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1 Introduction

Let K" denote the set of convex bodies (compact, convex subsets with nonempty interiors)
in the n-dimensional Euclidean space R”. For the set of convex bodies containing the origin
in their interiors and the set of origin-symmetric convex bodies in R”, we write ! and K7,
respectively. Let S"~! denote the unit sphere in R” and denote by V(K) the n-dimensional
volume of the body K. For the standard unit ball B in R”, write V(B) = w,.

For K € K", its support function hx = h(K,-) : R" — (—00, +00) is defined by (see [1])
h(K,x) =max{x-y:y€ K}, xeR",

where x - y denotes the standard inner product of x and y.

The projection body of a convex body was introduced by Minkowski at the turn of the
previous century. For K € K", the projection body I1K of K is the origin-symmetric con-
vex body whose support function is defined by (see [1])

1
hnx(u) = 5/ ) lu - v|dS(K,v)
sn-

forall u € S"!. Here, S(K, -) denotes the surface area measure of the convex body K. Classi-
cal projection bodies are a very important notion in the Brunn-Minkowski theory. During
the past four decades, a number of important results regarding classical projection bodies
were obtained (see [1-12]).
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The notion of an L,-projection body was introduced by Lutwak, Yang, and Zhang [13].
For K € K and p > 1, the L,-projection body IT,K of K is the origin-symmetric convex
body whose support function is given by

h%p1<(”) = “n,p/

NG

. lu - vIP dSy(K,v) (1.1)

for all u € $"L. Here

1
Qpp=—— (1.2)
nwyCy-3,p
with ¢, = Wyip/waw,wp_1, and S,(K, ) is the L,-surface area measure of K that has the
Radon-Nikodym derivative

ds, (K, ")

— -
45K =h(K,-)>. 1.3)

The unusual normalization of definition (1.1) is chosen so that for the unit ball B, we have
I1,B = B. In particular, for p = 1, I1, K is just the classical projection body I1K of K under
the different normalization of definition (1.1).

L,-projection bodies belong to the L,-Brunn-Minkowski theory, which is an extension
of the classical Brunn-Minkowski theory. Apart from [13], L,-projection bodies have been
investigated intensively in recent years (see [6, 14—21]).

Through the characterization of so-called L,-Minkowski valuations, Ludwig [15] dis-
covered (see also [22—29] for related results) an asymmetric L,-projection body MK of
K € K7, whose support function is defined by

hfﬁl;K(u) =20, /SH(u -V dS,(K,v), (1.4)

where (u - v), = max{u - v,0}. From (1.2) and (1.4) we see [1,B=B.
Moreover, Ludwig [15] introduced the function ¢, : R — [0, +00) given by

P (8) = [t] + Tt

for 7 € [-1,1]. For K € Kf, p > 1, let I1)K € K with support function

gl =0y (@) [ el s, (), (15)
N
where
20,
O(n,p(f) = -

1+ +@1-1)P

The normalization is chosen such that I'I;B = B for every t € [-1,1]. Here I"I;K is called
the general L,-projection body of K. Obviously, if t = 0, then IT)K = H’?K =I1,K.
Following the discovery of Ludiwg, Haberl and Schuster [30] defined

MK = IT! (-K). (1.6)
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From (1.4), (1.5), and (1.6) they (see [30]) deduced that for K € K2, p > 1, T € [-1,1], and

all u € §"7,

Wy c0) = Fi (O (1) + o0 ), (1.7)
that is,

MK =£(7) - TIK +, fo(7) - T K, (1.8)

where ‘+,” denotes the L,-Minkowski addition of convex bodies, and

a+zy Q-

L R AN e Y =

(1.9)
If 7 = +1, then MK = ;K.

For general L,-projection bodies, Haberl and Schuster [30] not only established a gen-
eral version of the L,-Petty projection inequality but also determined the following ex-

tremum of volume for their polars.

Theorem 1.A IfK € K, p>1, and v € [-1,1], then
V(IK) < V(M;*K) < V(IT,*K). (1.10)

If K is not origin-symmetric and p is not an odd integer, then there is equality in the left
inequality ifand only if T = 0 and equality in the right inequality if and only if T = £1. Here,
I1,*K denotes the polar of the general L,-projection body T1,K of K € K.

Apart from [30], general L,-projection bodies were studied by various authors; for ex-
ample, Wang and Wan [31] investigated related Shephard-type problems, Wang and Feng
[32] established Petty’s affine projection inequality for them. General L,-projection bod-
ies are a central notion in a new and rapidly evolving asymmetric L,-Brunn-Minkowski
theory (see [14, 15, 30—-47]).

In this paper, we first extend inequality (1.10) to dual quermassintegrals forms, that is,
the extremums of dual quermassintegrals for the polars of general L,-projection bodies
are obtained.

Theorem 1.1 IfK € KI, p>1, 1 € [-1,1], and real i # n, then, fori<nori>n+p,

v * v T,% o~ +,%

Wi(M;K) < Wi(TT;*K) < W;(I1,K), 1.11)
and, forn<i<n+p,

v * v T,% o~ +,%

Wi(M;K) > Wi(TT;*K) > W, (I, K). (1.12)
In each case, if K is not origin-symmetric and p is not an odd integer, then there is equality
in the left inequality if and only if T = 0 and equality in the right inequality if and only if

T ==%1. For i =n + p, (1.11) and (1.12) become equalities. Here \)NVi(Q) (i is any real) denote
the dual quermassintegrals of the star body Q.
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If i = 0, then since WO(Q) = V(Q), Theorem 1.1 reduces to Theorem 1.A.
Next, we obtain the extremums of quermassintegrals of general L,-projection bodies.

Theorem1.2 IfKe Kl,p>1,7v€[-11],andi=0,1,...,n -1, then
Wi(T,K) > Wi(TT7 K) > W;(TT, K). (1.13)

If K is not origin-symmetric and p is not an odd integer, then there is equality in the left
inequality ifand only if T = 0 and equality in the right inequality if and only if t = +1. Here
Wi(Q) (i=0,1,...,n—1) denote the quermassintegrals of Q € K.

Taking i = 0 in Theorem 1.2, we obtain the following:

Corollary 1.1 IfK € K2, p>1,and t € [-1,1], then
V(TT,K) = V(T;K) > V(nj;K). (1.14)

If K is not origin-symmetric and p is not an odd integer, then there is equality in the left
inequality if and only if T = 0 and equality in the right inequality if and only if T = £1.

Inequality (1.14) can be viewed as a dual version of inequality (1.10).
Finally, we determine the extremal values of the L;-dual affine surface area (see Sec-
tion 2) of the polars of general L,-projection bodies.

Theorem 1.3 I[fK e K}, p>1,0<q<n,and t € [-1,1], then
Q, (I K) < Q,(M*K) < Q4 (TT*K). (115)

If K is not origin-symmetric and p is not an odd integer, then there is equality in the left
inequality ifand only if T = 0 and equality in the right inequality if and only if T = +1. Here
ﬁq(Q) denotes the L,;-dual affine surface area of the star body Q.

This paper is organized as follows. In Section 2, we provide some preliminary results.
Then, in Section 3, we recall some basic properties of general L,-projection bodies. Sec-
tion 4 contains the proofs of Theorems 1.1-1.3.

2 Basic notions

2.1 Radial functions and polar bodies

If K is a compact star-shaped (about the origin) set in R”, then its radial function px =
p(K,-) : R"\{0} — [0, +00) is defined by (see [1])

o(K,x) =max{A>0:Ax € K}, xeR"\{0}.

If px is positive and continuous, then K is called a star body (about the origin). For the
set of star bodies containing the origin in their interiors and the set of origin-symmetric
star bodies in R”, we write S/ and S, respectively. Two star bodies K and L are said to
be dilates (of one another) if px (1)/ oz (1) is independent of u € §"~1.
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If E is a nonempty subset of R”, then the polar set E* of E is defined by (see [1])
Ef={x:x-y<lyeE}, xeR" (2.1)
From (2.1) it follows that if K € K, then
h](* = 1/)01( and PK* = 1/]’11{ (22)
2.2 L,-Minkowski and L,-harmonic radial combinations
For K,L € K7, p > 1, and A, u > 0 (not both zero), the L,-Minkowski combination (also
called the Firey L,-combination) A - K +, - L € K7 of K and L is defined by (see [48, 49])
WO K +p - LY = MK, - + uh(L, -, (2.3)
where *in A - K denotes the L,-Minkowski scalar multiplication.
For K,L € S}, p>1,and A, 4 > 0 (not both zero), the L,-harmonic radial combination
AoK¥_,puolL eS8 of Kand L is defined by (see [50])

phoKF_ppuol, ) =rp(K, )" +up(L, )" (2.4)

From (2.2), (2.3), and (2.4) we easily see that if K,L € K7, p > 1, and A, u > 0 (not both
zero), then

(A-K+pp-L*=roK*%_,pol* (2.5)

2.3 L,-mixed and dual mixed volumes

Lutwak [51] gave the definition of L,-mixed volume associated with L,-Minkowski com-
binations of convex bodies: For K,L € K7, ¢ > 0, and p > 1, the L,-mixed volume V,(K, L)
of K and L is defined by

V(K +,¢-L)— V(K
V,(&,L) = lim Ktpe-L)-VIK)
p

e—0% &

Corresponding to each K € K7, Lutwak [51] proved that, for each L € K7,
1
V(K L) = = / W (v) dSy (K, v). (2.6)
n Jsn-1
From (2.6) and (1.3) it follows immediately that, for each K € K%,

Vo(K,K) = V(K) = %/ hi(v)dS(K,v). (2.7)

sn-1
The L,-Minkowski inequality states the following (see [51]):

Theorem 2.A IfK,L € K, and p > 1, then

Vy(K, L) > V(K)"=2/my Ly (2.8)
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with equality for p > 1 if and only if K and L are dilates and for p =1 if and only if K and L
are homothetic.

Haberl [35] (also see [52]) introduced the notion of L,-dual mixed volume as follows.
For K,L € 8}, p >0, and ¢ > 0, the L,-dual mixed volume VP(K,L) of K and L is defined
by

1

VD= /5 P o] ) dS () 2.9)

where the integration is with respect to spherical Lebesgue measure on S"!.

2.4 L,-dual affine surface areas

Based on the L,-dual mixed volume, Wang, Yuan, and He [53] defined the notion of
L,-dual affine surface area. For K € §7 and 0 < p < #, the L,-dual affine surface area EZp (K)
of K is defined by

p
n

:QeKl}, (2.10)
where K denotes the set of convex bodies whose centroids lie at the origin in R”.

We extend definition (2.10) from Q € K to Q € S, as follows: For K € S} and 0 < p < n,
the L,-dual affine surface area SNZP(K ) of K is defined by

n i, (K) = sup{nV,(K,Q)V(Q)" : Qe Si}. (211)

2.5 Quermassintegrals and dual quermassintegrals
For K € K",i=0,1,...,n -1, the quermassintegrals W;(K) of K are given by (see [1, 49])

Wi(K) = lf h(K,u)dS;(K, u), (2.12)
n Jgn-1

where S;(K,-) (i =0,1,...,n —1) denotes the ith surface area measure of K, and Sy(K,-) =
S(K,-). From (2.12) and (2.7) we easily see that W, (K) = V(K).
For the L,-Minkowski combination, Lutwak [51] proved the following Brunn-Min-

kowski inequality for quermassintegrals.
Theorem 2.B IfK,LeK!,p>1,i=0,1,...,n—1, and A, u > 0 (not both zero), then
> v v
Wik - K +p - L)n=i > AWi(K)n=i + p Wi(L)n=i (2.13)

with equality for p = 1 if and only if K and L are homothetic and for p > 1 if and only if K
and L are dilates.

For K € 87 and any real j, the dual quermassintegrals \/NVi(K ) of K are defined by (see [54])

Wi(K) = % / (K, u)" dS(u). (2.14)
Sn—l
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Obviously, (2.14) implies
~ 1
Wo(K) = V(K) = —/ p(K,u)" dS(u).
n Jsn-1

Associated with the L,-harmonic radial combinations of star bodies, Wang and Leng
[55] established the following Brunn-Minkowski inequality for dual quermassintegrals.

Theorem 2.C IfK,L € S}, p>1, A, u > 0 (not both zero), and real i # n, then, for i < n or
n<i<n+p,

Wih oK F_ppoL) wi = AWi(K) 7 + nWi(L) 77 (2.15)
and, for i >n+ p,

r »
n— Hn—

Wih oK 3_,poL) i < AWy(K) i + nWi(L) 7. (2.16)

In each inequality, equality holds if and only if K and L are dilates. Fori = n + p, (2.15) and
(2.16) become equalities.

3 Some properties of general L,-projection bodies
In this section, we recall some basic properties of general L,-projection bodies.

Theorem 3.1 IfK € K, p>1, and t € [-1,1], then

M5 (-K) = I, K = ~TT’K. (3.1)
Proof From (1.5) it follows that, for all u € S"1,

W g = Mgl =, (0) [ grleue vy sy 0,)

o) [ el (0 S, ) = o,
5=

This gives

I} (-K) = -TI}K. (3:2)

In addition, by (1.9) we have that

A@) +f(r) =1, (3.3)
Ah(=1)=h(), A1) =AlD). (34)

From (3.3) and (3.4), together with (1.6) and (1.8), we obtain

7K = fi(~) - UK +, fo(=7) - T K
= f5(2) - T, (=K) +, fi(2) - T1(=K) = T15(=K). (3.5)

Obviously, (3.2) and (3.5) yield (3.1). O
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Theorem 3.2 IfK e K, p>1,7t €[-1,1],and T #0, then
H;K = H;TI( — H;I( = l_I;K.
Proof From (1.8) and (3.4) it follows that, for K € K, p >1,and 7 € [-1,1],
MK = f3(7) - K +, fi(7) - TI K,
that is,
o) = ooy 1) + (O () (3.6)
for all u € §"L. Therefore, by (3.3), (1.7), and (3.6), if MK =TLK, then
h?[}jl((u) = h%,;’]((”)

for all u € §"~'. This gives [T;K = IT,"K..
Conversely, if [,K=T11,"K, then (1.7) and (3.6) yield

(@) =A@ ) = [fi(0) = o) Iy e a0)
for all u € §"L. Since f(t) — fo(t) # 0 when T # 0, we get MK =T,K. O
Haberl and Schuster [30] proved the following fact.

Theorem 3.A IfK € K¢, p > 1, and p is not odd integer, then T1,K = I1,K if and only if
Kelkh.

According to Theorems 3.A and 3.2, we get the following:

Theorem 3.3 IfK € K, p > 1, and p is not odd integer, then, for v € [-1,1] and © #0,
MK =T1,"K ifand only if K € K.

Theorem 3.4 IfK € K, p>1, and t € [-1,1], then
5K +, I,7K = TT/K +, IT, K. (3.7)
Proof From (1.7) and (3.6), using (3.3), we have that, for any u € §",
T V4 -7 » + V4 - V4
h(TK, u)” + (T, K, )’ = k(T K, u)” + h(T, K, u)”,
that is,
T -7 p + — P
h(TEK +, TLTK, u)” = (T K +, T K, u)”.
This is the desired relation. g

From Theorem 3.4 we deduce the following:
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Corollary 3.1 IfK € K}, p>1, and t € [-1,1], then
11
I,K = 3 l'[pl( +p ) . l_Ip K. (3.8)

Proof Taking t = 0 in (1.8) and combining with (1.9) yield

1 N 1 B
MK = - TK +, o TLK. (3.9)
From (3.9) and (3.7) we immediately get (3.8). O

Theorem 3.5 IfK,L € K, p > 1 is not an even integer, and t € [-1,1], then
MK=M,L = K=L
The proof of Theorem 3.5 requires the following two lemmas.

Lemma 3.1 IfK,L € K7, and p > 1 is not an even integer, then I1,K = I1,L if and only if
Vu(K, Q) = V,(L,Q) for any Q € K.

Proof From (1.1) we know that, for any u € §"1,
h%p(_K)(u) =ty [SH lue - vIP dSy(-K,v)
=y /;H |u -(-v) |p ds,(K,-v) = h%px(”)’
which implies I1,(~K) = I1,K. Thus, for any u € ",
hﬁp1<(”) =

hﬁpk(”) + hfi[p(fK)(”)

— N
N -

= 2% /S L lue vP[dS,(K,v) +dS,(-K,v)].
Thus, if I1,K = I1,L, then, for any u € §",

fs L lue vIP[dS,(K,v) +dSy(-K,v) — dS,(L,v) - dS,(~L,v)] = 0.
Letting u(v) = S,(K,v) + Sp(=K, v) = S,(L,v) — Sp(—-L,v), we have

/ lu-vIP du(v) = 0. (3.10)
sn-1

Since u(v) is an even Borel measure on $””! and p > 1 is not an even integer, it follows
from (3.10) that u(v) = 0 (see, e.g., [30]), that is,

Sp(K, ) + Sp(=K, ) = Sp(L, ) + Sp(~L, ). (3.11)
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Since Q € K", we have hg(-v) = hq(v) for all v € S"~. Therefore, by (2.6) we get

0s’

1 1
Vy(K,Q) = - /S . (=) dSy(K,—v) = - /S ;th(v) ds,(-K,v).
This and (2.6) yield
1
V,y(K,Q) = o /s."fl h‘g(v) [dS,(K,v) + dS,(-K,v)]

for any Q € K. By (3.11) we see that if IT,K = I1,L, then V,(K,Q) = V,(L,Q) for any
Qe Ky,
Conversely, if Q € K7, let Q = [~u,u] (u € §"). Then ho(v) = |u - v| for any v € §"..

This, together with (2.6), yields

V,(K,Q) = 1 /5 . 4 (v) dSy(K, v)

n
1 1
= —/ lu - vIP dS,(K,v) = H(M,K, u).
n Jsn-1 l’lamp
Hence, if V,,(K, Q) = V,(L, Q) for any Q € K7, then I1,K =T1,L. O

Lemma 3.2 IfK,L € K, and p > 1 is not an even integer, then
M,K=M,L = K=L.

Proof By Lemma 3.1, if IT,K = I1,L and p is not an even integer, then, for any Q € K7,
Vp(K, Q) = Vp(L, Q). (3.12)

Taking K for Q in (3.12) and using (2.7) and (2.8), we obtain V(K) > V(L) with equality
for p >1if and only if K and L are dilates (for p =1, if and only if K and L are homothetic).
Similarly, taking L for Q in (3.12) yields V(K) < V(L), and equality holds for p > 1 if and
only if K and L are dilates (for p =1, if and only if K and L are homothetic). Therefore,
V(K) = V(L), and K and L are dilates when p > 1 (K and L are homothetic when p = 1).
Since K, L € K” , we have that, forp >1, K = L. O

0s’

Proof of Theorem 3.5 If K € K7,

0s?

then by (3.5) and Corollary 3.1 we have that
I,K = H;K = I—I;TK.
Therefore, if K, L € K], then, for v € [-1,1],

K =ML <= T,K=II,L.

This, together with Lemma 3.2, completes the proof of Theorem 3.5. O



Wang and Wang Journal of Inequalities and Applications (2016) 2016:135 Page 11 of 16

4 Proofs of the main results
In this section, we will complete the proofs of Theorems 1.1-1.3.

Proof of Theorem 1.1 From (1.8) and (2.5) we have
MK = £i(2) o LK 7, fo(2) 0 T K. (4.1)

Hence, for i < nor n<i<n+ p, using (4.1) and (2.15), we have that

L.
T

P> fi(r) Wi (I K)

_r -
n— n—,

F 4 fo(r) Wi (1K) 77 (4.2)

(117K

But (3.1) yields IT,K = IT!(-K) = ~IT/ K, which implies W;(IT}*K) = W;(IT,*K). Hence,
by (4.2) and (3.3) we obtain

A A
n— n—i

Wi(IT77K) 7 > Wi(TTK) 7 (4-3)
Now, if i < n, then
W, (I K) < Wi(TT27K). (4.4)

Inequality (4.4) is just the right-hand side inequality of (1.11). If # < i < n + p, then by (4.3)
we get

W;(I*K) = W;(TT7K), (4.5)

which gives the right-hand side inequality of (1.12).
For i > n + p, using (4.1) and (2.16), we arrive at

2
-

v
n— 1

() < W),
which yields (4.4).

According to the conditions of equality in (2.15) and (2.16), we have that equality holds
in (4.4) and (4.5) if and only if H;’*I( and H;’*I( are dilates. From this, letting H;'*K =
I, K (¢ > 0) and using that W,-(H;;’*K) = Wi(l'llj’*l(), it follows that ¢ = 1, that is, I"K =
I1,*K. This means that [1)K = I1 K. Hence, from Theorem 3.A we see that if K is not
origin-symmetric and p is not an odd integer, then equality holds in the right-hand side
inequalities of (1.11) and (1.12) if and only if 7 = £1.

Now we prove the left-hand side inequalities of (1.11) and (1.12).

From (3.8) and (2.5) we have that

1 1
MK =2 oMK 7, ~ o IL™"K. (4.6)

Using (3.1) and respectively combining with inequalities (2.15) and (2.16), we obtain the
left-hand side inequalities of (1.11) and (1.12).

Moreover, by the conditions of equality in (2.15) and (2.16) we see that equality holds in
the left-hand side inequalities of (1.11) and (1.12) if and only if M,K=T"K. This, together
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with Theorem 3.3, yields that if K is not origin-symmetric and p is not an odd integer, then
equality holds in the left-hand side inequalities of (1.11) and (1.12) if and only if t = 0. O

Proof of Theorem 1.2 Using (1.8) and inequality (2.13), we have

v
L

2
n— 1

Wi(TTEK) 77 = fi() Wi (TEK) 7T+ fo(0) Wi(TT5K) 77,

which, combined with (3.3), yields
Wi (M5 K) = W;(T, K).

This gives the right-hand side inequality of (1.13).

According to the condition of equality in (2.13), we see that equality holds in the right-
hand side inequality of (1.13) for p > 1 if and only if [1)K and IT,K are dilates (for p =
1, if and only if IT)K and I1,K are homothetic), which yields IT1)K = I1,K. Thus, from
Theorem 3.A it follows that if K is not origin-symmetric and p is not an odd integer, then
equality holds in the right-hand side inequality of (1.13) if and only if v = 1.

Meanwhile, from (3.8) and inequality (2.13) we obtain

WAL F: 2 SW(I5K) 4 Wi, K) 7,

N =
N =

which, together with (3.1), yields
Wi(IT,K) > W;(1;K).

This is the left-hand side inequality of (1.13), where equality holds if and only if IT,K =
I1,"K. This, together with Theorem 3.3, shows that if K is not origin-symmetric and p is
not an odd integer, then equality holds in the left-hand side inequality of (1.13) if and only
ifr=0. g

The proof of Theorem 1.3 requires the following two lemmas.
Lemma4.1 IfK,LeS),0<q<n,p=>1andx, > 0 (notboth zero), then, forany Q € S},
~ - _r ~ _r o~ _r
V(o KT_ypu oL, Q) > AV,(K,Q) "4 + uV,(L,Q) 4 (4.7)
with equality if and only if K and L are dilates.

Proof Since 0 < g <n and p > 1, we have —p/(n — g) < 0. Hence, from (2.9), (2.4), and the
Minkowski integral inequality (see [56]), we obtain that, for any Q € S7,

~ 1

_r
_ v . g
Va(hoK¥_ppuoL,Q) 71 = - / 1 PAOI?LWOL(”)IO%(”) dS(u):|
L7 Jgn-

1 _
= _,/SH (p}»fl(i_puoL(u))

R4

__r
_nq n-q
p

pit s

ks

1 ) ) . L
= _Z _/gn—l (M’I(p(u) + H//OLP(L{)) P pg(u) dS(M):I

<
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) 2,
> [; /S A )y dS )}

P
n-q

' E fs upp " w)pu) dS(u)]

= 1,0, Q 7 + V(L. Q .

Thus, inequality (4.7) is proven.
According to the equality condition of the Minkowski integral inequality, equality holds
in (4.7) if and only if there exists a constant ¢ > 0 such that

i ()"~ py () _
oL ()"~ pé(u)

for any u € S"1 thatis, K and L are dilates. O

Lemma 4.2 IfK,LeS),0<g<n,p>1,and ) >0 (not both zero), then

q)
QA 0K¥_,uol)” =) > 18, (K)” = +uf, (L) (4.8)

with equality if and only if K and L are dilates.

Proof For a bounded function ¢ > 0, we have
(supp)™ =infe". (4.9)

Thus, by (2.11), (4.7), and (4.9), noticing that _n%; <0 when 0 < g <#nandp > 1, we have
that

~ ntq __P_
[ 7@y (h o KF_ppoL) s |

= [sup{n¥, (1 o K¥_pu 0 L, Q)V(Q# : Qe S} 77

=%

= inf{[nV, (A o K¥ 10 L, Q) V(Q)# ] ™
= inf{[nV, (0 KT_p 0 L, Q)] ™ [V( ﬂ]-n% :Qest)
> inf{A[nV, (K, Q) V(Q# 7 + u[nV, (L Q) V(Q#] 74
> ainf{[nV,(K, Q) V(Q#] 71 : Qe Sn)

:QGSSS}

] Lq Qe Sgs}
=A[sup{n\7q(l<yQ )V(Q)% Qe Sy} ™
+ ufsup{nV, (L, Q) V(Q# : Qe 8L} ™7

= )L[n’%ﬁq(l()¥]_’%q + ;L[n’

+ winf{ [V, (L, Q*) V(Q)*

This gives (4.8).
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According to the equality condition of inequality (4.7), equality holds in inequality (4.8)
if and only if K and L are dilates. O

Proof of Theorem 1.3 From (4.1) and (4.8) we have that, for 0 <g<nand p > 1,

~ s _plntq) ~ e~ x _pntq)
QM K) 70 = Qu(fi(r) o TL*K T_, fo(t) 0 T, K) =0
~ _pln+q) ~ _pntq)
> fi(0) (T, K) 700 + fo (1) 82, (TT,*K) ™ o=, (4.10)

But (2.9) shows that, for any Q € S7, \7q(—K, Q)= Vq(K, Q). This and (2.11) give 5,,(—[() =

Q,(K). From this we see that
Q,(T1,7K) = Qg (-T17K) = @ (T13*K). (4.11)

This, together with (4.10) and (3.3), yields

_p(n+q) p(n+q)

Qq (M5 K) ™) > Qu(IT;*K) -0,
thatis, forO<g<nand p > 1,
&,(5K) = 85,(K).

This is the right-hand side inequality (1.15).

According to the equality condition of inequality (4.8), equality holds in the right-hand
side inequality of (1.15) if and only if K and I1,K are dilates. This and (4.11) give
H;'*K = H;’*I( , that is, H;K = 1'[1;1( . From this, by Theorem 3.4, it follows that if K is not
origin-symmetric and p is not an odd integer, then equality holds in the right-hand side
inequality of (1.15) if and only if T = 1.

On the other hand, by (4.6) and inequality (4.8), noticing that

Qy (T, 7K) = Qg (-TT7K) = G, (TT7K), (4.12)
we obtain that, for 0<g<n,p>1andt € [-1,1],
Q, (I K) < Q,(M*K).

This yields the left-hand side inequality of (1.15).

According to the equality condition of (4.8) and using (4.12), we know that equality
holds in the left-hand side inequality of (1.15) if and only if TT;K = T1," K. This, combined
with Theorem 3.3, implies that if K is not origin-symmetric and p is not an odd integer,
then equality holds in the left-hand side inequality of (1.15) if and only if 7 = 0. O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.



Wang and Wang Journal of Inequalities and Applications (2016) 2016:135 Page 15 of 16

Acknowledgements

The authors would like to sincerely thank the referees for very valuable and helpful comments and suggestions, which
made the paper more accurate and readable. Research is supported in part by the Natural Science Foundation of China
(Grant No. 11371224) and Foundation of Degree Dissertation of Master of China Three Gorges University (Grant

No. 2014PY065).

Received: 1 June 2015 Accepted: 29 April 2016 Published online: 10 May 2016

References
1. Gardner, RJ: Geometric Tomography, 2nd edn. Cambridge University Press, Cambridge (2006)
2. Bolker, ED: A class of convex bodies. Trans. Am. Math. Soc. 145, 323-345 (1969)
3. Bourgain, J, Lindenstrauss, J: Projection Bodies, Geometric Aspects of Functional Analysis. Lecture Notes in Math,,
vol. 1317, pp. 250-270. Springer, Berlin (1988)
4. Brannen, NS: Volumes of projection bodies. Mathematika 43, 255-264 (1996)
. Chakerian, GD, Lutwak, E: Bodies with similar projections. Trans. Am. Math. Soc. 349, 1811-1820 (1997)
. Leng, GS, Zhao, CJ, He, BW, Li, XY: Inequialities for polars of mixed projection bodies. Sci. China Ser. A 47(2), 175-186
(2004)
. Lutwak, E: Mixed projection inequalities. Trans. Am. Math. Soc. 287, 91-106 (1985)
. Lutwak, E: Inequalities for mixed projection bodies. Trans. Am. Math. Soc. 339, 901-916 (1993)
Micheal, S: Petty’s projection inequality and Santald's affine isoperimetric inequality. Geom. Dedic. 57, 285-295 (1995)
. Petty, CM: Projection bodies. In: Proc. Coll. Convexity, Copenhagen, 1965, pp. 234-241. Kgbenhavns Univ. Math. Inst,,
Copenhagen (1967)
11. Petty, CM: Isoperimetric problems. In: Proc. Conf. Convexity and Combinatorial Geometry, Norman, 1971, pp. 26-41.
University of Oklahoma Press, Norman (1972)
12. Zhang, GY: Restricted chord projection and affine inequalities. Geom. Dedic. 39, 213-222 (1991)
13. Lutwak, E, Yang, D, Zhang, GY: L, affine isoperimetric inequalities. J. Differ. Geom. 56, 111-132 (2000)
14. Ludwig, M: Projection bodies and valuations. Adv. Math. 172, 158-168 (2002)
15. Ludwig, M: Minkowski valuations. Trans. Am. Math. Soc. 357, 4191-4213 (2005)
16. Wang, WD, Lu, FH, Leng, GS: A type of monotonicity on the L, centroid body and L, projection body. Math. Inequal.
Appl. 8(4), 735-742 (2005)
17. Wang, WD, Leng, GS: The Petty projection inequality for L,-mixed projection bodies. Acta Math. Appl. Sin. 23(8),
1485-1494 (2007)
18. Wang, WD, Leng, GS: On the L,-versions of the Petty’s conjectured projection inequality and applications. Taiwan. J.
Math. 12(5), 1067-1086 (2008)
19. Wang, WD, Leng, GS: Some affine isoperimetric inequalities associated with L,-affine surface area. Houst. J. Math.
34(2), 443-453 (2008)
20. Lv,SJ,Leng, GS: The L,-curvature images of convex bodies and L,-projection bodies. Proc. Indian Acad. Sci. Math. Sci.
118, 413-424 (2008)
21. Ryabogin, D, Zvavitch, A: The Fourier transform and Firey projections of convex bodies. Indiana Univ. Math. J. 53,
667-682 (2004)
22. Abardia, J: Difference bodies in complex vector spaces. J. Funct. Anal. 263, 3588-3603 (2012)
23. Abardia, J: Minkowski valuations in a 2-dimensional complex vector space. Int. Math. Res. Not. 2015, 1247-1262
(2015)
24. Abardia, J, Bernig, A: Projection bodies in complex vector spaces. Adv. Math. 227, 830-846 (2011)
25. Haberl, C: Minkowski valuations intertwining with the special linear group. J. Eur. Math. Soc. 14, 1565-1597 (2012)
26. Parapatits, L, Schuster, FE: The Steiner formula for Minkowski valuations. Adv. Math. 230, 978-994 (2012)
27. Parapatits, L, Wannerer, T: On the inverse Klain map. Duke Math. J. 162, 1895-1922 (2013)
28. Schuster, FE: Crofton measures and Minkowski valuations. Duke Math. J. 154, 1-30 (2010)
29. Schuster, FE, Wannerer, T: Even Minkowski valuations. Am. J. Math. 137, 1651-1683 (2015)
30. Haberl, C, Schuster, F: General L,-affine isoperimetric inequalities. J. Differ. Geom. 83, 1-26 (2009)
31. Wang, WD, Wan, XY: Shephard type problems for general L,-projection bodies. Taiwan. J. Math. 16(5), 1749-1762
(2012)
32. Wang, WD, Feng, YB: A general L,-version of Petty’s affine projection inequality. Taiwan. J. Math. 17(2), 517-528 (2013)
33. Feng, YB, Wang, WD: General L,-harmonic Blaschke bodies. Proc. Indian Acad. Sci. Math. Sci. 124(1), 109-119 (2014)
34. Feng, YB, Wang, WD, Lu, FH: Some inequalities on general L,-centroid bodies. Math. Inequal. Appl. 18(1), 39-49 (2015)
35. Haberl, C: Ly-intersection bodies. Adv. Math. 217, 2599-2624 (2008)
36. Haberl, C, Ludwig, M: A characterization of L, intersection bodies. Int. Math. Res. Not. 2006, Article ID 10548 (2006)
37. Haberl, C, Schuster, FE: Asymmetric affine L, Sobolev inequalities. J. Funct. Anal. 257, 641-658 (2009)
38. Haberl, C, Schuster, FE, Xiao, J: An asymmetric affine Pélya-Szegd principle. Math. Ann. 352, 517-542 (2012)
39. Parapatits, L: SL(n)-covariant L,-Minkowski valuations. J. Lond. Math. Soc. 89, 397-414 (2014)
40. Parapatits, L: SL(n)-contravariant L,-Minkowski valuations. Trans. Am. Math. Soc. 366, 1195-1211 (2014)
41. Schuster, FE, Wannerer, T: GL(n) contravariant Minkowski valuations. Trans. Am. Math. Soc. 364, 815-826 (2012)
42. Schuster, FE, Weberndorfer, M: Volume inequalities for asymmetric Wulff shapes. J. Differ. Geom. 92, 263-283 (2012)
43. Wang, WD, Li, YN: Busemann-Petty problems for general L,-intersection bodies. Acta Math. Sin. Engl. Ser. 31(5),
777-786 (2015)
44. Wang, WD, Li, YN: General L,-intersection bodies. Taiwan. J. Math. 19(4), 1247-1259 (2015)
45. Wang, WD, Ma, TY: Asymmetric L,-difference bodies. Proc. Am. Math. Soc. 142(7), 2517-2527 (2014)
46. Wannerer, T: GL(n) equivariant Minkowski valuations. Indiana Univ. Math. J. 60, 1655-1672 (2011)
47. Weberndorfer, M: Shadow systems of asymmetric L, zonotopes. Adv. Math. 240, 613-635 (2013)
48. Firey, WJ: p-means of convex bodies. Math. Scand. 10, 17-24 (1962)
49. Schneider, R: Convex Bodies: The Brunn-Minkowski Theory, 2nd expanded edn. Cambridge University Press,
Cambridge (2014)

[o )NV, ]

(SRR I



Wang and Wang Journal of Inequalities and Applications (2016) 2016:135 Page 16 of 16

50.
51

52.
53.
54.
55.

56.

Lutwak, E: The Brunn-Minkowski-Firey theory II: affine and geominimal surface areas. Adv. Math. 118, 244-294 (1996)
Lutwak, E: The Brunn-Minkowski-Firey theory I: mixed volumes and the Minkowski problem. J. Differ. Geom. 38,
131-150 (1993)

Grinberg, E, Zhang, GY: Convolutions transforms and convex bodies. Proc. Lond. Math. Soc. 78(3), 77-115 (1999)
Wang, W, Yuan, J, He, BW: Large inequalities for L,-dual affine surface area. Math. Inequal. Appl. 7, 34-45 (2008)
Lutwak, E: Dual mixed volumes. Pac. J. Math. 58, 531-538 (1975)

Wang, WD, Leng, GS: A correction to our paper ‘L,-dual mixed quermassintegrals. Indian J. Pure Appl. Math. 38(6),
609 (2007)

Hardy, GH, Littlewood, JE, Pélya, G: Inequalities. Cambridge University Press, Cambridge (1959)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Extremum of geometric functionals involving general Lp-projection bodies
	Abstract
	MSC
	Keywords

	Introduction
	Basic notions
	Radial functions and polar bodies
	Lp-Minkowski and Lp-harmonic radial combinations
	Lp-mixed and dual mixed volumes
	Lp-dual afﬁne surface areas
	Quermassintegrals and dual quermassintegrals

	Some properties of general Lp-projection bodies
	Proofs of the main results
	Competing interests
	Authors' contributions
	Acknowledgements
	References


