 2 For n € N, we have

1 1 1 1

+_7
Y 4w v n+17/40 241 + 1 +17/40

where 1/2 and a; = €327 ~ 0.50021 are the best possible.
Since F, is decreasing on (—1/2,00), limy_,« F2(x) = 0, and

1 1 3 1
E(0) = -y _ 551 _ , F(1) = -y _ 2 5/291 _ — ,
2(0) =€ ¢ 2/30 1) =e ¢ 2,31

we get the following:

Corollary 3 For x > 0, we have

1 1 1 1 1 1
Infx+= |+ ————= <Y+ <n{x+ - |+ — 55—
2 24 x% +x +17/40 2 24 x2 +x+17/40

+ln[1+

where By = 277 — e°1 2 0.019913 is the best constant.

Corollary 4 For n e N, we have

1 1 1 1 1 1
y+Inln+=- )+ ——————— <H,<y+In|ln+=- |+ —————
2 24 n? +n+17/40 2 24 n? +n+17/40

B 1 1
+In|1+ expl ——————
24 n% + n+17/40

2n+1

where B; = 2e'77 — 3e°?71 ~ 0.00041845 is the best constant.

+In(n+1/2)<H, <y + ————— +In(n + ay),

0 1 1
expl -———————
2% +1 24 x% + x +17/40

)}
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For a = 7/40, since Fj; is decreasing on (—1/2,00), lim,_, F3(x) = 0, and

F;(0)=1n2 > 1) F5(1) 286 1 3 8
=In2-— -y =09, =——-In—--y =9y,
3 51 YV 0 3 591 5 Y 1

we deduce the following:

Corollary 5 For x> 0, we have

1\ 1 1 . 1\ 1 1
In{x+= |+ —————=+8; <Y+ <In[x+ - | + ———— + 0,
2 24 x2 + x +17/40 2 24 %% + x +17/40

where 85 = 0 and 5y =In2 —5/51 — y ~ 0.017892 are the best constants.

Corollary 6 Forn e N, we have

1 1 1 1 1 1
y+ln|n+= |+ ——————+8/ <H,<y+In|n+=- |+ ——————+4§,
2) 24n’+n+17/40 2) 24n?+n+17/40

where 87 = 0 and 6, = 286/291 — In(3/2) — y ~ 0.00013710 are the best constants.

From Theorem 1 we can obtain the following Batir-type inequalities for the psi function

and harmonic number.

Corollary 7 For x> 0, we have

1
24(x% + x + 17/40)

1
24(x% + x +17/40)

In(e?™ ~1) +¢o < Y(x+1) < ~In(e® 1) + ¢}

with the best constants cy = In(e>347/%%%7 _1) —5/51 — y ~ -0.0088601 and c}; = 0, where

4,800x* + 19,2003 + 28,480x% + 18560x + 5,347
3(x +1)(40x2 + 40x + 17)(40x2% + 120x + 97)

Q) =

Proof Let Gy(x) = Fi(x+1) — Fi(x) = fi(x + 3/2) — fi(x + 1/2). Since f; is convex on (-1/2, 00),
we have

Gi@) =f{(x+3/2) —f/(x+1/2) =f"(x + 1/2 + 0) > 0,

which means that G is increasing on (0, 00). Considering

Gi(w) = exp(Ylx+2) - o
1) = P Y T ) = S e+ 3/2)% + 7/40
ey L 1 .
mexp|\ V) = v 12740 ) T
1 1
_ - QW) _ 1) _
eXp(w(“l) 24 (x+1/2)2+7/40>(e -1

286 5 .
G1(0) =exp 2—91—)/ —e —a—y -1 and xlinoloGl(x):O,
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we have
Gi(0) <exp( P+ 1) - o= ) (% 1) —1 <o,
24 (x +1/2)% +7/40
which attains the desired inequality. O

The increasing property of G; and

Guth) 2,303 286 .
=ex — —ex _ —
W =P\ 1540 7Y ) ~P\ 501 77

yield a sharp bound of harmonic number.

Corollary 8 Forn e N, we have

1
+ —In(e?" -1) + ¢
Y 3aer nriria0) )+
1
<H,<y+ In(e?” ~1) + ¢},

24(n2 + n +17/40)

where ¢ = 286/291 — y + In(e76387/149574 _ 1) ~ —0.00018438 and c} = 0 are the best con-

stants.

Remark 3 Note that since ¥ (n + 1) = H, — y, Gy(n) is written as
Gi(n) o 1 1
n) = ex —y_——
! P U =Y = S i+ 312)2 + 7740

1 1
—exp(Hy-y-— ) -1
eXp( v 24(n+1/2)2+7/40)

Then by Gi(1) < G;1(n) < G1(00) we have the following Alzer-type inequalities:

2,303 286
1.7807 ~ exp( N 542) - exp<ﬁ> < efmiminel _ gHn=n o oV ~01 7811,

where

1 1

= 4.4
24 (n+1/2)2 +7/40 (44)

Uy
Remark 4 Similarly, it is easy to check that
Ga(x) = Fr(x + 1) — Fo(x) = falx + 3/2) — falx + 1/2)

is increasing on (0, 00). Then, from

3 5
-0.00018779 ~ 5e5’291 - 5eS’m +e 77 (e =1) = G5(1) < Ga(n) < G3(00) = 0
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we derive other Alzer-type inequalities:

3 1 3 1
(n+ §>un+1 - (n + E)un +dy < el — gl ¢ (n+ E)uml - (n + E)Mn +do,

where dy = 0 and d; = 3e>?°1/2 — 5¢771/2 + €17V (e} — 1) ~ —0.00018779 are the best con-
stants with u,, as in (4.4).

Using the increasing property of Fj, and noting that Fj(-1*) = -1, F{(0) = (7%/6 +
200/867)e?>/51 — 1, and Fj(00) = 0, we get

1 200
<g7t2 + @>e_y_5/51 “1<(y/'(x+1)- u/(x))e‘“x”)_”(x) -1<0,

which implies the following:

Corollary 9
(i) For x> -1, we have
1 x+1/2 1
(O | PR i i— - 1 .
Ve D < Gras17ia0r t eXp( LA yrre s 17/40))
(i) Forx > 0, we have the double inequalities
1 x+1/2 N V1) 1
_— i exp| Y +1) +
12 (2 + %+ 17/40)2 * 1P 24(x% + x + 17/40)
1 1/2
<YP'(x+1)<— il

12 (%2 + x +17/40)2

1
Joexp| ¥ (x+1 '
+ zexp< vlx+ )+24(x2 +x+17/40))

where A = (726 + 200/867)e Y ~>1 2 0.95474 and A, = 1 are the best constants.
Remark 5 Elezovic et al. [32] proved the inequality
¥ (x) <e V™ (4.5)
for x > 0. It has been improved by Batir [22] as
(x + a*)e’z‘/’(x) <P'(x+1)< (x + b*)e’z"’(’“)

for x > 0 with the best constants a* = 1/2 and b* = 72¢ 2" /6. The last corollary gives an-
other improvement of (4.5).

From the proof of Theorem 1 we see that g(x) > 0 for x > —1/2, which can be written as
the following corollary.

Corollary 10 For x > 0, we have
¥ @) —u (= 1/2) + (V' () -/ (x— 1/2))* > 0, (4.6)

where u(x) is defined by (2.6).



Sun et al. Journal of Inequalities and Applications (2016) 2016:151 Page 16 of 17

Remark 6 Batir [23] showed that, for x > 0,
V(%)% + v (x) > 0. (4.7)

Therefore, inequality (4.6) can be written as

v (&) + ¥ (%)° > Ax),
where
A(x):—400 2x—1

3 (4042 — 40x + 17)2

14,400x* — 28,8004% + 22,880x% — 8,480« + 1,073
3(2x — 1)(40x2 — 40x + 17)2 '

X (Iﬁ/(x) -

Indeed, this result is optimal due to

, 400 120(x—1/2)* -7 ) 400 (x—1/2) 2
V) - S o122 s 7P (w ®)+ 3~ @ow 122+ 7)2)
o ’ 2 @ 1
SV o —aow s 12 A
where

14,400x* — 28,8004° + 22,880x% — 8,480x + 1,073

Alx) = -2x -1y (%) + 3(40x2 — 40x +17)?2

A numeric computation shows that A(x) > 0 for 0 < x < 2/5 and x > 3/2, and so inequality
(4.6) is better than (4.7).

From the inequalities f3(x) < 0 and f;'(x) > 0 on (0, 00) for a = 7/40, which are given in
the proof of Theorem 3, we have the following:

Corollary 11 For x > 0, we have the following inequalities:

o ( 1> 14,800x* +1,28042 + 147
X < =

+ = )
2 3 x(40x2 +7)2
v 1 1192,000x° + 52,800x* + 20,440x% + 1,029
X+ - |>—-= )
2 3 x2(40x2 +7)3

1 2,560,000x% + 512,000x° + 694,400x* + 54,880 + 2,401
v lx+=)<2 .
x3(40x2 +7)%

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details

'School of Mechanical, Electronic and Control Engineering, Beijing Jiaotong University, Beijing, 100044, China. Tangshan
Railway Vehicle Co. LTD, Tangshan, 063035, China. *Department of Mathematics, Beijing Jiaotong University, Beijing,
100044, China.



Sun et al. Journal of Inequalities and Applications (2016) 2016:151 Page 17 of 17

Acknowledgements
This paper was supported by the Natural Science Foundation of China under Grant 11371050. The authors would like to
thank the referees for their valuable comments and suggestions which essentially improved the quality of this paper.

Received: 28 February 2016 Accepted: 19 May 2016 Published online: 10 June 2016

References
1. Chen, CP: Monotonicity properties of functions related to the psi function. Appl. Math. Comput. 217, 2905-2911
(2010)
2. Chu, YM, Zhang, XM, Tang, XM: An elementary inequality for psi function. Bull. Inst. Math. Acad. Sin. 3(3), 373-380
(2008)
3. Guo, BN, Qi, F: Some properties of the psi and polygamma functions. Hacet. J. Math. Stat. 39, 219-231 (2010)

N

. Lu, D: Some new convergent sequences and inequalities of Euler’s constant. J. Math. Anal. Appl. 419, 541-552 (2014)
5. Mortici, C: Improved convergence towards generalized Euler-Mascheroni constant. Appl. Math. Comput. 215,
3443-3448 (2010)
6. Mortici, C: Fast convergences towards Euler-Mascheroni constant. Comput. Appl. Math. 29, 479-491 (2010)
7. Mortici, C: A quicker convergence toward the gamma constant with the logarithm term involving the constant e.
Carpath. J. Math. 26(1), 86-91 (2010)
8. Mortici, C, Chen, CP: On the harmonic number expansion by Ramanujan. J. Inequal. Appl. 2013, Article ID 222 (2013)
9. Qi, F, Cui, RQ, Chen, CP, Guo, RN: Some completely monotonic functions involving polygamma functions and an
application. J. Math. Anal. Appl. 310, 303-308 (2005)
10. Sintamarian, A: A generalization of Euler’s constant. Numer. Algorithms 46, 141-151 (2007)
11. Sintdmdrian, A: Some inequalities regarding a generalization of Euler’s constant. J. Inequal. Pure Appl. Math. 9, 46
(2008)
12. Tims, SR, Tyrrell, JA: Approximate evaluation of Euler’s constant. Math. Gaz. 55, 65-67 (1971)
13. Qi, F, Guo, BN: Sharp inequalities for the psi function and harmonic numbers. Available online at
http://arxiv.org/abs/0902.2524
14. Wu, LL, Chu, YM: An inequality for the psi functions. Appl. Math. Sci. 2(9-12), 545-550 (2008)
15. Wu, LL, Chu, YM, Tang, XM: Inequialities for the generalized logarithmic mean and psi functions. Int. J. Pure Appl.
Math. 48(1), 117-122 (2008)
16. Yang, ZH, Chu, YM: Sharp bounds for psi function. Appl. Math. Comput. 268, 1055-1063 (2015)
17. Zhang, XM, Chu, YM: An inequality involving the gamma function and the psi function. Int. J. Mod. Math. 3(1), 67-73
(2008)
18. Zhao, TH, Yang, ZH, Chu, YM: Monotonicity properties of a function involving the psi function with applications.
J. Inequal. Appl. 2015, Article ID 193 (2015)
19. DeTemple, DW, Wang, SH: Half integer approximations for the partial sums of the harmonic series. J. Math. Anal. Appl.
160, 149-156 (1991)
20. Guo, BN, Qi, F: Sharp inequalities for the psi function and harmonic numbers. Analysis 34, 1-10 (2014)
21. Batir, N: Inequalities for the gamma function. RGMIA Res. Rep. Collect. 12, 9 (2009)
22. Batir, N: Sharp bounds for the psi function and harmonic numbers. Math. Inequal. Appl. 14, 917-925 (2011)
23. Batir, N: Some new inequalities for gamma and polygamma functions. J. Inequal. Pure Appl. Math. 6, 103 (2005)
24. Batir, N: On some properties of the digamma and polygamma functions. J. Math. Anal. Appl. 328, 452-465 (2007)
25. Alzer, H: Sharp inequalities for the harmonic numbers. Expo. Math. 24, 385-388 (2006)
26. Alzer, H: Inequalities for the harmonic numbers. Math. Z. 267, 367-384 (2011)
27. Villarino, MB: Ramanujan’s harmonic number expansion into negative powers of triangular number. J. Inequal. Pure
Appl. Math. 9, 89 (2008)
28. Yang, ZH, Chu, YM, Zhang, XH: Necessary and sufficient conditions for functions involving the psi function to be
completely monotonic. J. Inequal. Appl. 2015, Article ID 157 (2015)
29. Abramowitz, M, Stegun, IA: Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables,
National Bureau of Standards, Washington, 9th printing edn. Applied Mathematics Series, vol. 55 (1970)
30. Elbert, A, Laforgia, A: On some properties of the gamma function. Proc. Am. Math. Soc. 128, 2667-2673 (2000)
31. Yang, ZH, Chu, YM, Tao, XJ: A double inequality for the trigamma function and its applications. Abstr. Appl. Anal.
2014, Article ID 702718 (2014)
32. Elezovic, N, Giordano, C, Pecaric, J: The best bounds for Gautschi’s inequality. Math. Inequal. Appl. 3, 239-252 (2000)


http://arxiv.org/abs/0902.2524

	The monotonicity and convexity of a function involving psi function with applications
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Monotonicity and convexity
	Inequalities for the psi function and harmonic number
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


