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1 Introduction
For fixed m > 2, let x = (x1,...,%,,) and y = (y1,..., ) denote two m-tuples. Let

X1 Z X[2] Z 0 Z Xm)» yu =y = Z Vim

Xy SXQ = =Xmpy YO SVQ = =Y m)
be their ordered components. We say that x majorizes y or y is majorized by x and write
y<Xx

if
k k
Z)’[i] < Zx[i], k=1,....m-1,
i=1 i=1
m m
Z)’i = in.
i=1 i=1

(1.1)

Note that (1.1) is equivalent to

m m
Z Ya) =< Z (i) k= 1) y M — 1
i=m—k+1 i=m—k+1

© 2016 Agarwal et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


http://dx.doi.org/10.1186/s13660-015-0935-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-015-0935-6&domain=pdf
mailto:sivelic@gradst.hr

Agarwal et al. Journal of Inequalities and Applications (2016) 2016:6 Page 2 of 18

The following notion of Schur-convexity generalizes the definition of a convex function
via the notion of majorization.
A function F: S € R" — R is called Schur-convex on S if
F(y) < F(x) 1.2)
for every x,y € S such that
Yy <X
A relation between a one-dimensional convex function and an m-dimensional Schur-
convex function is included in the following majorization theorem proved by Hardy et al.
(see [1], [2], p-333).
Theorem 1 (Majorization theorem) Let I C R be an interval and x = (x1,...,%4),y =

W1--rYm) € I™. Let f : I — R be continuous function. Then a function F : " — R, de-
fined by

F(x) =) f(x),
i=1

is Schur-convex on I" iff f is convex on I.

The following theorem gives a weighted generalization of the majorization theorem (see
[3], [2], p.323).

Theorem 2 (Fuchs’ theorem) Let x = (x1,...,%),Y = 01,.-.,Ym) € I be two decreasing
m-tuples and p = (p1,...,pm) be a real m-tuple such that

k k
sz’yifzpixi, k:1)~~1m_11
i=1 i=1
m m
2 b= b
i=1 i=1
Then for every continuous convex function f : I — R, we have

S pf0) <Y pif ).

i=1 i=1

The Jensen inequality in the form

f(,,i Zm) < Pi > pif) (13)
"ozl "ozl

for a convex function f, where p = (p1,...,pw) is a nonnegative m-tuple such that P,

> pi >0, can be obtained as a special case of the previous result putting y; =y, = - --

_ 1 m
Ym = p,; 2.iz1 Pi%i-
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A natural problem of interest is the extension of the notation from m-tuples (vectors)
to m x [ matrices A = (a;;) € M,,;(R). Thus we introduce the notion of row stochastic and
double stochastic matrices.

A matrix A = (a;) € M,,u(R) is called row stochastic if all of its entries are greater or
equal to zero, i.e. a; > 0 fori=1,...,m,j=1,...,] and the sum of the entries in each row
isequal to 1, ie. Z,lq aj=1fori=1,...,m. A square matrix A = (a;;) € M;(R) is called
double stochastic if all of its entries are greater or equal to zero (nonnegative), i.e. a; > 0
fori,j=1,...,/, and the sum of the entries in each column and each row is equal to 1, i.e.
Zlealy =1forj=1,...,land Z]l.zlai,» =1fori=1,...,L

It is well known that, for x,y € R/,

y<x ifandonlyif y=xA

for some double stochastic matrix A € M;(R).
The next generalization was obtained by Sherman (see [4, 5]).

Theorem 3 (Sherman’s theorem) Letx = (xy,...,%)) € [, B,y = 01,...,¥m) € [, B)", a =
(ay,...,a;) € [0,00),, b= (by,...,b,,) € [0,00)" and

y=xAT and a=bA (1.4)

for some row stochastic matrix A = (a;) € M,y(R). Then for every convex function f :
[a, B] = R we have

I

Y bt o) <Y af (). (L5)

i=1 j=1

Remark1 Inaspecial case, from Sherman’s theorem we get Fuchs’ theorem. When m =/,
and all weights b; and a; are equal and nonnegative, the condition a = bA ensures the
stochasticity on columns, so in that case we deal with doubly stochastic matrices.

In 1929, Lidstone [6] introduced a generalization of Taylor’s series: it approximates a
given function in the neighborhood of two points instead of one. This series includes the
polynomials later called Lidstone’s polynomials. These polynomials have been studied in
the work of Boas [7], Poritsky [8], Widder [9], and others. See also [10].

Definition 1 Let f € C*°([0,1]), then the Lidstone series has the form
D (PP 0) Akl - x) + PO 1) Ak(x)),
k=0

where Ay is polynomial of degree 2n + 1 defined by the relations

Ao(t) =¢,
A(t) = Ay (2), (1.6)

n

Ay(0)=A,(1)=0, n>1.
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In [9], Widder proved the following fundamental lemma.

Lemma 1 Iff € C?([0,1]), then
n-1 1
O =Y (FPO0) A1 - 1) +fPO 1) A1) + / Ga(t,s)f*"(s) s,
k=0 0

where

(t-1)s, s<t,

(s-1t, t<s, (1.7)

Gi(t,s) = G(t,s) = {

. P , . . 2 .
is a homogeneous Green’s function of the differential operator j? on [0,1] and with the
successive iterates of G(t,s),

1
Galtys) = / Gitp)Crs (025) dp, = 2. (L8)
0

Remark 2 Green’s function G defined by (1.7) is convex and continuous with respect to
both variables s and ¢.

The Lidstone polynomial can be expressed in terms of G,(t,s) as

1
A,,(t):/ G,(t,s)sds. (1.9)
0

To complete the Introduction, we state a definition of the divided differences and -
convexity (see for example [2]).

Definition 2 The divided difference of order n, n € N, of the function f : [, 8] — R at
mutually different points x,x1,...,%, € [, 8] is defined recursively by

X f1=f(x:), i=0,...,m,

xlwn;xn;f] - [xo,...,xnfl;f]
X — Xo '

[
[%0,. ., %05 f] =
The value of [xo,...,x,;f] is independent of the order of the points xy, ..., x,.

This definition may be extended to include the case in which some or all the points
coincide. Assuming that fU=V(x) exists, we define

D)
S G-

[x,..., (]

Jj-times

(1.10)
Definition 3 A function f : [«, 8] — R is n-convex, n > 0, if for all choices of (n + 1)
distinct points x; € [«, ], i =0, ..., n, the inequality

(%0, %1, ..., %51 >0

holds.
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From Definition 3, it follows that 2-convex functions are just convex functions. Further-
more, 1-convex functions are increasing functions and 0-convex functions are nonnega-

tive functions.

2 Main results
First we prove an identity related to a generalization of Sherman’s inequality using Lid-

stone’s interpolating polynomial.

Theorem 4 Let x = (x1,...,%)) € [a, ,8 Y=o 9m) € o, B1", a=(ag,...,a41) € R,b=
(b, ..., by) e R" and ¢ € C*([a, B)). Then

l m
> aipn) - > bip(y)
j=1 i=1

l

—Z(ﬂ )20 [Z%Ak(ﬂ x,) ZbAk<ﬂ y)}

+Z(ﬂ )22 ( '3)|:Za1Ak( ) ZbAk< )}

e a t—-«a " yi—-o -«
+(ﬂ—0[)2 1_/; |:Zﬂ] (lg a ’3 a)_zbiGn(ﬂj,ﬂ—O{>:|

i=1

x ¢@"(¢) dt. (2.1)

Proof By Widder’s lemma, we can represent every function ¢ € C*([«, 8]) in the form

n-1
B - X—o
¢(x)=Z(/3—a)2k[ 2k<a)Ak(ﬁ a) ¢ (B)A (ﬂ a)]

k=0

B — —
+(B-a)! / G, (% %)«pa")(s) ds. (2:2)

Using (2.2), we have
[ m

> aipn) - > bip(y)
j=1 i=1

n-1
_N2k| 4 (2k) ﬂ‘xf) $0 ( “)]
> [0 @ne(5=2) + g (=

l B o B
Sl el o
m n—-1
- .Z”ii 8- |0 em( 52 ) oo (52 ) | }

m B ly—a to
-S> b (B-a) / G,,(H,%)qb(zn)(t)dt}. (2.3)

|

5
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By an easy calculation, from (2.3) we get (2.1). O

Using the previous result, we get the following generalizations of Sherman’s theorem for

2n-convex functions.

Theorem 5 Let n € N, x = (x1,...,%;) € [a, /3 Y= Ym) € o, B] a=(ay,...,a) €
Rl andb = (by,...,b,,) e R". Iffor all t € [, B] we have

o t—-o o0 t—-o
ZbG(ﬁ o« B a) Z“’ ”(ﬂ o« B a) 24

then for every 2n-convex function ¢ : [, 8] — R, we have

I m
D i) - > bip(y)
j1 i1

n-1

=D (B- )2k¢2k(a)|:ZaIAk<’B "1) ZbAk(ﬁ y)}

| IR

If the reverse inequality in (2.4) holds, then the reverse inequality in (2.5) holds.

+ Z(ﬁ a)*¢O(B) [Za,Ak(

Proof Since a function ¢ is 2n-convex, we may assume without loss of generality that ¢ is
2n-times differentiable and ¢*”(£) > 0, t € [, B] (see [2], p.16).
Using this fact and the assumption (2.4), applying Theorem 4 we obtain (2.5). d

Under the assumptions of Sherman’s theorem the following generalizations are valid.

Theorem 6 Let n € N, x = (x1,...,x) € [0, 8],y = O1,...,ym) € [0, 81", a = (ar,...,a;) €
[0,00)!, b = (by,...,b,,) € [0,00)" and let (1.4) holds for some row stochastic matrix A =
(aij) € Myu(R).

(i) Ifmis odd, then for every 2n-convex function ¢ : [, B] — R, we have

1 m
Z a;$(xj) — Z bip(y:)
i1 i1

n-1

— )0 (q) |:Z a,Ak<

2)-Son(52)
)-Ean(s)] e

Moreover, if () > 0, p®(B) > 0 for k= 1,3,...,n -2 and ¢*¥(a) <0
#PO(B) <0 fork=2,4,...,n—1, then

k=1

n-1

+Z(ﬂ a)2k¢(2k (IB)|:ZLI}A/<<

m l
> bip) <Y aio(y). (2.7)
i=1 j=1
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(ii) Ifm is even, then for every 2m-convex function ¢ : [a, B] — R, the reverse inequality in
(2.6) holds. Moreover, if P (a) <0, p®P(B) <0 fork=1,3,...,n -1 and
@ (o) > 0, ¢(2k)(/3) >0 fork=2,4,...,n -2, then the reverse inequality in (2.7)
holds.

Proof (i) From (1.7), it follows that G;(¢,s) <0 for 0 <t,s <1.

From (1.8), it follows that G,(t,s) < 0 for odd # and G,(¢,s) > O for even .

Now, since G is convex and G,,_; is nonnegative for odd #, using (1.8), we conclude that
G, is convex in first variable if # is odd. Similarly, we see that G, is concave in the first
variable if # is even.

Hence, if n is odd, then by Sherman’s theorem we have

o -« od -«
ZbG(ﬂ o« B- a) ;“’ </3 o« B- a)

Therefore, in this case, by Theorem 5, the inequality (2.6) holds.

Using the representation (1.9), we also conclude that A, is convex if # is odd and concave
if n is even. Then, by Sherman’s theorem, we have

ZbAk<y‘ ) Za,Ak(ﬁ a) (2.8)

if k is odd and the reverse inequality in (2.8) holds if k is even.

Moreover, if ¥ (a) > 0, $2(B8) > 0 for k =1,3,...,n -2 and $®F(a) <0, 9@ (B) <0
for k =2,4,...,n—1, then the right-hand side in (2.5) is nonnegative and (2.7) immediately
follows.

(ii) Similar to part (i). O

Remark 3 Note that as a special case of Theorem 5 we get Sherman’s theorem. For =1,
with the assumptions (1.4) and using the fact that Gi(-, ) = G(-,£), ¢ € [0,1], is continuous
and convex on [0,1], we have

a t—-a 1x]a11 a -«
bG e == ,
Z (,3 a B- 04) Z ( p—a B-a

i=1

<ba,<ata>
2024 G

Z<Zb“”> (/3 32 O;)

j=1 i=1

!
B 4 Xj—o t—«a
‘Z“’G(ﬂ—a’ﬁ—a)’

j=1

i.e. the assumption (2.4) holds. Then by Theorem 5, the inequality (1.5) immediately fol-
lows.
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3 Bounds for identities related to generalizations of Sherman’s inequality
For two Lebesgue integrable functions f,g : [o, 8] — R, we consider the Cebysev func-
tional:

1 p 1 p 1 p
T(f,g) ':m/a f(t)g(t)dt—m/o; f(t)dt'm/‘; g(t)dt.

We use the following two theorems, proved in [11], to obtain generalizations of the re-
sults from the previous section.

Theorem 7 Let f : [, B] — R be Lebesgue integrable and g : [a, 8] — R be absolutely
continuous with (- —a)(B - -)(g)? € Lo, B]. Then

1

T(f.9)] = T[T(ff)% (f (- a)(B-x)[¢(x)]"d )2. (3.1)

The constant % in (3.1) is the best possible.

Theorem 8 Let g : [a, B] — R be monotonic nondecreasing and f : [«, B] — R be abso-
lutely continuous with f' € L[, B]. Then

16,01 = 555 | [ 608 -1 (52)

The constant % in (3.2) is the best possible.

For the sake of simplicity and to avoid an overload of notations, we define two functions
as follows.

Let x = (x,...,%) € [0, 815 Yy = 01y ¥m) € [0, B, @ = (ay,...,a) € R, b = (by,...,
b,;) € R and the function G, be defined as in (1.7) and (1.8). The function R : [«, 8] —> R
is defined by

a t—-«a a t—-a
R(t) = Za, (ﬁ 2B a) ;bG(ﬂ B a) (3.3)

Using the Cebysev functional we obtain a bound for the identity (2.1) related to a gen-
eralization of Sherman’s inequality.

Theorem 9 Let ¢ : [, 8] — R be such that ¢ € C*'([a, B]) for n € N with (- — a)(B -
N p®*)2 ¢ Lla, B). Let the function R be defined as in (3.3). Then

I m
> aip) =Y bip(y)
jo1 i1

n-1

(8 - a)2k¢ (2k) (“)[Z a,Ak<

k=0

gl
Sp-amempan(322) S (0]

+ (B - ) [$2(B) - 2"V ()] / R()dt + A5, B), (3.4)

Page 8 of 18
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where the remainder k\(¢; o, B) satisfies the estimation

— 2n-1 1 B 2
!K,M:mﬂ)lf%[T(R,R)]?( / (t—a)(ﬁ—t)[¢(2”+1)(t)]2dt> . 35)

Proof If we apply Theorem 7 for f — R and g — ¢*” we obtain

B
/R »P( dt-ﬂ%a R()dt-ﬂia/wm(t)dt‘

% 1 P (2n+1) 2 %
® R ([ - s -olo o ar)

=

<7

Therefore, we have
B
(8 - P! / RO (¢)de
B
= (B - )" [V (B) - d)(z”'n(a)]/ R(t)dt + k(s o, B),

where the remainder «(¢; o, B) satisfies the estimation (3.5).
Now from the identity (2.1) we obtain (3.4). O

Using Theorem 8 we obtain the Griiss type inequality.

Theorem 10 Let ¢ : [a, 8] — R be such that ¢ € C*'([a,B)) for n € N and ¢V > 0
on [, B]. Let the function R be defined as in (3.3). Then the representation (3.4) and the
remainder k.(¢;a, B) satisfies the bound

ien (@5, B)|
(2n-1) (2n-1) Zn 2) (2n-2)
5(,3—“)2”_1”73/”00[(]5 (ﬂ);’d’ (Ol) _ (;3) ¢ (Ol):| (36)
B-—«o
Proof Applying Theorem 8 for f — R and g — ¢") we obtain
‘ L RGO dt - —— ’ R()de-—— ’ @) ¢ dt‘
i |, Rosm 0o TR0 5 [T
B
<35 IR . [ e-oxp- 00 ) (37)
Since
B

(t-a)(B-t)p* V(1) dt

B
_ / 26— (e + £)]7 (1) dt
= (B-a)[0®V(B) + ¥ V()] - 2[6*2(B) - p* ()],

using the identity (2.1) and the inequality (3.7) we deduce (3.6). O
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We present the Ostrowsky type inequality related to generalizations of Sherman’s in-
equality.

Theorem 11 Suppose that all assumptions of Theorem 4 hold. Assume that (p, q) is a pair
of conjugate exponents, that is,1 < p,q < 00, 1/p +1/q =1. Let $*" € Lylet, B]. Then

! m
> aipx) - > bip(y)
j=1 i=1
n-1

T a)2k¢2k<a)[2a,Ak<ﬁ 7)- ZbiAk(’g‘y")]

- ormafon () Son ()]

< (p-a 67,

[ e () -Sna (i)

The constant on the right-hand side of (3.8) is sharp for 1 < p < oo and the best possible for
p=1

dt:| q. (3.8)

Proof Let us denote

o a t-a @ lt-a
S(t)=(B-a) 1|:Za, <,3 o B - Ol) ZbG(ﬁ a - a):|

j=1

Using the identity (2.1) and applying the well-known Hélder inequality, we obtain

= bib(:)
i1

_Z(ﬂ a)2k¢2k(a)|:ZaIAk<'B x]) Zb‘ k(ﬁ J’z):|
i=1

)

—Z(ﬂ o) ¢ ﬂ)[za,Ak<"’ ) ZbAk(

B g %
= / S(t)q&‘z”)(t)dt‘sH¢<2"’Hp( / ]S(t)]th) .

For the proof of the sharpness of the constant ( f f |S ()| dt) i , let us find a function ¢ for
which the equality in (3.8) is obtained.

For 1 < p < 0o take ¢ to be such that

$27(1) = sgn S(1)|S(0)] 7.

For p = oo take ¢?(¢) = sgn S(¢).
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For p =1 we prove that

B B
f St)p™(t) dt‘ < trr[la>ﬂ(1|5(t)| ( / @) (2)] dt) (3.9)

is the best possible inequality.
Suppose that |S(£)| attains its maximum at £, € [«, 8]

First we assume S(¢p) > 0. For ¢ small enough we define ¢.(t) by

O, Olftfto;
Get) = | (t—t0)", to<t=<fo+s,
LE-to), tore<t<p.

Then for & small enough

to+e

B
/ St)p®(2) dt‘ =

1
S(8)- dt’
to &

1 to+e
= - S(t)dt.
&

to

Now from the inequality (3.9) we have

1 to+e to+e 1
—/ S(t)dth(to)/ —dt = S(to).
& to to &

Since
1 to+e
lim — S(t)dt = S(typ),
e—0 g t
the statement follows.

In the case S(%) < 0, we define ¢.(¢) by

Li-to-e)!, a<t<t,

Get) = | —m(t—to—¢)", to<t<to+s,
0, th+e<t=<p,
and the rest of the proof is the same as above. O

4 Mean value theorems and exponential convexity
In this section, we present mean-value theorems of Lagrange and Cauchy type using re-
sults from the previous section. We also use the so-called exponential convexity method,
established in [12], in order to interpret our results in the form of exponentially convex
functions or in the special case logarithmically convex functions. For some related results
see also [13, 14].

Motivated by the inequality (2.5), we define the linear functional as follows.
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Under the assumptions of Theorem 5, equipped with condition (2.4), we define

l m
A@) =Y aipx) =) bip(y)
j1 i-1

— Z(ﬁ )¢9 () |:Z a,Ak(

k=0

2)-Soun(52)]
)-Ean()] e

Remark 4 It should be noticed thatif ¢ : [, 8] — R is 2n-convex, by Theorem 5, we have

_ Z(ﬁ a)2k¢(2k (8) |:Z ﬂlAk<

A(¢) = 0.

Theorem 12 Let A be the linear functional defined as in (4.1). Let ¢ € C**([a, B]). Then
there exists & € [«, B] such that

A(@) = 9*(§)Algo),
where @o(x) = x2"/(2n)!.
Proof Our proof proceeds similarly to the proof of Theorem 1.19 in [12]. g

Theorem 13 Let A be the linear functional defined as in (4.1). Let ¢, € C**([«, B]). Then
there exists & € [«, B] such that

PI(E)  Alg)

_ ) (4.2)
yenE)  AW)

assuming neither of the denominators is equal to zero.

Proof This is standard proof as in the Cauchy mean-value theorem. O

Remark 5 If 2~ en) is an invertible function, then from (4.2) it follows that

(25) (49)
- \y@) AW) )

Throughout the rest of this paper, I denotes an open interval in R.

The notation of n-exponential convexity is introduced in [14].

Definition 4 For fixed n € N, a function f : I — R is n-exponentially convex in the Jensen
sense on [ if

- Xi + X
Zpip;f( 5 ’) >0

ij=1

holds for all choices p; e Randx; €1,i=1,...,n.
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A function f : I — R is n-exponentially convex on I if it is n-exponentially convex in the
Jensen sense and continuous on I.

Remark 6 From Definition 4 it follows that 1-exponentially convex functions in the
Jensen sense are exactly nonnegative functions. Also, n-exponentially convex functions
in the Jensen sense are k-exponentially convex in the Jensen sense for every k € N, k < n.

Definition 5 A function f : I — R is exponentially convex in the Jensen sense on [ if it is
n-exponentially convex in the Jensen sense for all n € N.

Definition 6 A function f : I — (0, 00) is said to be logarithmically convex in the Jensen

sense if

f<m>5\/m

2

holds for all x,y € 1.

Definition 7 A function f : I — (0, 00) is said to be logarithmically convex or log-convex
if

f((l —A)s+ kt) <fE)"f@)
holds for all s, € I, A € [0,1].

Remark 7 If a function is continuous and log-convex in the Jensen sense then it is also
log-convex. We can also easily see that for positive functions exponential convexity implies
log-convexity (consider Definition 4 for n = 2).

The following two lemmas are equivalent to the definition of convexity (see [2], p.2).

Lemma?2 Letf:1— R bea convex function. Then for any x,,%,,x3 € I such that x; < x, <
x3 the following is valid:

(3 —2)f (x1) + (%1 —x3)f () + (%2 —1)f (x3) > 0.

Lemma3 Letf :I— R beaconvexfunction. Then for any x1,%2,y1, ¥ € I such that x, <y,
Xy < Y2, X1 # X2, Y1 7 ¥a the following is valid:

flo) —fl) _ f02) =fOn)

Xo—X1 Y2=)N

In order to obtain results regarding the exponential convexity, we define the families of
functions as follows.
For every choice of 2/ + 1 mutually different points zg,z;, . ..,z € [, 8] we define
e FAA={fi:le,Bl > R:teland t+> [z0,21,...,20;f:] is n-exponentially convex in the
Jensen sense on [};
e Fo={fi:le, Bl > R:teland t+> [z9,21,...,22;f:] is exponentially convex in the
Jensen sense on [};
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e Fs={f;: [, ] > R:teland t+> [z9,21,...,22;f:] is 2-exponentially convex in the

Jensen sense on I}.

Theorem 14 Let A be the linear functional defined as in (4.1) associated with family J.
Then the following statements hold:
(i) The function t — A(f;) is n-exponentially convex in the Jensen sense on I.

(i) Ifthe function t — A(f;) is continuous on I, then it is n-exponentially convex on I.
Proof Our proof proceeds similarly to the proof of Theorem 4.1 in [12]. O
The following corollary is an easy consequence of the previous theorem.

Corollary 1 Let A be the linear functional defined as in (4.1) associated with family F;.
Then the following statements hold.:
(i) The function t — A(f;) is exponentially convex in the Jensen sense on I.

(ii) If the function t — A(f;) is continuous on I, then it is exponentially convex on I.

Corollary 2 Let A be the linear functional defined as in (4.1) associated with family Fs.
Then the following statements hold:
(i) If the function t — A(f;) is continuous on I, then it is 2-exponentially convex on I. If
t — A(f}) is additionally positive, then it is also log-convex on I. Furthermore, for

every choice r,s,t € I, such that r < s < t, we have

[A(f;)]t_r f [A(ﬂ)]t_s[A(ﬂ)]s_r.

(ii) Ifthe function t — A(f;) is positive and differentiable on I, then for all r,s,u,v € I
such that r <u, s <v, we have

Mr,s(AnFS) SMM,V(A1f3)7

where
A s
Mr,S(A!‘F?)) = l(A(ﬂ)) (4.3)
exp(gm—), 1=

Proof (i) The first part of statement is an easy consequence of Theorem 14 and the second
one of Remark 7.
Since the function ¢ — A(f;) is log-convex on I, i.e. the function ¢t > log A(f;) is convex

on /, applying Lemma 2 we have
(r—t)log A(f;) + (¢t — s) log A(f,) + (s — r) log A(f;) > 0

for every choice 7,s,t € I, such that r < s < . Therefore, we have

[A(fs)]t—r < [A(ﬂ)]t_s[A(ﬂ)]s_r.

Page 14 of 18
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(ii) Applying Lemma 3 to the convex function ¢ > log A(f;), we get

log A(f,) — log A(f;) - log A(f,) — log A(f,)

< (4.4)
r—s u-v
forr <u,s <v,r #u,s #v. Therefore, we have
MV,S(AI -7:3) =< Mu,v(A; Jt3)
The case r = s, u = v follows from (4.4) as a limit case. O

Remark 8 Note that, with the assumption that the functions from F;, F,, F3 are differ-
entiable, the results from Theorem 14, Corollary 1, and Corollary 2 still hold when two
of the points zg,z,...,zy € [a, B] coincide. Further, if the functions from F;, F,, F3 are
2[-times differentiable, the results still hold when all points coincide. These results can
easily be proved using (1.10) and some facts as regards the exponential convexity.

5 Applications to means
Using some families of convex functions which are given below, we construct different
examples of exponentially convex functions. As consequences, applying the mean-value
theorem of Cauchy type from the previous section to these special families of functions,
we establish new classes of two-parameter Cauchy type means that are symmetric and
have monotone properties over both parameters.

Throughout this section id denotes the identity function, i.e. id(x) = x for each x € R.

Example 1 Consider the family of functions
Q= {(pt:(O,oo)—>R:teR}

defined by

xt

t(t-1)---(t-2n+1)’
(pt(x) = X logx

(-1)2-192n-1-j)1"

t¢{0,1,...,2n -1},
t=je{0,1,...,2n-1}.

2t (%) =t~ = e("z")l"gx >0, t € R, it follows that ¢; is 2n-convex on (0, c0) for

Since 4 T

every t € R and ¢ —

d 2L (x) is exponentially convex (for more explanations see [12]).
Therefore, using the same arguments as in the proof of Theorem 14 we conclude that
the function ¢ — [zo, 21, ..., 22; ¢:] is exponentially convex (and so exponentially convex in
the Jensen sense). Then from Corollary 1 it follows that ¢ > A(¢;) is exponentially convex
in the Jensen sense. It is easy to verify that the function ¢ +— A(g,) is continuous. Then
from Corollary 1 it follows that ¢ — A(¢,) is exponentially convex. In this case we assume
that [, 8] C (0, 00).

For this family of functions, with the assumption that ¢ — A(g;) is positive, (4.3) be-

comes

1
G ™ res
M,5(A, Q1) = { exp(-(2n — 1)144%re0) WO + Yt r=s¢{0,1,...,.2n-1}, (5.1)

exp(—(2n — 1)‘ “”“’0 +Zl2"0;,” -), r=s€{0,1,...,2n—-1}.

Here we obtain extensions by continuity for a different choice of parameters r,s € R.
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Applying Theorem 13 to the functions f = ¢, and g = ¢, where r,s e R, r #s, r,s 0,1
and setting o = min;;{x;,y;} and B = max;;{x;, y;}, it follows that there exists a unique & €
[ar, B] such that

Aley)

S Ay

i.e. since the function & > £"* is invertible, we obtain

(Alp)\ 7
5 <A<<ps)>

which represents a mean of the interval [«, 8].

This shows that (5.1) represents the new class of two-parameter Cauchy type means
which are obviously symmetric. Monotonicity over the two parameters r and s follows
from part (ii) of Corollary 2.

Example 2 Consider the family of functions

sz{wt:R%[O,oo):teR}

defined by

S t#0,
wt(x) = X2
W’ t=0.
2;
Since ‘2:2",;‘ (x) =™ >0, t € R, it follows that v, is 2#-convex on R for every ¢t € R and ¢
2
‘2:2‘/;‘ (x) = ™ is exponentially convex by definition. Therefore, using the same arguments

as in the previous example, we see that the function ¢ > A(y,) is exponentially convex.
For this family of functions, with the assumption that ¢ — A(y) is positive, (4.3) be-

comes
Ay
(o)™ r7s,
Mys(4,22) = ) exp(2 = 2), r =570,
1 A(id-vo) o
exp(z1 Agay) r=5=0.

Applying Theorem 13 to this family of functions, it follows that

Mr,s(Ar 522) = lOng,s(A; 92)

represents the new class of two-parameter Cauchy type means of interval [«, 8]. The
means from this class M, (A, 2,) are obviously symmetric. Monotonicity over both pa-
rameters follows from part (ii) of Corollary 2.

Example 3 Consider the family of functions

Q3 = {At :(0,00) > (0,00) : t € (O,oo)}
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defined by
Ln, t 7[ 1,
Ae(x) = (i;it)z
m, t=1.
Since t d At (x) = t *>0,t € (0,00), it follows that A; is 2n-convex on (0, co) for every

21,
dx: Znt
of a nonnegative function (for more explanations see [12, 15]). Therefore, using the same

t €(0,00) and ¢ — (x) =t is exponentially convex since it is the Laplace transform
arguments as in the previous example, we see that the function ¢t +— A(A;) is exponentially
convex. In this case we assume that [, 8] C (0, 00).

For this family of functions, with the assumption that ¢ > A(g;) is positive, (4.3) be-
comes

AGg) L
(A()%;)r-s, r#s,
MV,S(A) 523) = exp(_ ﬁlld}h);r - rlzuyér ’ r=s§ #1,

_1 A(d-r) —g=
GXp( 2n+1 A()q)l ) r=s=1

For this family of functions, applying Theorem 13, we define the new class of two-
parameter Cauchy type means as follows:

M, 5(A, Q) := —L(r,s) log M, 5(A, 23).

Here L(r, s) represents the logarithmic mean which is defined as follows:

r—S
L(r,s) = { losr-logs’ s,
S, r=s.

The means from this class are obviously symmetric. Monotonicity with respect to the two
parameters follows from part (ii) of Corollary 2.

Example 4 Consider the family of functions
Q4= {Kt :(0,00) > (0,00): t € (0,oo)}

defined by

eVt
tVl

k(%) =

Since t — d = (x) eI, t € (0,00), it follows that «; is 2-convex on (0, c0) for everyt e

(0,00) and ¢ > L34 (x) = eV is exponentially convex since it is the Laplace transform of

21
anonnegative fugrllctlon (for more details see [12,15]). Therefore, using the same arguments
as in the previous example, we see that the function ¢ — A(k;) is exponentially convex. In
this case we assume that [«, 8] C (0, 00).

For this family of functions, with the assumption that ¢ > A(g;) is positive, (4.3) be-

comes

(A7, rs,

A(id -k n

Mr,s(A;Q4)=
ex p(_zfAK, -2), r=s.
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For this family of functions, applying Theorem 13, we define the new class of two-

parameter Cauchy type means as follows:

Mr,s(Ar 94) = _(\/; + \/E) long,s(A’ QS):

and the means from this class are obviously symmetric. Monotonicity with respect to the

two parameters follows from part (ii) of Corollary 2.

6 Conclusions

In this paper we give generalizations of Sherman’s theorem from which a majorization
theorem follows as a special case. Our results hold for real, not necessarily nonnegative
entries of vectors a, b and matrix A, as is the case of Sherman’s theorem, and for 2n-convex
functions which are in a special case convex in the usual sense. The methods used are
based on classical real analysis and the application of Lidstone’s interpolating polynomi-
als and exponential convexity method and can be extended to the investigation of other

inequalities.
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