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Abstract

In this paper, we give some inequalities with power exponential functions derived
from the left hand side of Becker-Stark’s inequality:

8 tanx w?
<

<
wr-4x2 x ml-4x2

forO<x<m/2.
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1 Introduction

Becker-Stark’s inequality is well known:

8 tanx 2

(1.1)

< <
2 — 42 x w2 — 4x?

for 0 < x < /2. The research of Becker-Stark’s inequality is one of the active areas in math-
ematical analysis [1-8]. Recently, Zhu [6] gave the following refinement of Becker-Stark’s
inequality: For 0 < x < /2, the inequalities

8 2 n*-9,, ., tanx
Tt et (7 - 4a%) < — (1.2)
and
tanx 8 2 10-7%,, )
T<m+;— " (7'[ —49(3) (13)

hold, where the constants —(77% — 9)/(6r*) and —(10 — %)/ are the best possible. More-
over, from the right hand side of the inequality (1.1), Chen and Cheung [2] gave the fol-
lowing inequality: For 0 < x < /2, the inequality

7?2 % tanx 72 v 14)
< < .
2 — 4 x 2 — 42
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holds, where the constants = 72/12 and ¥ = 1 are the best possible. In [5], Sun and Zhu
gave a simple proof of the results. The above inequality (1.4) is created based on the right
hand side of Becker-Stark’s inequality (1.1). However, in this paper we establish some in-

equalities created based on the left hand side of the inequality (1.1).

2 Results and discussion

Motivated by (1.4), in this paper, we give some inequalities with power exponential func-
tions derived from the left hand side of Becker-Stark’s inequality (1.1). Since we note that
8/(m2 - 4x*) <1for 0 < x < (v/m2 —8)/2 and 8/(n? — 4x2) > 1 for (V72— 8)/2 < x < /2, we
obtain the two inequalities as follows.

Theorem 2.1 For 0 <x < (v/72 —8)/2, we have

8 % tanx 8 2
< <
72 — 42 x 72 — 42

with the best possible constant 6 = 0 and the function

2 2

+ .
2x—+/m2 -8 +/m2-8

PHx) =

Theorem 2.2 For (V72 —8)/2 <x < m/2, we have

8 % tanx 8 2
< <
2 — 42 x 2 — 42

with the best possible constant 6 =1 and the function

2 Nt -8—-m+2

9(x) = - .
W Va8 w_vris

From Theorems 2.1 and 2.2, we have the best possible constant 8 such that

8 % tanx
< .
2 — 4x2 x

If0 < x < (v/72 — 8)/2, the constant # must be 8 < 0 in order to satisfy 1 < tanx/x < (8/(n2 -
4x2))?. On the other hands, if (v 72 — 8)/2 < x < /2, the constant § must be 1 < 8 in order
to satisfy 8/(m? — 4x?) < tanx/x < (8/(w% — 4x?))?. Here, we obtain the two inequalities as

follows.

Theorem 2.3 For1/2 <x < (v/7% - 8)/2, we have

9 (x)
8 8 tanx
2 2 < ’
T —4x X

where the function ¥ (x) is in Theorem 2.1.




Nishizawa Journal of Inequalities and Applications (2015) 2015:402 Page 3 of 11

Corollary 2.4 For 0 < x < /2, we do not have the best possible constant ¥ such that

tanx 8 v
— <) .
x 2 — 4

3 Proofs of main theorems
3.1 Proof of Theorem 2.1

Proof of Theorem 2.1 We set

2 2
8 ) 2x—«/n2—8 * Vn2—8 tanx

2 — 4x2 x

f@)= (

From

2 2
+ <0
2x—+/m2 -8 +/m2-8

for 0 < x < (V7% — 8)/2, by Bernoulli’s inequality, we have

8 2x—v2n2—8+«/n22—8 S 1 " 8 _ 1 2 + 2
72— 4x? 72— 4x? -2 -8 Jn2-8)

By the right hand side of the inequality (1.1), for 0 < x < (v/72 - 8)/2,

F) o1 8 ) 2 2 m?
x)>1+ | —— - + -
72— 4x? 2x—/n2-8 m2-8) mr-4x?

_ 4x(2v7? - 8x% — dx® —’x + 8x + ° — 8)
V2 —8(m - 2x)(vV7?2 -8 —2x)(2x + )

~ 4xg(x)
NV 8(m — 2x)(v/m2 -8 - 2x)(2x + JT)’

where
g(x)=2«/m 2 _4x® —m2x+8x+ 72— 8.

From /72 — 8 — 2x > 0 for 0 < x < (v/72 — 8)/2, it suffices to show that
g(x)>0.

Here, the derivative of g(x) is
gx)=8-m2+ 4-(\/m -2)x.

By8-n2<0and v/72-8-2<0,wehave g’(x) <0 forany 0 <x < (v/72 — 8)/2. Since g(x)
is strictly decreasing for 0 < x < (v/72 — 8)/2, we have

g(x) >g(
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Therefore, we can get

tanx 8 @
[ < — ,
x 2 — 4

where
9(%) 2 2
x) = + .
2x—+/m2 -8 +/m2-8

Since tanx/x is strictly increasing for 0 < x < /2, we have

] tanx

<1<
2 — 4x2 x

for any 0 < x < (V72 — 8)/2. Hence, for 0 < x < (+/7% — 8)/2, we obtain

8 % tanx 8 2
< < )
T2 — 4o x T2 — 4

where the constant 6 = 0. Since ¥ (x) is strictly decreasing for 0 < x < (v/72 — 8)/2 and

P (x) < 9(0) =0,

the constant 6 = 0 is the best possible. Therefore, the proof of Theorem 2.1 is com-
plete. d

3.2 Proof of Theorem 2.2

Proof of Theorem 2.2 We set

2 N2 -8 —m +2
2x — /12 -8 T —+/72-8

>1

for (v/7? - 8)/2 < x < /2, by Bernoulli’s inequality, we have

2 _N 72-8-7+2
8 2w-vVn2-8 w-/n2-8
2 — 4x2

1 ( 8 )( 2 \/7{2—8—71+2>
S1+ | ——— - - .
m? —4x? 2x—-n2-8 mw-+n2-8
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By the inequality (1.3), for (v72 -8)/2 <x <7 /2,

f(x)>1+( 8 _1)< 2 _\/7T2—8—7T+2>
7% — 4’ w—/72-8 m-/72-8
8 2 10-n%,, ,
_<712—4x2+;_ Tt (= —4x)>
_ gw)

a4 (V2 -8 —m)(vV? -8 -2x)(2x + JT),

where

g(x) = 1673x* - 1672v72 — 8x* + 16072 — 8x* — 16074
+167%%° — 22472%° — 1673V n2 — 8x° + 1607 /72 — 8x> + 640x>
+ 874 — 407 %47 + 87%V/ w2 — 8x% + 320747
— 47 + 487 x — 1287 %% + 47N/ 7% — 8x
32732 —8x — 77 — 27° + 167° + 167

- 6473 + 7%/ 72 -8 — 87472 - 8.

From (v/72 =8 = )(v/72 = 8 — 2x) > 0 for (v/72 — 8)/2 < x < 7 /2, it suffices to show that

g(x)>0.

We have the derivatives

'(x) = 4(1673x° — 1672V 72 — 8x° + 1604/ 72 — 81> — 1607 4>
g
+127%%% — 1687%x% — 1273V 72 — 8x% + 1207 v/ 72 — 842 + 480x2

+47%x - 2073x + 472V 72 — 8x + 1607 x

— 7%+ 127% — 3272 + 7OV/72 — 8 — 873/ 72 —8)
= 4h(x)

and

W (x) = 4(127%%° - 127°V/ 72 - 8x” + 120/ 7% — 8x” — 1207r%°
+6mtx — 84m2x — 673V 2 — 8x + 60772 — 8x + 240x
+at 572 + 722 -8 +40n)

= 4k(x).

From

-12(7* -10) (V72 -8 — 1) = -2.77627 < 0

Page 5 of 11
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and
-6(n*-10) (V7?2 - 8-> +4) = -1.23145<0,
we have

k(x) = -12(7* -=10) (V72 -8 = 7)x* - 6(n*> = 10) (n V72 - 8 — % + 4)x
+ 22 -8+t — 572 + 407

s 12 _10)(m_n)<g)2 ~6(x”~10) (1A B2 + 4)@)

+ V2 -8+t —57° + 407
=72.7519.
Since h(x) is strictly increasing for (v 72 — 8)/2 < x < /2, we have
(27)
2

hx)>h = 191.598.

Thus, g(x) is strictly increasing for (v72 — 8)/2 < x < /2 and we have

=)

g(x) >g( 0.

Therefore, we can get

tanx 8 @
[ < — ,
x 2 — 42

B 2 VN2 -8-—m+2
2x—Vm2-8 m-+m2-8

Since we have

2 (x)

1 8 tanx
<—— < —
2 — 4 x

for any (v/72 - 8)/2 < x < /2, we obtain

8 % tanx 8 2
< < ’
2 — 42 x 72 — 42

where the constant 6 = 1. Since ¥ (x) is strictly decreasing for (v7% — 8)/2 <x < 7/2 and

P (x) > ﬁ(g) =1,

the constant 6 =1 is the best possible. Hence, the proof of Theorem 2.2 is complete. [
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3.3 Proof of Theorem 2.3 and Corollary 2.4
We need two lemmas to prove Theorem 2.3.

Lemma 3.1 For -1/5<t < 0, we have
9
In(t+1) > —t.
(t+1) s
Proof We set
9
fx)=In(z+1)— gt,

then

9t +1

f/(t)z_s(ml)'

From f'(t) > 0 for —1/5 < t < —=1/9 and f'(¢) < 0 for -1/9 < t < 0, f(¢) is strictly increasing for
-1/5 <t <=1/9 and f(2) is strictly decreasing for —1/9 < ¢ < 0. Since

1 9 5
fl-=)=-—=-Inl = ) =0.00185645
5 40 4

and

f(0) =0,
we can get f(t) >0 for -1/5< £ < 0. d
Lemma 3.2 For 0 <s<1/5, we have

8
In(s+1) > —s.
(s+1)> 9s
Proof We set
8
f(s)=In(s+1) - §5,

then
8s—1
9(s+1)

fll)=

From f'(s) > 0 for 0 < s < 1/8 and f'(s) < 0 for 1/8 < s < 1/5, f(s) is strictly increasing for
0 <s<1/8 and f(s) is strictly decreasing for 1/8 < s < 1/5. Since

1 6 8
fl=)=In| = ) - —= =0.00454378
5 5 45

f(O) =0,

and

we can get f(s) >0 for 0 <s <1/5. O
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Proof of Theorem 2.3 We set

) = ntaﬂ_<M)m §

8 2 — 4x2

i tanx ( 1 1 )1 8
=In — + n .

x 8x—4+/m2-8 4+/n2-8 72 — 4x?
If

8

f=-14— )
T2 — 4o

then -11/100 < £ < 0 for 1/2 < x < (+/72 — 8)/2, by Lemma 3.1, we can get

| 8 9 1 8
n———>—-|-1+ ——— ).
w2 —4x2 8 2 — 4

If

8 2 7*-9, .,
S=—1+m+;—w(ﬂ —4x ),
then 0 <s<1/5 for 1/2 < x < (v/72 — 8)/2, by Lemma 3.2 and the inequality (1.2), we can
get

tanx 8 2 7?-9,, 5
In >1n(ﬂ2_4x2+;—w(n —4x)

X
8 8 2 mr-9
>— -1+ 7% — 4x?
9( w2 —4dx? 7?2 6774( )>
Since
1 1
<0

and

2 1 8 1 8 0
| -1+ <In <
8 2 — 4 w2 — 442

for1/2 < x < (v/7% — 8)/2, we obtain

8 8 2 m*-9
x)>=|-1+ ——=+— - % — 4o
/@ 9( 72 -4x? 7?2  6rmt ( )>

(5 —) <5 )
- + X =|-1+ ———
8x—4v72 -8 4V72-8 8 w2 - 4x?

~ gx)
 43274/n? - 8(m — 2x)(v/m2 -8 = 2x)( + 2x)’
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where

gx)

~18,432+/72 — 8x° + 2,048/ 7% — 8x°

—73,728x* +17,4087%x* — 1,0247 *x*

+9727%%% + 15,3607 v/ — 8x% — 4,0967* V7% — 8x°

+ 61,4407 %% — 24,0647 %% + 2,0487 x>

+1,9447 %% — 2437%% — 8,832 4 V72 — 8x + 896772 — 8x

- 35,3287 + 8,0007° — 44878,

It suffices to show that g(x) > 0 for 1/2 < x < (v 7% — 8)/2. We have derivatives

g )

-92,160v/72 — 8x* + 10,2407/ 7% — 8x*

—294,912x° + 69,6327 %> — 4,0967 %>

+2,9167 %4 + 46,0807 v/ 72 — 8x% — 12,2887*v/ 72 — 847
+122,8807%x — 48,1287 x + 4,0967°x

+1,9447% - 2437° - 8,832 /72 — 8 + 8967 %/ 72 - 8,

g'(x) = 8(-46,080v72 - 8x° + 5,1207° V72 — 8x>

—110,592x2 + 26,1127%x% — 1,536 x>
+7297%x + 11,5207 2/ 72 — 8x — 3,07274 V72 — 8x
+15,3607% - 6,0167* + 5127°)

8h(x),

=—46,080v72 — 8x% + 512072/ 72 — 8x?

1\* 1
<—46,080\/7t2—8<§) +5,1207t2x/712—8<5x/712—8)

—73,728x + 17,4087 2x — 1,024 *x
+2437% + 3,84072v/ 72 — 8 —1,0247* V72 - 8

2

1 ,(1 Na!
~73,728( 5 ) +174087°( S Vn? -8 ) - 1,024 (

+2437% +3,84072v/ 72 -8 — 1,024V 72 - 8

729
—147,456 + 22,52872 — 7687° + * <5,632 + T«/;ﬂ - 8)

= -13,629.3.

Thus, h(x) is strictly decreasing for 1/2 < x < (v/72 — 8)/2. From

(3
2

)

= -33,392,

Page 9 of 11
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we have g”(x) < 0 for 1/2 < x < (V7% — 8)/2. Therefore, g’(x) is strictly decreasing for x; <

x < (v/7% - 8)/2. From

1
[ =) ~5,734.6
g(2>

and

(N7 -8
AU

) = -67,578,

there exists uniquely a real number x; with 1/2 < x; < (v/72 - 8)/2 such that g’(x;) = 0.
Hence, g(x) is strictly increasing for 1/2 < x < %; and g(x) is strictly decreasing for x; < x <

(V72 - 8)/2. From

1
— ) =4,939
g(Z)

and

we can get g(x) > 0 for 1/2 < x < (V72 — 8)/2. Hence, the proof of Theorem 2.3 is com-
plete. d

Proof of Corollary 2.4 By Theorem 2.3, for 1/2 < x < (v/7% — 8)/2, we have the following:

§
In % 1 1

< +
In—2— 8x—4V72-8 4J72-8

7242

() E=)=s)

2

Therefore

tanx

) In =7
lim PO — = —0Q.
x—(Vm2-8)/2-0 In 242

The proof of Corollary 2.4 is complete. d

4 Conclusions

In this paper, we gave four inequalities derived from the left hand side of Becker-Stark’s
inequality (1.1), which are natural generalizations of the inequality (1.1). Since the value of
8/(m? — 4x?) is less than 1 for 0 < x < (v/72 — 8)/2 and the value of 8/(2 — 4«?) is larger
than 1 for (v/72 — 8)/2 < x < /2, we established the inequalities in Theorems 2.1 and 2.2.
By Theorem 2.3, we obtained Corollary 2.4 immediately.
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