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Abstract

An operator A € B(H), the algebra of bounded linear transformations on a complex
infinite dimensional Hilbert space H, belongs to class A(n) (resp., A(x — n)) if

|A]2 < |A™T |% (resp., |A*|> < |A™T |n%) for some integer n > 1, and an operator

A € B(H) is called n-paranormal, denoted A € P(n) (resp., * — n-paranormal, denoted
A€ Plx—n))if [|Ax]|™! < AT x|l[Ix]I” (resp., [|A*x ™" < A x| |Ix||”) for some
integer n > 1 and all x € H. In this paper, we prove that if A € { A(n) U P(n)} (resp.,
A€ {A(x-n)UP(x-n)}) is acontraction without a non-trivial invariant subspace,
then A, |A™]57 — JAZ and |A™' 2 - ZEL|A2 4 1 (resp,, A, |A™ [T - |A*|2 and
JA™2|2 = ZELIA|I2 + 1 > 0) are proper contractions.

MSC: 47B20;47A10

Keywords: class A(n) operator; class A(x — n) operator; P(n) operator; class P(x —n)
operator; contraction; proper contraction; strongly stable

1 Introduction

Let B(#) denote the algebra of bounded linear operators on an infinite dimensional com-
plex Hilbert space A with inner product (-,-). An operator A € B(H) is a class A (resp.,
x-class A) operator, [1] and [2], if |A|? < |42| (resp., |A*|* < |A?]). As a generalization of
class A, Yuan and Gao [3] have introduced the class of .A(#) operators as follows: An op-
erator A € B(H) belongs to class A(n) (resp., A(x — n)) if |A|*> < |A”+1|% (resp., |A*|> <
|A™L %) for some integer n > 1. An operator A € B(#) is called n-paranormal, denoted
A € P(n) (resp., * — n-paranormal, denoted A € P(x —n)) if |Ax||"*! < || A" x| [|lx]|" (resp.,
[A*x| "t < ||A"* x| ||«||") for some integer # > 1 and all x € H is a generalization of the
class of paranormal (resp., x-paranormal) operators (see [4]).

Recall [5] that a contraction A € B(H) (i.e., an operator A € B(H) such that ||A| < 1;
equivalently, such that ||Ax|| < |x| for every x € H) is said to be a proper contraction
if ||Ax|| < ||x|| for every non-zero x € H. A strict contraction (i.e., a contraction A such
that ||A]| < 1) is a proper contraction, but a proper contraction is not necessarily a strict
contraction. Kubrusly and Levan [5] have proved that if a hyponormal (|[Ax| > |A*x]|)
contraction A has no non-trivial invariant subspace, then

(a) A isa proper contraction and

(b) its self-commutator [A*,A] = A*A — AA* is a strict contraction.

Class A operators A satisfy the property that if A is a contraction with no non-trivial
invariant subspace, then the non-negative operator Dy = |A%| — |A|? is a proper contrac-
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tion, and hence of the class Coo of contractions [6]. Since (|A2|x,x) < (|A2|%x,x)2 ||| (by
the Holder-McCarthy inequality: if T € B(7) is a non-negative (i.e., > 0) operator, then
(T x,x) < (Tx,x)*||x]|*"* for all 0 < A < 1), if A € A, then [[Ax||*> < ||A%x]||lx|| for all
x € H. Thus class A operators are paranormal. Paranormal operators A € B(#) are char-
acterized by the positivity condition [A2|? — 2A]|A|? + A2 > 0 for all real A > 0. Choosing
A =1, it follows that class A (also, paranormal) operators A satisfy the positivity property
D, = |A%)? = 2|A|? +1 > 0. If we now choose A to be a contraction without a non-trivial
invariant subspace, then D; (along with A) is a proper contraction [5].

Positivity properties of the type satisfied by class A operators are satisfied by other
classes of Hilbert space operators, some of them generalizations of the class A and others
distinct from class A.

It is easily seen (we prove so in Section 2) that class A(n) and class P(n) satisfy the
positivity property that

1
a1 P~ DA 41> 0
n
and class A(x — n) and class P(x — n) satisfy the positivity properties
ni1)2 Nt 1 %2
A - ——|A* " +120
n
and
w22 M+Lo o
|A"? " - —— AP +1>0.
n
We prove in the following that there is a method as regards the ‘proper contraction prop-
erty satisfied by the operators Dy and D; above’ We prove that if an A € {A(n) U P(n)}
(resp., A € {A(* — n) U P(x — n)}) is a contraction without a non-trivial invariant sub-
space, then A, |A™1| 71 — |A? and |A")? — LA +1 (resp., 4, |A"1| %1 — |A*) and

|A"#1|2 - 1| A|2 + 1 > 0) are proper contractions.

2 Results
We begin with the following lemma. Let A € B(H).

Lemma 2.1
(i) AeP(n)UP(x—n)ifand only if

|42 = (i + DA B + mA" L > 0, all >0,

where B=A if A € P(n) and B=A* if A € P(x—n).
(i) fA€eP(x—n), then A e P(n+1).

Proof (i) If we let a = |[A"'x||?> and B = By = --- = B, = A"*}||x||2 for real A > 0, then the
generalized arithmetic-geometric inequality a1 8, - - - B, < (W)”+1 [7], p-17, says
that

1.2 1 2\ n+l
)Ln(n+1)||An+lx”2”x”2n < <||A"+ x||7 + nA" x| )

n+1
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By definition A € {P(n) U P(x — n)} if and only if
[| Bl < ||A”*1x|| [l
(where B=A if A € P(n) and B=A* if A € P(x — n)). Thus

2 n
(n+ DA [|Bx|1*> < (m+ DA | A x| T x| A< ||A”+1x||2 + A x)?

forall A > 0 and all x € H. Equivalently, if A € P(n) UP(x —n), then |[A"*}|2 — (n+1)A"|B|* +
nA"*1 >0 forall A > 0.
To see the sufficiency, let A — 0 in

1 2 n
Bx||? < ———— A" x| + —A|lx|1%, xeH,
B3I < o AT+
if |JA"x| = O (when it is seen that ||Bx|| = 0) and let A = (w)% otherwise (when it

=l
follows that ||Bx| < (JJA™ || ||x||”)ﬁ, x€H).
(ii) If A € P(* — n), then, for all x € H,

n+l

IAZ2D = (A*Ax, )" < A Ax] "™l < A" 2] Al )"

— ||Ax||"+2 < HAVHZxH ||x||}'l+l,
ie,AeP(n+1). O

It is immediate from Lemma 2.1 that the operators A € P(n) (resp., A € P(x — n)) satisfy
the positivity property, henceforth denoted property Q; (n) (resp., property Q; (x —n)), that

A2 = (n+ DA B + md"* > 0

for all A > 0. (Here, as above, B=A if A € P(n) and B = A* if A € P(x — n).) We prove that
the operators A € A(n) (resp., A € A(x — n)) also satisfy property Q; (n) (resp., Q; (x — n)).
The following lemma, the Holder-McCarthy inequality, is well known.

Lemma 2.2 If A € B(H), then the following properties hold:
1) (A*x,x) > (Ax,x)*||x]|2YH for any A > 1 and any vector x.
(2) (Ax,x) < (Ax,x)*||x]|>Y for any A € (0,1] and any vector x.

Lemma 2.3 The operators A € A(n) (resp., A € A(x — n)) satisfy property Q(n) (resp.,
property Q; (x — n)).

Proof The proof is a simple consequence of an application of Lemma 2.2: If A € A(n) U
A(* — n) and the operator B is defined as above, then, for all x € H,

(|B|ZX,9€) < (|Awrl %x,x> < (|An+1|2x7x>ﬁ ™ %,

ie, A € A(n) implies A € P(n) and A € A(x — n) implies A € P(x — n). Consequently the
operators A € A(n) satisfy property Q; (n) and the operators A € A(x — n) satisfy property
Qi (x —n). O
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It is clear from Lemma 2.2 that the operators A € P (x — n) satisfy property Q, (n+1) (i.e.,
if A € P(x — n), then |A"*2|? — (n + 2)A" B2 + (n + 1)A"*2 > 0 for all A > 0).
Given an operator A € B(H), let B denote either A or A* (exclusive ‘or’), and let

M= {x € H :[|Bx| = || Bllllx]l = Al ||x||}.
Lemma2.4 IfA € {P(n)UP(x—n)}, then M is a closed subspace of H such that A(M) € M.

Proof M being the null space of the operator |B|*> — | A||? is a closed subspace of /. Define
the operator B as before by letting B = A whenever A € P(n) and B = A* whenever A €
P(x—n). Letx € M, and let A € {P(n) UP(* —n)}. Then

1BxI? < (|2, 27 ] 75 = LA™ ]| 7 ] 25

2 (1 m12 2
< 1A llxlI” = (|1 BxI%,
and hence

2 2n
2 1 == 2 2
IBx||? = |A™ | # T Il o1 = AN ]

= |Bx]"™ = || A x|l = AN el
But then (for allx € M and A € P(n) U P(x — n))

IBx™ = A" x| 1"

IA

IAN A" | llll” = [ A" | 111" 1| Be]

IA

[l Ax]| | Bx|I" < || Bx[|"*",
which implies
|| Bx||™ = HA'”x” llx™,  all integers1 <m <mn+1.
In particular,
IBx|l = A%l and |A%x| [« = | Bx]|?.
Now if A € P(n) (so that B = A), then

| A2 | 1]l = [ AxI> = IAN? (101> = Al Ax]|]|x]

= |A%| =JAlllAx] = AWM)CM,
and if A € P(x — n) (so that B = A*), then (using Lemma 2.1(ii))

IAx| = [|Bx]| = |[A*x| = |Allll«]

= {xeH:|Axl| = IAlIx]} = {x e H: |A%| = |AllIx]]},

and hence A(M) C M. O
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Corollary 2.5 Ifa contraction A € {P(n)UP(x—n)} has no non-trivial invariant subspace,

then A is a proper contraction.

Proof If A € {P(n) UP(x —n)}, then AM C M. Now if A is not a proper contraction, then
(it is not a strict contraction, hence) ||A|| = ||[A*| = 1. Hence, since A has no non-trivial in-
variant subspace, M = {0} (for the reason that if M = H, then either A or A* is an isometry
and isometries have non-trivial invariant subspaces). Consequently, [|[Ax| < [|A[l[lx] < [«

for allx € H, i.e., A is a proper contraction. O

We say in the following that an operator A € B(7{) satisfies the positivity condition:

(Dy) if the operator Dy = |A"*!| ey —1A2>0,
(D) if the operator Dy = |A™!] o —]A*|?> > 0, and
(Ds) if the operator D3 = |A"|* — Z1|A]2 +1 > 0.

It is evident from the definition of operators A € A(n) (resp., A € A(x — n)) that A(n)
operators satisfy condition (D;) (resp., A(x — n) operators satisfy condition (D,)). If we
choose 0 < A = ,,%/z in Q;(n), then (since |A™*!|? — L |A]2 + 1 < |A™12 - 211A4)2 + 1 for
all integers n > 1) operators A € P(n) are seen to satlsfy p051t1V1ty condition (Dg) Again, if
we choose 0 < A = " (”” , then the fact that P(x — n) operators satisfy property Q; (n+1)

+2
implies that [A"*2> — 2|42 +1 > |A"22 - ZLA2 4 (n + 1)(71(”:12 )#I > 0; in particular,

P(x — n) contractions A satisfy positivity condltlon (D3).

Remark 2.6 An interesting class of operators, which contains many a familiar class of
operators (such as p-hyponormal operators, 0 < p <1, w-hyponormal operators and class
A operators) considered by a large number of authors in the recent past, is that of the class
A(s, t) operators A € B(H) defined by the positivity condition |A*|2 < (JA*||A|*|A* )5+,
0 <s,¢ [8]. Class A(s, t) operators satisfy the property that A € A(s, ¢) implies A € A(x, 8)
for every @ > sand B > t ([8], Theorem 4). Hence, if 0 < s, <1, then every A € A(s, t) isan
A(1,1) = A operator ([8], Theorem 3). Consequently the operators A € A(s,£), 0 < s,t <1,
satisfy positivity conditions (D) and (D3) (with n =1).

Lemma 2.7 If an operator A € B(H) is a contraction such that D; > 0,1 < i < 3, for an

i = iy, then Dy, is a contraction.

Proof Let D; = R?, let x € H and let R"x = y;. Then

<Di’n+1x, x) <|An+1

"“yhyl) [ Ay |12
2 "
< A" | gl = 1Ay

< pll* = (D}'x,x) (case ip = 1),

2
"y 3) - A% |

(Dgﬂlx’x) — <|An+1

2 n
<A™ T yall i — A%y, |

< lyal* = (D%, %) (case ig = 2),
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1
(D, x) = (| 4™ Pys, y5) - % 1Ays |12 + 193]
1
= Ay, - % 1Ay + lys])?
1
< llAys))* - %nAyg,n2 + lysl?

1
= llysl* - ;IlAysll2

< lysl® = <D§”x,x> (case iy = 3).
Hence, in either of the cases i = 1,2 and 3, D,, is a contraction. O

We remark here that it is in general false that if A € B(H) is a P(n) (or P(x — n))
contraction, then the positive operator D = |[A™12 — (1 + 1)A"|A|> + nA™*1 > 0 (resp.,
|A™12 — (n + 1)A"|A*|2 + nA"™*L > 0), all A > 0, characterizing P(n) (resp., P(x — 1)) op-
erators is a contraction. Consider for example the forward unilateral shift U € B(H).
Trivially, «ll € P(1) is a (proper) contraction for all positive o < 1. The operator D =
lo2L?|2 = 20|l + A2 = a* = 2020 + A2 = (@2 = A)? > 1 for all A > 1 + 2. It is possible
that, for contractions A € P(x — n), the positive operator D = |[A"1|> — 21|A*2 1 1 is a
contraction. We have, however, not been able to prove this.

The conclusion that D, is a contraction in Lemma 2.7 implies that the sequence {Df0 19°
being a monotonic decreasing bounded sequence of non-negative operators converges to

a projection Py;.

Lemma 2.8 If D; (i = 1,2,3) is the non-negative contraction of Lemma 2.7 with
lim,_, o = Py, for an i =iy, then APy, = 0 if iy = 1,3 and A*P;; = 0 if iy = 2.

Proof Letting D;, = Rfo and R x =i, forx € Hand 1 < i, < 3, we have

2
Iy 1 = IRl = llyall® = (|A™ | Ty, 31) + A ||

2 2n
2 1 =5 2
> [lyll? = Ay | il + 1| Aya |

> Ay |*  (caseip = 1),

2
Ly, y) + A% |

ly211% = 1Rsp2 I = llyall? — (]A™

2
Ty [+ A%y

> [l 1> = [|A™y,

> HA*yl ||2 (caseip =2), and
I 12 = 1Raal = Il = {47 Pys,3) + —— lAys | = s
1
= =yl + == l4ya

1 ,
> ;IlAysll2 (case ig = 3).
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Let the operator B stand for A if iy =1 or 3, and let B= A* ifi; = 2. Lettinga =1if iy =1 or
2,and a = 1/n if iy = 3, we then have

p p p
ay |BREx|” < 3| Rex]® = Y7 Rk = el ~ | R ) < el
m=0 m=0 m=0

for every x € H and integer p > 0. The positive integer n being fixed, it follows that
IBR}, x|l = 0 as p — 00; hence

0= lim BR”x =B lim D’ x = BP,
0 p—oo i 0

p—00
for every x € H. Consequently, AP;, =0 if ip =1,3 and A*P;, = 0 if iy = 2. O

Recall that T € B(H) is a Cyp.-contraction (resp., Cy.-contraction) if || 7"x|| converges to 0
for all x € H (resp., does not converge to 0 for all non-trivial x € H); T is of class C.g, or Cj,
if T* is of class Cy., respectively C;.. All combinations are allowed, leading to the classes
Coo, Co1, Cro, and Cy; of contractions ([9], p.72). We say that a contraction T € B(H) is
strongly stable if T" converges strongly to the 0 operator as n — oco.

The following theorem is our main result.

Theorem 2.9 If a contraction 0 # A € B(H) has no non-trivial invariant subspace, and if
A satisfies the positivity condition (D;) (i =1,2,3) for an i = iy, then Dy, is a strongly stable

(hence Cyo) proper contraction.

Proof Start by recalling that A has a non-trivial invariant subspace if and only if A* does.
The hypotheses imply that the sequence {Dﬁ)} of non-negative contractions converges to
a projection P, such that AP;, = 0 whenever iy =1 or 3 and A*P;; = 0 whenever i, = 2.
Equivalently, P;,A* = 0 whenever iy = 1 or 3 and P;yA = 0 whenever iy = 2. Thus P;OI(O) is
a non-zero invariant subspace for A* in the case in which i = 1 or 3, and P,;*(0) is a non-
zero invariant subspace for A in the case in which iy = 2. Hence we must have P;1(0) = H
for every choice of iy (=1,2,3), and then the sequence {D’fo} converges strongly to the
0 operator. Since strong stability coincides with proper contractiveness for non-negative
operators [10], D;, is a proper contraction (of the class Cyo of contractions). O

Remark 2.10 A generalization of the class A(n) of operators in B(#) is obtained by con-
sidering operators A € B(#H) for which

Dm(n) :A*m(|An+l % _ |A|2)AWI > 0

for integers m > 1. (Similar generalizations of the classes A(x — 1), P(n), and P(* — n) are
obtained by considering A AT — | AFP)A™ > 0, A (JA™2 Z 24 |A]? + A2)A™ > 0,
and A*"(|A"*12 = 21 |A*|2 + A2)A™ > 0, respectively.) Calling this class of operators A the
class of m-quasi(A(n)) operators, denoted A € m-Q(A(n)), it is seen that the operators
A € m-Q(A(n)) have an upper triangular matrix representation

A C ran A”
A= _1 ,
0 Ay) \A"7(0)
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where A; € A(n) and Aj is (m + 1)-nilpotent. An argument similar to that used above
(cf. [3] to see the minor changes in detail that are required) shows that, if A is a contrac-
tion, then the sequence {Dfn(n)} of positive operators converges strongly to a projection
P such that A”*1P = 0. The operators A € m-Q(A(n)) are not normaloid. If a contraction
A € m-Q(A(n)) has no non-trivial invariant subspaces, then A is a quasi-affinity (i.e., A is
injective and has a dense range), and hence A € A(#). Thus Theorem 2.9 has the following
analog for contractions A € m-Q(A(n)): If a contraction A € m-Q(A(n)) has no non-trivial
invariant subspace, then A is a proper contraction such that D,,,) € Cyo is a strongly stable
contraction.
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