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Abstract

Let (M", g) be an n-dimensional Riemannian manifold. In this paper, we derive a local
gradient estimate for positive solutions of the porous medium equation

1
u=AWP), 1<p<i+ ,
t ( ) m

posed on (M", g) with the Ricci curvature bounded from below. Moreover, we also
obtain a Liouville type theorem. In particular, the results obtained in this paper
generalize those in (Zhu in J. Math. Anal. Appl. 402:201-206, 2013).
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1 Introduction

In this paper we study the porous medium equation
U = A(up) 1.1)

with p > 1, which is a nonlinear extension of the classical heat equation. As is typical of
nonlinear problems, the mathematical theory of the porous medium equation is based
on a priori estimates. In 1979, Aronson and Bénilan obtained a celebrated second-order

differential inequality of the form [2]

Zi pu”’za—bf >—/—<, k= —
ox! oxi )~ & np-1)+2

i

which applies to all positive smooth solutions of (1.1) defined on the whole Euclidean space
on the condition that p > 1 — % For various values of p > 1, it has appeared in different
applications to model diffusive phenomena; see [2—4] and the references therein.

In [5], Hamilton proved the following results.
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Theorem A (Hamilton [5]) Let (M",g) be an n-dimensional compact Riemannian mani-
fold with Ric(M") > —K, where K is a non-negative constant. Suppose that u is a positive
solution to the heat equation

=Au (1.2)

with u < M for all (x,t) € M" x (0,00). Then

|Vu|2 M
” ; + 2K log — (1.3)

Hamilton’s estimate tells us that when the temperature is bounded we can compare the
temperature of two different points at the same time. For the study of gradient estimates
of the equation (1.1), see [6—10] and the references therein. In [1], Zhu applied similar
techniques that were used for the heat equation, he derived the following Hamilton type
estimate for equation (1.1).

Theorem B (Zhu [1]) Let (M",g) be an n-dimensional Riemannian manifold with
Ric(M") > —K, where K is a non-negative constant. Suppose that u is a positive solution
to the porous medium equation (1.1) in Qp 1 := By, (R) x [ty — T, to] C M" x (—00,00). Let

— pl
V= p S U Thenfor1<p<1+f andv <M,

12 (11
yi T Vv <M 15t (— +—=+ ﬁ) (L.4)
R JT

in Qr,, where C = C(p, n) is a constant depending only on p and n.

In this paper, by introducing a new parameter and using a lemma in [11], we generalize
Theorem B as follows.

Theorem 1.1 Let (M",g) be an n-dimensional Riemannian manifold with Ric(M") > -K,
where K is a non-negative constant. Suppose that u is a positive solution to the porous
medium equation (1.1) in Qpr := By, (R) X [to — T, ty] C M" x (—00,00). Let v = p%lup‘l.

Thenf0r1<p<1+\/70mdv<M

1 -l (1 1
D |VV| < CM 2D <E + ﬁ + \/E) (1.5)

in Qg 1, where C = C(p, n) is a constant depending only on p and n.
As an application, we get the following Liouville type theorem.

Corollary 1.2 Let (M",g) be an n-dimensional complete noncompact Riemannian man-
ifold with non-negative Ricci curvature. Let u be a positive ancient solution to the porous
medium equation (1.1) with1<p <1+ F such that u(x,t) = o([d(x) + +/1t]] 71 1) near
infinity. Then u must be a constant.

Remark 1.3 Note that J_+ - \/% Therefore, the results obtained in this paper gener-
alize those of Zhu in [1].
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2 Proof of Theorem 1.1
Letv= luP 1. From (1.1), by simple calculations, it is easy to see that

ve=(p-1vAv+|Vv|% (2.1)
We define
VP
=5

where S is a constant to be determined. Then we have

20Vt
We="p _'B ,3+1
villp -vAv+ V2], v(p-DvAv+|Vy?]
=2 p -# p1
v v
ViV l"}/t Vl/"l"/ v; VJ/ v
=2(p -1 + 2 -1 ~Bl -V -t (2.2)
2v,v; V2v;
wi=—g5 ~Bgr (2.3)
and hence
22 2wy ViViV; v? 2
j iVijj ViV Vii
wy= 2+ =L —apll ;M BB+ 1)~ - (24)
By virtue of (2.2) and (2.4),
vv ViVivii
(p-1)vAw—w, =2(p— : ’” —4B(p-1) ” d
21/2
-Blp-1) i ”+/3</3+1)(p D5
_2(p 1) Vi ]1 _2(p 1) viv, 1]l V‘jvivj
2 2 2
Vjj vivj
+'3 ﬁ+1
2 R;vv;
131 z(p 1)1/1 2(p 1) l/l]
2V2
-4[1+Bp- 1)] +B[(B+D(p-1) +1]— ﬁﬂ, (2.5)

where, in the second equality, we use the Ricci formula: vy; — vj; = Ryv;.
In order to prove Theorem 1.1, we need the following lemma (¢f Lemma A.1 in [11]).

Lemma 2.1 Let A = (a;) be a nonzero n x n symmetric matrix. Then for a,b € R,

(ﬂA +b(trA)I,
m AT N
AeS(n)le|=1

2
Al (e, e)) =(a+b)*+m-1)b?% (2.6)

where I, is an identity matrix.
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Notice that

1212
lIVlVI Vivi

pb+1’

VvwWw=2
It follows from (2.5) that, for any constant ¢,

(p-1)vAw—w; +eVyVw

R,]v,v,
+2(p-1) 1

VvV, 1

+[2e-4(1+B(p-1)] ”:

2,2
Lt

+B[B+D(p-1)+1- e]V Vl

2
:2(1/7—1)5ll -2(p-1) WW|A| +2(p — 1)vRic(e, e)w

Ale,e)
Al

+[2e-4(1+B(p-1)]

|A]? Ale,e)

trA
=2(p—1)m+<[28—4(1+ﬁ(p—1))] A 2(p-1) |A|>W|A|

+2(p - 1)vRic(e, e)w + ﬁ[(,B +Dp-1)+1- s]vﬁ_lw2

A 1 Alee)
:2(p—1)[vf,2_] +4(p_1)<[28—4(1+ﬂ(p—1))] ] 2(p -
1 (ee rA\" 51 5
- 8<p—1)<[28_4(“ﬁ(”_”)] |A| |A|> Y
+2(p - L)vRic(e,e)w + B[(B + D(p—1) + 1 -]V 'w?
1 Alee) (trA),(ee)|* ,
Z_S(p—l) [28 4(1+Bp- 1))] a D v

+2(p - L)vRic(e,e)w + B[(B + D(p—1) + 1 -]V w?,
where A;; = (v;) and e = Vv/|Vv|. By virtue of Lemma 2.1, we have

(p-1)vAw—w; + eVyVw

[26 -4(1+B(p-1)]

1
=780 a2 DT

+2(p —1)vRic(e, e)w + ,8[(,3 +)(p-1)+1- es]lzﬂ"lw2

: 2
= 55— (26 41+ BE-D) -2 - D] + 40 - D(p - 1)

-8(p-1B[(B+1)(p-1) +1-¢])v"'w? +2(p - 1)vRic(e, e)w

=_8(p1_1)f(;3,s) vP1w? 4 2(p — 1)vRic(e, e)w,

where

wlA| + ﬂ[(ﬂ +D)(p-1)+1- e]v‘wa2

Ale,e) (trA) (e e)|* ,_
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(2.7)

52)es]

(2.8)

(2.9)

f(B,e) = [25—4(1+,B(p—1))—2(p—1)]2+4(n—1)(p—1)2—8(p—1),3[(,6+1)(p—1)+1—8].
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For the purpose of showing that the coefficient of v#~'w? is positive, we minimize the
function f(B, €) by letting

e=p
and
g = p-€+2 1
- 2p-1) p-U
such that

f=—4+4n-1)(p-1)~
Then (2.9) becomes

1-(n-1)(p-17 4, ,

(p—l)VAW—W;: +pVvVw > WV w _z(p—l)lﬁlw
= av’lw? = 2(p - Kiw, (2.10)
where « = 1—(;42—(11]7)7({))—1)2

We first recall the well-known smooth cutoff function v which originated with Li and
Yau [12], satisfying the following:

(1) The cutoff function  satisfies ¥ = ¥ (d(x, x0), t) = ¥ (r,t) and ¥ (r,t) =1 in Qg2 172

with0 <y <1.

(2) The function ¥ is decreasing as a radial function in the spatial variables.

(3) 10,¥|/¢¥* < C,/R and [32y|/¢* < C,/R? for a € (0,1).

(4) 19192 < CIT.

By virtue of (2.10), we have

[0 -1)vA - a,](yw)
= 1//[(19 —1)vA - Bt]w + (@ -1)vwAYy — wi,

|V |?
14

+2(p - 1)v$V1ﬁV(1//w) -2(p-1)vw

> av? Tyw? — 2(p - DKvyrw — pVvV (Yrw)

+ pwVIVY + (p — )ywAY — wi,

(2.11)

2
+2(p - 1)v$V1ﬁV(1/rw) -2(p-vw |V:Zf| .

Next we will apply the maximum principle to {w in a closed set. Assume ¥ w achieves its
maximum at the point (x1,#) and assume (Y w)(xy,%) > 0 (otherwise the proof is trivial),

which implies #; > 0. Then at the point (x;, )

(A-03)(yw) <0, V(yw)=0,
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and (2.11) becomes

P VP2
av’ T Yywt < —pwVvVy + 2(p - 1)vw
- -DvwAY + wi, + 2(p — 1)Kviyw. (2.12)
That is,

2 1 ap VU

2w? < —py V' PwVVy + 2(p - 1)yv -ffwT
— -y PwAy + yV Puwy, + 20 - D)y K Pyw, (2.13)

1-(n-1)(p-1)*

where o = % and y = 0D
It have been shown in [1] (see equations (2.6)-(2.10) in [1]) that

1 1
—pyVPwVvvy < Elﬁwz + CMA‘_Zﬂﬁ, (2.14)

where we used the fact that 0 < v < M and B < 2,

Vg2 1 1
2p - l)yvz"ﬁw% < waz + CMA28 20 (2.15)
—-(p-1yv*PwAay < lwwz + CM*2P 1 +1<i (2.16)
4 R TR) '
Yy Pwy, < lww2 + CM‘L’ZﬁL (2.17)
T4 T’ '
1
2p -y KA Pyw < waz + CM*2PK2, (2.18)
Substituting (2.14)-(2.18) into (2.13), we obtain
2yw? < §¢w2 comr( L L e (2.19)
~ 4 R+ T2 ’ '
which gives at the point (xy, ;)
Y e d P (2:20)
Yyw < 7 + rel + . .
Therefore, for all (x,t) € Qg 1,
(I/fZWZ)(X; t) < (WZWQ)(xlytl) =< (T/fWZ)(xl,tl)
1 1
< CM4-2ﬁ<— +— +1<2).
R* T2
Notice that ¢ =1 in Qg/s,7/2 and w = ‘Vv—zlz. Hence, we have
[V 1B 1 1
) <CM“ 2 (VK + =+ —). (2.21)
" R JT

One concludes the proof of Theorem 1.1 by letting 8 = — ﬁ.
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3 Simple proof of Corollary 1.2

Suppose u is a positive ancient solution to the porous medium equation (1.1) such that
vix, t) = o([d(x0,%) + /]£]] %) near infinity, where v = %u”‘l. Fixing (xo, fo) in space-time
and using Theorem 1.1 for u on the cube B(xo, R) x [ty — R?, ], we obtain

1 C
V(x0,0) 20D | V(xo, o) | < 7 o®)

Letting R — o0, it follows that |Vv(xo, ty)| = 0. Since (xo, £o) is arbitrary, we see that v is a
constant. Hence, u is also constant from v = ﬁup’l. Thus ends the proof of Corollary 1.2.
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