Yang and Chu Journal of Inequalities and Applications (2016) 2016:40 ® Journal of Inequalities and Applications
DO| 10.11 86/51 3660-016-0988-1 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

On approximating the modified Bessel
function of the first kind and Toader-Qi mean

Zhen-Hang Yang and Yu-Ming Chu’

“Correspondence:
chuyuming2005@126.com Abstract

School of Mathematics and . . .
Computation Sciences, Hunan City In the article, we present several sharp bounds for the modified Bessel function of the

University, Yiyang, 413000, China first kind Io(t) = Z;’ZO % and the Toader-Qi mean TQ(a, b) = %foﬂﬂ acos29bsm29 4o
forallt>0anda,b>0witha=#b.

MSC: 33C10; 26E60

Keywords: modified Bessel function; Toader-Qi mean; logarithmic mean; identric
mean

1 Introduction
Leta,b >0, p:(0,00) - R* be a strictly monotone real function, 6 € (0,27) and

(a"cos® 0 + b"sin? )", n+0,
,(0) = . 11
r(0) {aCOSZHbSIHZQ, n=0. (1.1
Then the mean M, ,,(a, b) was first introduced by Toader in [1] as follows:
1 2w 2 /2
My, (a,b) = p™ (2— / p(r(9)) d@) =p” (— / p(ra(9)) d9>, (12)
T Jo T Jo

where p~! is the inverse function of p.
From (1.1) and (1.2) we clearly see that

b/
2 fn/Z 4o

0 A/ a2 cos? 6+b2 sin® 6

is the classical arithmetic-geometric mean, which is related to the complete elliptic integral

of the first kind K(r) = 5/2(1 —r2sin?0)™2 df. The Toader mean

Ml/x,2 (“7 b) =

= AGM(a, b)

2 /2
M, (a,b) = — f Va2 cos20 + b2 sin 0 do = T(a,b)
T Jo

is related to the complete elliptic integral of the second kind £(r) = [, 20 - 12sin2 )2 d6.
We have

/2 1/

2 cos? 6 7.gsin? 0 7

Myapa,b) = — al b1 do (g #0).
T Jo
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In particular,

2 /2 , )
Miola,b) = = / a0 b0 4o = TQ(a, b) (1.3)
T Jo

is the Toader-Qi mean.

Recently, the arithmetic-geometric mean AGM(«, b) and the Toader mean T'(a, b) have
attracted the attention of many researchers. In particular, many remarkable inequalities
for AGM(a, b) and T(a, b) can be found in the literature [2—20].

For g # 0, the mean M,q0(a, b) seems to be mysterious, Toader [1] said that he did not
know how to determine any sense for this mean.

Let z e C, v € R\{-1,-2,-3,...} and I'(z) = lim,_, o, n!n*/[T132(z + k)] be the classical
gamma function. Then the modified Bessel function of the first kind J,(z) [21] is given by

o 2n+v

L@)=Y_ ‘ (1.4)

5 .
— n22v(v +n +1)

Very recently, Qi et al. [22] proved the identity

2 (72 2 2 Va vefd, a
qu_()(ﬂ, b) = (— / al®® qusm 0 dQ) =/ ﬂb]o q<§ IOg E) (].5)
0

T

and inequalities

A(a,b) + G(a,b) . 2A(a,b) + G(a,b) .

L(a,b) < TQ(a,b) < 5 )

I(a,b) (1.6)
forallg #0and a,b > 0 with a # b, where L(a, b) = (b—a)/(logb —loga), A(a, b) = (a + b)/2,
G(a,b) = vab, and I(a,b) = (b*/a®)"®=9 /e are, respectively, the logarithmic, arithmetic,
geometric, and identric means of a and b.

Letb>a>0,peR, t=(ogh-loga)/2>0,and the pth power mean A,(a, b) be defined
by

1/
) ’ (p#0), Ao(a,b) = vVab = G(a, b).

»
Ap(a,b):<a +bP

2

Then the logarithmic mean L(a, b), the identric mean I(a, b), and the pth power mean
A,(a,b) can be expressed as

—sinh¢
L(ﬂ,l’)): abSIIIt ’ I(a,b): /abet/tanht—l’

(1.7)
Ap(a,b) = abcosh'?(pt) (p #0)

and (1.3)-(1.5) lead to

TQ(a,b) M,p(a,b) 2 fn/z £ cos(20)
= : = — e o8 d9 = (t
N = = o(®)

2 /2 2 /2
= —/ cosh(tcosf)db = —/ cosh(zsinf) déb. (1.8)
7 Jo T Jo
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The main purpose of this paper is to present several sharp bounds for the modified
Bessel function of the first kind Iy(¢) and the Toader-Qi mean TQ(a, b).

2 Lemmas
In order to establish our main results we need several lemmas, which we present in this

section.

Lemma 2.1 (See [23]) Let (Z) be the number of combinations of n objects taken k at a time,
that is,

AN n!
k) kKn-kv
Then

() ()

Py k n
Lemma 2.2 (See [23]) Let {a,}2, and {b,}2, be two real sequences with b, > 0 and
lim,,_, o @y/by, = s. Then the power series Y -, a,t" is convergent for all t € R and

00
lim 72":0 ant” =
t—00 ZZZO b, t"

if the power series Y - b,t" is convergent for all t € R.

Lemma 2.3 The Wallis ratio

I'(n+ %)

T OrmeD -

n

is strictly decreasing with respect to all integers n > 0 and strictly log-convex with respect
to all real numbers n > 0.

Proof 1t follows from (2.1) that

W}’H—l _ 1

W, = 2m+1) <1 22)

for all integers n > 0.
Therefore, W, is strictly decreasing with respect to all integers # > 0 follows from (2.2).
Let f(x) = '(x + 1/2)/T(x + 1) and ¥r(x) = I''(x)/T"(x) be the psi function. Then it follows
from the monotonicity of ¥/ (x) that

[logf(x)]" = ¢/<x + %) ¢ (x+1)>0 (2.3)

for all x > 0.
Therefore, W/, is strictly log-convex with respect to all real numbers # > 0 follows from
(2.1) and (2.3). O
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Lemma 2.4 (See [24]) The double inequality

1 I'x+a) 1
< <
x+a)t2 T'(x+1) xl=

holds for all x > 0 and a € (0,1).

Lemma2.5 Lets, = (2n)!(2n+1)!/[2*"(n")*]. Then the sequence {s,}°°,, is strictly decreasing
and

2
lim s, = —. (2.4)
T

n—0o0

Proof The monotonicity of the sequence {s,,}°°, follows from

Sp1 (2n+1)(2n +3)
s 4m+1)?

<1

To prove (2.4), we rewrite s, as

2m-)1* 2m+1[T(n+3)7?
SURPSO KC 0 Ly e e (U
2"p! r2(3) LT(m+1)
2+ H T+ H7?
_ 2n+p)[Tlnr5) ) (2.5)
bid C(n+1)
It follows from Lemma 2.4 and (2.5) that
2 2n+t 2n+d
=== %<s,,<— 2, (2.6)
T Tn+; T n
Therefore, equation (2.4) follows from (2.6). O

Lemma 2.6 (See [25]) Let A(t) =) ;o0 axt* and B(t) = Y ko bit* be two real power series
converging on (—r,r) (r > 0) with by > 0 for all k. If the non-constant sequence {ai/by} is in-
creasing (decreasing) for all k, then the function A(t)/B(¢) is strictly increasing (decreasing)
on (0,r).

Lemma 2.7 (See [26]) Let A(t) =Y ;o axt* and B(t) = Y o bit* be two real power series
converging on R with by > 0 for all k. If there exists m € N such that the non-constant
sequence {ay/by} is increasing (decreasing) for 0 < k < m and decreasing (increasing) for
k > m, then there exists ty € (0,00) such that the function A(t)/B(t) is strictly increasing
(decreasing) on (0,ty) and strictly decreasing (increasing) on (ty, 00).

Lemma 2.8 The identity

oo

Rlo=) SO

21 (1)
— 221 (n!)

holds for all t € R.



Yang and Chu Journal of Inequalities and Applications (2016) 2016:40 Page 5 of 21

Proof From (1.4) and Lemma 2.1 together with the Cauchy product we have

o0 n 1 1 "
[g(t) = Z(Z 22k (Je)2 220-K) [ (11 — /()!]Z)t2

n=0 \ k=0
N 1 5 (n!)? e ),
_;;(22”('4!)2 pars (k!)2[(n—k)!]2)t ‘gmf : -

Lemma 2.9 (See [27]) Let —co<a<b<ooandf,g:a,b] > R. Then

b 1 b b
[ iz ;1 [ rwas [ gwas
a —aJg a
if both f and g are increasing or decreasing on (a, b).

Lemma 2.10 (See [28]) Let —co<a<b<ooandf,g:(a,b) — R. Then

b b b
/Qf(x)g(x)dx—ﬁ/a f(x)dx/a g(x)dx

b b
=l (’C‘az;b)/(x)d"/ ( ‘#)g(")””‘ 27)

if both f and g are convex on the interval (a, b), and inequality (2.7) becomes an equality if

and only if f or g is a linear function on (a, b).
3 Main results
Theorem 3.1 The double inequalities

t t

C  Io(t) < — (3.1)
< < .
12t T ot
and
TQ(a,b) < ——— 62)
—< a,b) < —— .
1 +log(b/a) 1+ log(b/a)
hold forallt >0 and b >a>0.
Proof From (1.8) we have
2 (72 2 ! cosh(tx)
I(t) = —/ cosh(¢sin®) do = —/ dx (3.3)
° 7 Jo T Jo v1-x2
and
/2 7/2
)= 2 [ eloentigy 2 ad
7 Jo 7 Jo eZtsin29
2 (™2 de 1
< — / — = . (3.4)
wJo 1+42tsin“6 /1+2t
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We clearly see that both cosh(¢x) and 1/+/1 — x? are increasing with respect to x on (0, 1).
Then Lemma 2.9 and (3.3) lead to

smht
Iy(t) > — h(tx) dx
o / Vi Jy o=
1 e‘ 1 et
1- — 1-— = ) (3.5)
2t et 2t 1+2t 1+2t

Therefore, inequality (3.1) follows from (3.4) and (3.5).
Let t =log(b/a)/2. Then it follows from (1.8) and (3.1) that

bla . TQ(a, b) . bla 3.6)
1+ log(b/a) Jab 1+log(bla) .
Therefore, inequality (3.2) follows from (3.6). O
Remark 3.1 From Theorem 3.1 we clearly see that
lim e*Iy(t) = lim TQ(x,1) = 0.
t—00 x—07%
Theorem 3.2 The double inequalities
sinh(2¢) sinh(2¢
ai <Ip(t) < B t( ) (3.7)
and
azv/L(a, b)A(a, b) < TQ(a, b) < p2v/L(a, b)A(a, b) (3.8)
hold for all t > 0 and a,b > 0 with a # b if and only if oy <1/\/7, B > v/2/2, ay < /2/7
and B, > 1.
Proof Let
I3(t)
= 3.9
Ro(t) = sinh(2t)/(2t)’ (39)
(2n)! 2%
= , = . 3.10
D= o () Qn+1)! (310)
Then simple computation leads to
n 2n)!(2n + 1)!
a, (2n)!(2n+1) (3.11)

b_n - 241 (pp1)4 :

It follows from Lemma 2.5 and (3.11) that the sequence {a,,/b,}32, is strictly decreasing
and

lim — =
n—0o0 n

ERRS

(3.12)
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From Lemma 2.8 we have

2o ant™

Ro(2) = .
o(®) S bl

(3.13)

Lemma 2.6 and (3.13) together with the monotonicity of the sequence {a,/b,}}2, lead to
the conclusion that Ry (¢) is strictly decreasing on the interval (0, 00). Therefore, we have

lim Ro(£) < Ro(£) < lim Ro(f) = 22 = 1. (3.14)
t—00 t—0* bO

From Lemma 2.2, (3.12), and (3.13) we know that

t—00

lim Ry(t) = ; (3.15)

Therefore, inequality (3.7) holds for all ¢ > 0 if and only if o; < 1/4/7 and B; > V272
follows easily from (3.9), (3.14), and (3.15) together with the monotonicity of Ry(¢).

Let b>a >0 and ¢ =log(b/a)/2. Then inequality (3.8) holds for a,b > 0 with a # b if and
only if oy < +/2/m, and B, > 1 follows from (1.7) and (1.8) together with inequality (3.7)
for all £ > 0 if and only if a; <1//7 and B; > +/2/2. O

Remark 3.2 Equations (3.9) and (3.15) imply that

1
lim e ' Vtly(t) = ——
t—>00

V21
or we have the asymptotic formula
et
V21t

Theorem 3.3 Let A, Ap >0, £p = 2.7113... be the unique solution of the equation

In(t) ~

(t — 00).

d |: tI3(¢) — sinht i| _ (3.16)

dt (cosht —1)sinht
on (0,00) and

tolg (t()) —sinh to

= =0.6766.... 3.17
0 (coshty — 1) sinh £y (3.17)

Then the double inequality

sinh ¢
t

sinh ¢
t

\/()\.1 cosht +1—21q) <Iy(t) < \/(Az cosht +1—-21,) (3.18)

or

JA@ D) + (1 - 1)G(@, )] L@ b) < TQ(a,b) </ [12A(a,b) + (1 - 1)G(a, b)|L(a, )

holds for all t >0 or a,b >0 with a #b if and only if .1 <2/7, Xy > Xo.
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Proof Let
Ig(t) _ sintht
Rl(t) = (cosht-1)sinht ’ (3'19)
t
(2n)! 1 221 (2n)!(2n +1)!
= - , dy= —, === 7 3.20
= )t T 2n+ 1) o) T T 2w (3:20)
and
s, = (2" + 31" + 6m + 2)s, — (3n” + 61 + 3). (3.21)

Then it follows from Lemma 2.2, Lemma 2.5, Lemma 2.8, and (3.19)-(3.21) that

3t
R(t)=&=1" (3.22)
Y dut™
2215, -1 2
lim Ry(f) = lim <% = lim =" "~ - = (3.23)
t—00 n—ood, n—>oo 22 _] T
2 41 19
a_z. e 2. 8_2 (3.24)
d 3 dy 60 d; 28
Cntl _ Cn _ _ 2%s) ) (3.25)
dn+1 dn (I’l + 1)2(22n+2 - 1)(22;4 - 1)
and we have the inequality
b2 oo 2 2
s, > ;(2 +3n* +6n+2) - (3n° + 61+ 3)
3 3
> 5(22" +3n” +6n+2) - (3n* +6n+3) = g[22” - (27* +4n+3)]>0 (3.26)
for all n > 3.

From (3.24)-(3.26) we know that the sequence {c,/d,}, is strictly increasing for 1 <
n < 2 and strictly decreasing for n > 2. Then Lemma 2.7 and (3.22) lead to the conclusion
that there exists £y € (0, 00) such that R;(¢) is strictly increasing on (0, ) and decreasing

on (ty, 00). Therefore, we have

min{&1(0%), lim Ry(®)} < Ri(®) = Ri(eo) (3.27)
— 00
for all £ > 0, and £, is the unique solution of equation (3.16) on (0, 00).
Note that
C1 2
Ri(0%) = — =—. 3.28
1(07)= =3 (3.28)

From (3.17), (3.19), (3.23), (3.27), and (3.28) we get

; < Ri(2) < Ri(to) = 0. (3.29)

Therefore, inequality (3.18) holds forall £ > 0 ifand only if Ay <2/, A > A follows from
(3.19) and (3.29) together with the piecewise monotonicity of R;(¢) on (0, 00). Numerical
computations show that £, =2.7113... and A = 0.6766.... O
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Theorem 3.4 Let p,q € R. Then the double inequality

» sinht
<Io(t) <q 7

sinh ¢

cosh!™ t( + (1 -¢g)cosht (3.30)
or
IP(a,b)A'P(a,b) < TQ(a,b) < qL(a,b) + (1 — q)A(a, b)

holds for all t >0 or a,b >0 with a # b ifand only if p > 3/4 and q < 3/4.

Proof If the first inequality of (3.30) holds for all £ > 0, then

~ Io() —cosh'™? t(sm—tht)p 1 3
lim =—|lp--1=0,
t—>0* 12 3 4
which implies that p > 3/4.
It is not difficult to verify that the function cosh' ™ ¢(sinh ¢/¢)? is strictly decreasing with
respect to p € R for any fixed ¢ > 0, hence we only need to prove the first inequality of

(3.30) for all £ > 0 and p = 3/4, that is,

4 sinh >
Iy > . cosht. (3.31)

Making use of the power series and Cauchy product formulas together with Lemma 2.8

we have

inh)?
Ig(t)—(sm ) cosht

t

) o) n (2]{)' (2(n — k))! 24Vl+3 _ 22n+1 .
= |:Z(22"(k!)4 2201-k) (7 — k)!)4> - 2n+3)! :|t . (3.32)

n=0 L k=0

Let W), and s, be, respectively, defined by Lemma 2.3 and Lemma 2.5, and

~ Z (k)  2m-k) e (3.33)
e\ 22 (k) 2200 (n - k)Y @n+3) '
Then simple computations lead to
Uop=Uu = 0, Uy = %, Uus = @ (334)

It follows from Lemma 2.1 and Lemmas 2.3-2.5 together with (3.33) that

n

(2]()! (2(1/1 _ k))| ) ~ 4n+3 _ 92n+l

_ 1
= kzz()((kx)z((n ZHON? 22 (k1)2 2200 (1 — K)1)2 (2n+3)!

n 1 Q4n+3 _ 92n+l

3 ( (k1)*((n — k)12 Wi W”‘k> ~ (2n+3)

k=0
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n 1 ) 24n+3 _ 22n+1
= <WW”> C@ne3)
_ . 1 I'(n/2 +1/2) 2 94n+3 _ 92n+l
e [(kl)z((n - k)32 (F(l/z)r(n/z + 1)) } T (@n+3)

\%

n 1 24n+3 _ 22n+1
(n’(n/2 +1/2) (k12 ((n — k)!)2) ~ (2n+3)!

=0

>~

(}’1')2 24n+3 _ 22n+1

2 n
~ w(n+1)(n!)? ZO: K2((n-KkN2  (2n+3)!

2 (21’1)' 24n+3 _ 22n+1
an+ D)2 ()2 (2n+3)!

22n+1(22n+2 _ 1) 22n+2 3
T T x@n+3y |2\t

22n+1(22n+2 _ 1) 3\ 2
> ———| |4+ ) =—-7|>0 (3.35)
7 (2n + 3)! 2)

for all n > 4.
Therefore, inequality (3.31) follows from (3.32)-(3.35).
If the second inequality of (3.30) holds for all £ > 0, then we have

. Io(t)—qsm—tht —(l-g)cosht 1 3
lim =—lg--1]=<0,
t—0t 2 3 4

which implies that g < 3/4.
Since cosh ¢ > sinh ¢/¢, we only need to prove that the second inequality of (3.3) holds for
all £ > 0 and g = 3/4, that is,

ht—Io(t 3
_coshi-ho(®) 3 (3.36)
cosht —sinht/t 4
Let
2"l — (2m - 1! 2n n+2)2n+1)
o, = s —— = » = - 5
" 211!(2n)! " 2n+1)! " 2(n+1) "
and W, be defined by (2.1).
Then simple computations lead to
cosht —‘Io(t) ) ZZ} a2 ’ 537
cosht—sinht/t Y 7 Bt
2n+3 2n+1 -1
Gt W)~ (1= W) = (3.38)
Bui Bn 2n+2 2n 2n(n +1)
1 9
Yl g, " 1 =251 (3.39)
Vi 2(n +2)? 8

From (3.38) and (3.39) we clearly see that the sequence {«,/8,}>2, is strictly increasing,
then Lemma 2.6 and (3.37) lead to the conclusion that the function (cosh £ —Iy(£))/[cosh £ —
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sinh ¢/t] is strictly increasing on the interval (0, 00). Therefore, inequality (3.36) follows
from the monotonicity of (cosht — Iy(¢))/[cosh ¢ — sinh £/¢] and the fact that

cosht—Io(f) o 3

im —— = — = —, 0
t—0* cosht —sinht/t B 4

Theorem 3.5 Let p,q > 0, ty be the unique solution of the equation

d[E

Cos t

b1 _ g 3.40
7 (3.40)

and

p*o(to) - 1)

cosh(pty) — (3.41)

Ho =
Then the following statements are true:
(i) The double inequality

1 1 1 1
1- E + ﬂ cosh(pt) < Ip(£) <1 - 2_q2 + 2_012 cosh(gt) (3.42)

or
(1— L) G(a,b) + A"(a b)GY P (a,b)
2p? 2p?
<TQ(a,b) < (1 - 2%12>G(a, b) + %qug(a, b)G' 4 (a, b)

holds for all t > 0 or a,b > 0 with a # b if and only if p < /3/2 and g > 1.
(i) The inequality

Ho Mo
Iy(t)>1- p_2 + p_2 cosh(pt) (3.43)

or

TQ(a,b) > (1 - —)G( ,b) + —Ap(a b)G' " (a,b)
Iz r

holds for all t >0 or a,b >0 with a # b if p € (v/3/2,1).
Proof (i) Let

P o(t) 1)
cosh(pt) -1’
1 2n—2

U, = ————— Vv :p
T a2’ T @2n)

Ry(t) = (3.44)

Then simple computations lead to

ey Unt™"
Ry(t) = =22—— ) (3.45)
Dot Vnt®
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vt v o)z \P (3.46)

- T om+2

Uyl Uy (2n)! (2 2n+1>

From (3.46) we clearly see that the sequence {u,/v,}}, is strictly decreasing if p > 1 and
strictly increasing if p < +/3/2. Then Lemma 2.6 and (3.45) lead to the conclusion that the
function Ry (¢) is strictly decreasing if p > 1 and strictly increasing if p < +/3/2. Hence, we
have

_ U _ 1

Rz(t) < lim Rz(t) - (347)
t—0+ w2

forallt>0if p >1and

1
Ry() > lim Ry(t) = 2 = = (3.48)
t—0+ w2

forallt>0ifp < V3/2.
Therefore, inequality (3.42) holds for all £ > 0 if p < +/3/2 and q > 1 follows easily from

(3.44) and (3.47) together with (3.48).
If the first inequality (3.42) holds for all £ > 0, then we have

I -
a0 7z 48

1 1
Ip(6) = (1= 57 + 5,7 cosh(pt)) 1 <3 2) ~o,
2 >
which implies that p < v/3/2.
If there exists g € (v/3/2,1) such that the second inequality of (3.42) holds for all £ > 0,
then we have

R TORYCE —2;% + _251;(2) cosh(qot))
lim
t—00 eqot

<O0. (3.49)
But the first inequality of (3.1) leads to

I(t) -1 - % + % cosh(qot))

eqot

ell-90)t 1 1 + e~2490¢
> -(1-—= )" - —F— >0 (t—> ),
1+2¢ 24q, 4q;

which contradicts inequality (3.49).
(i) If p € (v/3/2,1), then from (3.46) we know that there exists ny € N such that the

oo

sequence {u,/v,};°; is strictly decreasing for n < n and strictly increasing for n > ny.

Then (3.45) and Lemma 2.7 lead to the conclusion that there exists £, € (0, 00) such that
the function R,(¢) is strictly decreasing on (0, ] and strictly increasing on [£y,00). We
clearly see that £, satisfies equation (3.40). It follows from (3.41) and (3.44) together with

the piecewise monotonicity of Ry(¢) that
Ry(t) = Ry (to) = fho. (3.50)

Therefore, inequality (3.43) holds for all £ > 0 follows from (3.44) and (3.50). O
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It is not difficult to verify that the function

1 1
1- ﬁ + ﬁ COSh(pt)

is strictly increasing with respect to p on the interval (0, c0) and

t
2cosh(§> —1>cosh?¢

for t>0.
Letting p = V/3/2,3/4,+/2/2,2/3,1/2 and q =1 in Theorem 3.5(i), then we get Corol-
lary 3.1 immediately.

Corollary 3.1 The inequalities

t 9 2t 1 2t
cosh2(¢) < 2cosh = ) =1 < Zcosh[ = ] - = < cosh L
2 8 3 8 2

8 3t 1 2 3t 1 1 ht
< —cosh[ — ) + = < = cosh L +—<Io(t)<£
9 4 2 3 2

or

G"*(a,b)AY*(a,b) < 2Aif§(a, b)GY?(a,b) — G(a, b)
9 1
< §A%g(a’ b)GY3(a,b) - §G(a, b)

<AV (a,b)G V2 (a, b)

8 1
< §A§fj(a, b)GY*(a,b) + §G(zz, b)

2 V312 1-4/3/2 1
< §AJ§/2(“’ b)G (a,b) + gG(a, b)

A(a,b) + G(a,b)

< TQ(a,b) < 5

hold forall t >0 orall a,b > 0 with a #b.

Theorem 3.6 Let p > 0. Then the following statements are true:
(i) The inequality

I(t) > [cosh(pt)]zr% (3.51)
or

TQ(a,b) > G~ % (a, b)Af*’ (a,b) (3.52)

holds for all t > 0 or a,b >0 with a # b if and only if p > \/6/4.
(i) The inequality (3.51) or (3.52) is reversed if and only if p < 1/2.
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(i) The inequalities

2t 6t\ 1" t
cosh'? ¢ < cosh<f7> < [cosh(fT)} < Io(t) < cosh? (§> <l (3.53)

or

G'2(a,h)A"(a,b) < A2 (a,H)G*2(a, b)

< Aﬁjj(a, b)G Y3 (4, b)

A(a,b) + G(a,b)
2
< Gla,b) e(A2<a,b)-G2(a,b>)/(4L2 (a,b))

< TQ(a,b) <

hold forall t >0 orall a,b > 0 with a # b.

Proof (i) If inequality (3.51) holds for all £ > 0, then we have

1

o)~ [coshpn] ¥ _ 1 <pz_ §> >0,

1 -
a0 t* 24

which implies that p > +/6/4.

It follows from Lemma 2 of [29] that the function [cosh(pt)]" @) js strictly decreasing
with respect to p € (0, 00) for any fixed ¢ > 0, hence we only need to prove that inequality
(3.51) holds for all £ > 0 and p = /6/4. From the sixth inequality of Corollary 3.1 we clearly
see that it suffices to prove that

(). (5]

for all £ > 0, which is equivalent to
2 1 4
10g|:§ cosh(v/2x) + §:| > 3 log(coshx) (3.54)

for all x > 0, where x = +/6t/4.
Let

filx) = log[% cosh(v/2x) + %] - glog(coshx), (3.55)

folx) = 6+/2 sinh(+/2x) cosh x — 8 cosh(v/2x) sinh x — 4 sinh x,
£,= BV2-4)(V2+ 1)+ BV2+4) (V2 -1)"1 —4,
NMn = (\/E + 1)2;1—1'

Then simple computations lead to

£(0)=0, (3.56)
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He) = 3coshx[2f:£(ﬁx) T (357)

folx) = ni: (ij 1)!x2”‘1, (3.58)

§1=5=0, (3.59)

Nubn = (BV2 = 4) (1 = ) (0 = 12)- (3.60)
From (3.58)-(3.60) and 7, > 0, > m1 > 0 for 1 > 3 we know that

fo(x) >0 (3.61)

forall x > 0.

Therefore, inequality (3.54) follows easily from (3.55)-(3.57) and (3.61).

(i) The sufficiency follows easily from the monotonicity of the function p —
[cosh(p£)]P") and the last inequality in Corollary 3.1 together with the identity (I +
cosh£)/2 = cosh?(¢/2).

Next, we prove the necessity. If there exists py € (1/2,4/6/4) such that Iy(t) <
[cosh(pot)]”(z”%) for all £ > 0, then we have

. Ip(t) - [cosh(pt)] VP
lim

Py /o) =0. (3.62)

But the first inequality of (3.1) leads to

Io(t) - [cosh(pot)]V®D) 1 ¢ (1+e-2pof

1/(2p3)
et/(2po) 1+ 2f et/Cpo) 9 > — 00 (t— ),

which contradicts (3.62).
(iii) Let p = 1,+/2/2,+/6/4,1/2,0*. Then parts (i) and (ii) together with the monotonicity
of the function p — [cosh(pt)]l/(21’2) lead to (3.53). O

Theorem 3.7 Let 0 € [0,7/2]. Then the inequality

L) > cosh(tcos ) ; cosh(¢sin®) (3.63)

or

TQa,b) » L@ DG @, b); Al (@, b)G' " (a,b)

holds for all t >0 orall a,b > 0 with a # b if and only if 0 € [7/8,37/8]. In particular, the
inequalities

> l[cosh<£t> + cosh(lt>:| > cosh(ét) (3.64)
2 2 2 2
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or

J—/z

(@D)GV222(a,b) + AV 4, )G V222 0, )
TQa, b) > —Y2Y*2 V2

2
A%( ,b)GV32 4 AV2 (4, b)GY(a, b) i

5 V@, b)GY*(a, )
hold forallt >0 orall a,b >0 witha #b.

Proof If inequality (3.63) holds for all ¢ > 0, then we have

In(8) — cosh(t cos0)+cosh(tsin ) 1
lim 221 2 = —— cos(40) > 0,
t—0* 4 192

which implies that 6 € [7/8,37/8].

Next, we prove the sufficiency of inequality (3.63). Simple computations lead to

d[cosh(tcos0) + cosh(t 51n9)] £?sin(20) [ sinh(¢sin®)  sinh(¢tcos6) (3.65)
90 2 tsinf tcosd | ’
inhx\" 1 inh
(sm x) =- (coshx— s x) >0 (3.66)
x x x

for x > 0.

Equation (3.65) and inequality (3.66) imply that the function 6 — [cosh(tcosf) +
cosh(zsin@)] is decreasing on [0,7/4] and increasing on [ /4,7 /2] for any fixed t > 0
Hence, it suffices to prove that inequality (3.63) holds for all £ > 0 and 6 = 6y = /8

Let

_esBrecgy 2
Pn = 2n)! ’ " D2’
cosh(tcosfy) + cosh(tsinfp)
R3(t) = . 3.67
3(2) O] (3.67)

Then simple computations lead to

Zn Op*’lt2
Ry() = Z50 P
Zn Oant "

(3.68)
Po_PL_P2_P3 (3.69)
oo o1 09 O3 ’ ’
f,)z:: 1 :_ﬁ[(n+«/— D(W2 -1+ (n-v/2-1)(V2 +1)"1] <0 (3.70)
o 221+ 1)[(vV2 - 1)n (V2 +1)"]
for n > 3.

It follows from Lemma 2.6 and (3.68)-(3.70) that Rs(t) is strictly decreasing on (0, 00)
Therefore,

L) > cosh(t cos 8p) ; cosh(¢sinép)

(3.71)

follows from (3.67) and the monotonicity of R3(¢) together with R3(0%) = po/op = 1.
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Let 0 = 7/8,7/6,7 /4. Then inequality (3.64) follows easily from (3.63) and the mono-
tonicity of the function 6 — [cosh(z cos0) + cosh(¢sin8)]. (]

Theorem 3.8 The inequality

sinht 3(4 —m)(¢sinhf —2cosht +2)
+

12

I()(t) >

(3.72)
holds for all t > 0.

Proof It is easy to verify that

=% cosh(tx) > 0

d? 1 1+ 2x2 0 82 cosh(tx)
£ - >0, g Ry
A’ \J1-x2) @1—«2)>? 9x2

for all £ > 0 and x € (0,1), which implies that the two functions 1/4/1 — x? and cosh(¢x) are
convex with respect to x on the interval (0,1). Then from Lemma 2.10 and (3.3) we have

7 sinh¢
= o( )— N
cosh(tx)
= cosh(tx) dx
0 V1 —x2

X—5 1
> 12/ 2 dx (x - —) cosh(x) dx
0 V1-x2 0 2

_ 3(4 —m)(tsinh ¢ — 2 cosht + 2)
B 212 ’

(3.73)

Therefore, inequality (3.72) follows from (3.73). O
Remark 3.3 The inequality Iy(¢) > sinh(£)/¢ in (3.5) is equivalent to the first inequality
TQ(a,b) > L(a, b) in (1.6). Therefore, Theorem 3.8 is an improvement of the first inequality

in (1.6).

Let p € R and M(a, b) be a bivariate mean of two positive a and b. Then the pth power-
type mean M, (a, b) is defined by

My(a,b) = MY (a?, 1) (p#0),  Mo(a,b) = vab.
We clearly see that
M;y(a,b) = MII,M (a’\, b*)
forall A,p e Rand a,b > 0 if M is a bivariate mean.
Theorem 3.9 The inequality
TQ(a,b) < I,(a,b)

holds for all a,b > 0 with a # b if and only if p > 3/4.
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Proof The second inequality (1.6) can be rewritten as
TQ(a, b) < A1jp(a, b). (3.74)
In [30, 31], the authors proved that the inequality
I(a,b) > Aap3(a, b) (3.75)

holds for all distinct positive real numbers a and b with the best possible constant 2/3.
Inequalities (3.74) and (3.75) lead to

TQ(a,b) < Aia(a,b) = AJ3(a®*,6**) <I*3(a**, b*'*) = L3/4(a, b) (3.76)
forall a,b > 0 with a # b.
If p > 3/4, then TQ(a, b) < I3/4(a, b) < I,(a, b) follows from (3.76) and the function p —
I,(a, b) is strictly increasing [32].
If TQ(a, b) < I,(a,b) for all a,b > 0 with a # b. Then

I (t) _ et/tanh(pt)—l/p <0 (3'77)

forall £ > 0.
Inequality (3.77) leads to

N ¢t/ tanh(pt)-1/p 1/3
lim olf) e =—|l--p) <0,
t—0* 2 3\ 4
which implies that p > 3/4. g

Remark 3.4 For all a,b > 0 with a # b, the Toader mean T(a, b) satisfies the double in-
equality [5, 7]

Ag/z((,l, b) < T(&l, b) < AlogZ/(logn—logZ)(a; b) (378)

with the best possible constants 3/2 and log2/(log 7w —log2), and the one-sided inequal-
ity [33]

T((l, b) <I9/4(ﬂr b) (379)
It follows from (3.78) and (3.79) that

Aig(ﬂ) b) — A3/2 (aI/S,bl/fi) < T(6I1/3,b1/3)

= T{3(a, b) < I (a"®, b') = 3 (a, b),
which can be rewritten as

Aip(a, b) < Tyz(a, b) < I3j4(a, b). (3.80)
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Inequalities (3.74) and (3.80) lead to the inequalities
TQ(a,b) < Aip(a,b) < Tij3(a, b) < I3/4(a, b) (3.81)
forall a,b > 0 with a # b.

Remark 3.5 For all a,b > 0 with a # b, Theorem 3.4 shows that

3L(a,b) + A(a,b)

L¥*(a,b)AY*(a,b) < TQ(a, b) < (3.82)

4
It follows from L(a, b) < A(a,b)/3 + 2G(a, b)/3, given by Carlson in [34], and A(a,b) >
L(a, b) that
A(a,b) + G(a,b) 3L(a,b) + Ala,b
Lab) <P abAap), —A@brGab) Slab)+A@b)

2 4

Therefore, inequality (3.82) is an improvement of the first and second inequalities
of (1.6).

Remark 3.6 In [2, 20, 35], the authors proved that the inequalities
L(a,b) < AGM(a, b) < L**(a, b)AY*(a, b) < L32(a, b) (3.83)

hold for all ¢, b > 0 with a # b.
Inequalities (3.81)-(3.83) lead to the chain of inequalities

L(a,b) < AGM(a, b) < L**(a, b)AY*(a, b)
< TQ(a,b) < Aipp(a, b) < Tyz(a, b) < I3ja(a, b) (3.84)

forall a,b > 0 with a # b.

Motivated by the first inequality in (3.82) and the third inequality in (3.83), we propose
Conjecture 3.1.

Conjecture 3.1 The inequality
TQ(a,b) > L32(a, b)
holds for all a,b > 0 witha #b.

For all 4,b > 0 with a # b, inspired by the double inequality

A(a,b)Gla, b) < TQ(a, b) < w

given in Corollary 3.1 and the inequalities

I(a,b) + L(a, b) . Ala,b) + G(a,b)
2 2

VA(a,b)G(a,b) < /1(a,b)L(a,b) <

proved by Alzer in [36] we propose Conjecture 3.2.
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Conjecture 3.2 The inequality

TQ(a,b) < +/I(a,b)L(a,b)
holds for all a,b > 0 witha #b.

Remark 3.7 Let W, be the Wallis ratio defined by (2.1), and ¢, d,,, and s, be defined by
(3.20). Then it follows from Lemma 2.5 and the proof of Theorem 3.3 that the sequence
{su};2; is strictly decreasing and lim,,—, « 5, = 2/7, and the sequence {c,/d,}32, is strictly
increasing for n = 1,2 and strictly decreasing for n > 2. Hence, we have

2 3
S <8y =2n+ )W, <51 == (3.85)
b4 4

and
2 2215, 1 41
_=min c_l’ hm C_n <c_n=S7n§c—2:— (3,86)
T dl n—oo dn dn 221 1 dz 60

forall n e N.

Inequalities (3.85) and (3.86) lead to the Wallis ratio inequalities

and
2721(r —2) +2 41 +19 x 2-21
A Wn < B —
7(2n+1) 6021 +1)
forall » € N.
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