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1 Introduction

1
ifp>1,5+3=1Lf(x)g0) = 0.f € L'(R.), g € LI(R,), If I, = (fy~ f* @) dx)7 >0, ligllg > O,
then we have the following Hardy- Hllbert s integral inequality (cf [1]):

OOf T
/ / Xty xdy < m”f”p”g”qr 1)

where the constant factor ﬁ is the best possible. Assuming that a,,,b, > 0, a =

{am)e €, b=1{b,}2, €% \lall, =y alf,,)?l7 >0, ||bll4 > 0, we have the following dis-

crete Hardy-Hilbert’s inequality with the same best constant #ﬂ/p):
oo oo
ZZ lall, 121l,. (2)
=1 n=1 S ( / )

Inequalities (1) and (2) are important in analysis and its applications (cf [1-6]).

In 1998, by introducing an independent parameter A € (0,1], Yang [7] gave an exten-
sion of (1) at p = g = 2 with the 1<ernel . In recent years, Yang [3] and [4] gave some
extensions of (1) and (2) as follows:
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If A, A2 € R, A1 + X3 = A, Kk, (x,7) is a non-negative homogeneous function of degree —2,
with

k(k1)=/ ky(t, D) dt e R,
0

P () =007,y (x) = 210727, £(x), g(y) > 0,

felpsRy) = {f; I llpg = </0 ¢(x)[f(x)|pdx)p < oo},

g€ L,y R, fllpes lIgllgy >0, then we have

fo fo K (6, )f (g 0) dxdly < KO I o 3)

where the constant factor k();) is the best possible. Moreover, if k; (x,7) is finite and
Ky (%, )17 (ky (%, y)y*?71) is decreasing with respect to x > 0 (y > 0), then for a,,, b, > 0,

. ;
a€lyy= {ﬂi llallpe = (Z¢(”)|dn|p> < oo},

n=1

b=1{b,}°, €lyy, llallpe |1bllgy > 0, we have the following inequality:
n=1<‘tqy 2 ¥ g y

YD klmmanb, < k(a)llallpp 1Bl gy, (4)

m=1 n=1

where the constant factor k(1) is still the best possible.

Clearly, for 1 =1, ki(x,y) = x—iy, A= é, Ay = %, (3) reduces to (1), while (4) reduces to
(2). Some other results including the multidimensional Hilbert-type integral, discrete, and
half-discrete inequalities are provided by [8—26].

In this paper, by the use of the way of weight coefficients, the transfer formula and tech-
nique of real analysis, a multidimensional discrete Hilbert’s inequality with parameters

and a best possible constant factor is given, which is an extension of (4) for

s . Y
min{m, cxn}) s

Ky, (m, 1) = ({—k})lw
k=1 (max{m, cxn}) s

The equivalent form, the operator expressions with the norm, and some particular cases
are also considered.

2 Some lemmas
If iy, jo € N (N is the set of positive integers), «, 8 > 0, we put

; 1
L o

Il o= (Z |xk|“> (k= (x1,..., %) € R?),
k=1

. 1
Jo B

Iyllg = (Z |yk|‘*> (y=On,...,5,) € RO).
k=1
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Lemmal If g(t) (> 0) is decreasing in R, and strictly decreasing in [ng,00) C R, (ng € N),
satisfying fo t)dt € R,, then we have

ﬁ‘WMR%¥M<AgMM. (6)

Proof Since by the assumption, we have
n+l n
[ ewdrzgm = [ g0ar r-1,.0m0)
n n-1

no+2 no+l
/ gitydt <g(ng +1) < / g(t)dt,

0+1 no

it follows that

no+1 no+1

no+2 n np+1
0<f dt<2g Z/ g(t)dt:/ g(t)dt < oo.
1 n-1 0

In the same way, we still have

0</ g(t)de < Z gln) < / g(t)dt < co.
n0+2 n=ng+2 no+1
Hence, choosing plus for the above two inequalities, we have (6). d

Lemma?2 Ifse N, y,M >0, V(u) is a non-negative measurable function in (0,1)], and

[xeRS Zx <MV}

then we have the following transfer formula (cf. [27]):

[ () )

M°T*(5)
:yF—(y—)/ U(w)ur " du. 7)

Lemma3 ForseN, y,e >0, we have

—s—¢ Fs(%) +
ZHm”y =m+o(1) (e —>0%), (8)
m 14
where ), st .. Zml oy
Proof For M > s"7, we set
0, O<u< 3,

\I‘J(u): 1/y \—s—
Mu'7)=*, sy <u<l
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Then by Lemma 1 and (7), it follows that

> = [ Il dx
m

{xeR% x;>1}

s [ (S G) Jan o

MeTs(L)

- lim —"°
Moo VSF(;)

M 1/y\—5—¢ *—1d
s/MV( . ) "

s(L
()
/ -17(5)°
sV ysIl(S)

By Lemma 1 and in the above way, we still find

r(;)
0< Y ||m||;s-€§/ el da = 4

7y (5)
{meNS;m;>2) {reR%;>1} esEIvys F(y)
Fors=1,0<Y . lm||;'~* < oo; for s > 2,

0< > mlyF<ar Y [ml 0
{meN®;3ig,m; =1} {meNs—Lm;>2)

s 1( )
(1 +&)(s-1) 1+5)/Vys—21"(%) <00 (a€eR,),

and then

Yolmly= = > im0 ml
m

{meNS;Jig,mj, =1} {meNs$;m;>2}

<0() Cty) (e —0) 9)
_— — .

<0:(1) + ssS/VyS‘IF(f) €

Then we have (8). O

Examplel ForseN,0<¢ < <¢; <00, A1, A > =Y, A + Ay = A, we set

+ (min{x, cxy}) 5 9
k. (x,y) := —w (%) e R; =R, x R;).
St | o ¢ )

(a) We find

(o] 1 00
ki(31) = / k(L2 du =" | k(6 1)0 de
0 0

- /oo : (min{t,ck})% Pl gy
0

At

k=1 (max{z,cx})

/ “ 7 (minft, ) § £171 dt / T intteh et dt
= +
0 CS

ey oy
(max({t, ck}) k1 (max{t,ce}) s
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s-1 civ1 S . Y -
i min{z, ci})s tM1
s / (min{z, ci}) gt
C,

oy
-1 Y% g (max{t,cr}) s

S
1 cl
/ Py 1dt+1_[cy/s/ 2ty
0 Cs

= (A+y)ls
k=1 Ck
s—1 Cil i C% K t,
+ / T e
Aty
i=1 V4% k=1 L5 i Ck
A1ty s
_ I 1 1 c%
My e (g +y)c2 2 1K
[Tei o k=1
. Y
s—1 i 5 ¢
H C i+l ir
A k=1 M- (1-2)y-1
+ Ty / t dt.
Ci

— s 5
i=1 [Tioin &

If)»l—%+(1—%)y #0, then

cinl A1—'—+(1—%>y =5 +1-F)y
Py g G Ciy —G .
M- 21— 2 ’
Ci 1 s s 14
if there exists a ig € {1,...,s — 1}, such that A; — 2% + (1 - 2“’ )y =0, then we find
/ 2oy gy (Gt ) o [ a2y,
[ Ci i—ip

io
and we still indicate ln(cl0+1 ) by the following formal expression:

-2y, ka2,
S
Ci0+1 Y
igh 2ig
M-+ (1= Ty

Hence, we may set
s

Aty
C 1 1 v
ks ()\l) =2 + l_[ cg
MAY s 5 () g
[T e’ 2%y k=1
s=1 0 a-240-2)y  g-2ea-2)y i ¥
+ Cl+l - ¢ Hk:l Cr
T
s
=1 s s [Tezivi o

i Y
-=¢1), we have k; (x,7) = % and

In particular, (i) fors=1 (or ¢; = -
A+2 1
)= —
(A +y) 2 +y) 2

.. _ _ (min{x,cly}min{x,czy})V/2
(ii) for s = 2, we have k, (x,y) = (o] maxl.cay )7 and

Y )\,1
3 1 ¢ P -¢q

bun=(%)2

k]—% C}q—%
|

Q
|: A + Ao + A
Ga+y)el  Patv)a (-2

(10)

(11)

(12)
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1
D — and
B

(iii) for y = 0, we have A1, Ap > 0, k;. (%, ) =
[T5_; (max{x,cpy}) s

Al
C 1 1
k() = k() = - ;
1 Hi:l s Ao C
-1 m-fa o oa-fa 1
+ Cin —¢ . (13)
, A—t '
i=1 175 [Tiein Ck

1
I E— and
s

(iv) for y = —A, we have L <A1, 12 <0, k. (%, y) =
[Ti_q (minfx,cey})

C_)‘2 1 S i s-1 Ckl—%)\ )‘l,u)L i
k ()\'1) = k ()\'1) = ! + CT + Hl— Cc , (14)
' ' (=32)  (~Ap)es™ ﬂ g 21: PRpRE=FY l_[ 3

(v) for A = 0, we have Ay = —Aq, |A1] <y (¥ >0),

S 1 5
min{x, cxy} \
ko) = |\ -~
o(x,9) E(max{xmky})
and
A=y S Y

A+
1ty 1 s R
k

ks(\ :k M) =
(1) = KO0 1= ”IH 7yl

-1 A Iy ara-Zy 0 %
—c i C
nk—l k iI' (15)

+ i+1 i i
Z[ P+ (1= %)y [Teeina Ck%

(b) Since for j, € N, we find

1 li[ (min{c,:lx,y})Z

ks (x = —
A( ,J’) ]0 Ao y/O_)LZ )L+y
k=1 ¢f (max{c;'x,y}) s
1 s 1 3
Y027y [Tk = Ty O<y=<c;x
g (c;lx)T
Y
s A
_oq(cw)s _ B .
— . 1‘ I—[l)(;Hl k ) C,1x<_y§C,1x(l:1,'“’5_1)’
= }/0+A1+V*§(A+2y) I 5 ]—[i ( 1 )MTV i+1 i
k=1¢, k=1 ¥
1L
1 s (e %)s 1
yo+irty 1lk=1 %(y)m’ €] X<y <00,
Ck s

for Ay <jo—y (M >-y), ki(x, y)ﬁ is decreasing for y > 0 and strictly decreasing for the

large enough variable y. In the same way, for iy € N, we find

1 S (minfx, cky}) 5
[

ki (%, 9) Ki0—A1 xio—h Ay
k=1 (max{x, cxy}) =
1 S 1
m My]_[k,l( Rz 0<x<cy,
cky) s
1 [Ty () 5
= i =L Ty ? Cl'y<x§Ci+1y(l:1’~u;s_1);

ig—r1—y+L(A+2
X0~ V*s( +2y) Hi:i{/l(cky) 5
1 s 14
X0ty Hk:l(cky) 5 Csy <X <00,
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then for Ay <ig—y (Ay > —y), ky, (x’y)ﬁ is decreasing for x > 0 and strictly decreasing
for the large enough variable x.

In view of the above results, for ip,jo € N, -y <A <ip—y, -y <A <jo—¥, A+ Az = A,
k (x, y)yﬁ (k. (x, y)xi()%)‘l) is still decreasing for y > 0 (x > 0) and strictly decreasing for
the large enough variable y(x).

Definition 1 For s,ip,jo € N,0<¢c; < - <¢; <00, =y <A <ip—y, =Y <r <jo—7V,
M+Ay =4 m=(m,...,my) € N, n=(n,...,n;,) € N, define two weight coefficients
w(A1, n) and W (A, m) as follows:

S . L )L2
E min ) s x|l
WAy, 1) = (min{||m|lq, ckllnll}) :

= —, (16)
At —A
o ke (max{lmlla, cillnllg) =" ™
s . v A
minf||m|lq, ckl|nlig})s  |m
W Gy, 1) = (min{||m|la, il ||;3})A Il ‘||a ’ 17)
Aty jo—A2
k-1 (max{||mllq, cellnllg)) = 7l
where ), = Zzo -1 quolzl and ), = ZZZ) -1 chl):l‘
Lemma 4 As the assumptions of Definition 1, then (i) we have
w(ii,n) <Ky (neNP), (18)
W(ha,m) <K (m e N'), (19)
where
]“io(l) r‘io(l)
K= —L k), K = ——Ek(h); (20)
o

" po-ir(h)

(i) forp>1,0<e < g()»l +9), Settingzl =M —;—7 (€ (=y,ip—7)), = Ao+ ; (>-y), we

have
0< I~<§s) (1- @(n)) <w(,n), (21)
where
0B s /o%m/ln”ﬂ | (T;:;{:{skc})})wl - O( ||n||1y+xl ) .
k=1 ) Ck 8
R = %ﬁ%)/@(%). (23)

Proof By Lemma 1, Example 1, and (7), it follows that

. Y A
o) = (min{||xlla, cillnflg) s lnllg?
w(A1, n) < o Ty p—

RY 41 (max{||xlle, cellmligh) s 1%l
. 1 : 1 Y —i A

= tim = (min{M[Y2,GH* 1 eelimllp)) s MMl dx
- ; Y Aty i o Lio—h
M=o by ey (max{MIY 2 (5] e, cellmllp)) = [0 (3)e] ™
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Miorio(1 )/1 s (min{Mul/f’f,ck||n||,3})Z ||n||/3ua"1du
0

RPTaks a’OF("’) Vo 27 pio—mylio—r1)le
k-1 (max{Mu ,Ck||1’1||;s})

_ MMT(L) S (mindMu clmllg) S Il s
= lim “ ue

_ L du
Moo 0T (2) Jo i (max{Mule, cil|n]| )5

uslnlgape o (L) f"" : (min{v,ck})%v“‘ld
i I e, & LA 7

“io_lr(%) k=1 (max{v, Ck})k%

[io(L
= 4&(&) =KY.
oo IT(2)

Hence, we have (18). In the same way, we have (19).

By Lemma 1, Example 1, and in the same way as obtaining (8), we have

s . Y Xz
- min{ |||y, ck||1# lnlly* dx
w, )>/ (min{[|x|e ckll ||/3}) ,ls <
(xeROwi=1) 4y (max{llxlla,Ckllnllﬂ}) ol b e

io(1l oo s 1-1
rio(l) / Mm/ RP(1-6:(m)>0

o 1T (L) Sy o (max{v, e}) 5

it/ /nllp S (min{v, o)) Svit

0<6,(n) = / —y
k (1) 1 (max{v,c )5

For ||n|lg > 61’110/“, we find v < l““/llnll,g <a<c(k=1,...,s) and

- /%/a/’”ﬁ Y-l gy, (1‘[7{71 Ckxzy)—1< l%/a )XHV
0, (n — = s < ,
k() Moo Gatryk@) \lnl

and then (22) follows. O

3 Main results
Setting ®(m) := [m |50 (31 € Ni0) and W(n) := ||rz||/{§(’°_12)_’0 (n € NI0), we have the
following.

Theorem1 Ifs,ip,jo EN,0<¢ <+ <¢;<00, -y <A <ig—y,—Y <Ay <jo—V,AM+Ay =
A, ks(A1) is indicated by (10), then for p > 1, 1% + alz =1L am b, >0,0< ||alle, [|6]l4w < 00, we
have the following inequality:

L ZZH (min{nmnwcknnn,a})Z

o ka (max{|mll, cillmllg)) S

1 1
< (KO)? (K) 7 allp0 150, (24)

where the constant factor

1 1 ro(ly 51 k) 73
Np ()7 = i a’ k,
(K177 (K3”) [Igjolr(%)] [ﬂio—lr(%)} (M) (25)
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is the best possible. In particular, for s = 1 (or ¢; =

(min{||m|q, c1 7]l g})Y @by ANt and
< (KM (K3Y) 9 a0 16l 4w,
ZZ (max{[|m|lq, c1||nll g})*+7 (K7 (K20) lallo 161

-+ = ¢1), we have the following inequality:

(26)
where
(K7 (k5") 7
_[ Fjo(é) :|1l9[ Fio(é) ]clz ()»+2y)c1Az 27)
- po10(8) ] Lo (L) ] (m+y)0a+y)

Proof By Holder’s inequality (cf [28]), we have

. v (o=A2)Ip
(mln{”m”arck”””ﬂ})y ||| S0 Imll
YY1 S
m k=1 (maX{IIMIIa,CkIIrlIIﬂ}) - IIHII(IO 2 ]| §o~+"
1

Es 1
. . »
< {Z W(Azrm)||m||§(l0_h)_loﬂfn} {Zw(xl,n)nnnq”" »2) ’°bq} :

n

Then by (18) and (19), we have (24).

ForO<e<? ()»1+y) Xlzkl—fy,xz:kg+§,weset

—ig+r1—% i
m=lmla 7 =llmllg™,

||n||*2 07 (m e N, ne NP).
Then by (8) and (21), we obtain

1 1
o lBllge = | 3 Imipiov-oge, | ||n||q"'°**2’*"°5q '
b, 9 o m B n
= (Z ||m||;‘“) (Z )l 5 )
. 1
1 Tt 1 P
=_<—/ ‘ (&) +sO(1))
e \fgabir(2)
() ~\
X 8//37 + 80(1) )
Jo ﬂ/o—ll“(&)

7:2[21—[ (mm{nmna,cknnuﬂ})s }z

L5 i (max{llmlla, cellnll g) 5

(28)

~ e s 1 e
= > wlmnlg >1<2“Z(1—O< M))nnuﬁ") 5
; ; Il
_ ) —jo—¢
RS ZO(” T )

n

(29)
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If there exists a constant K < (1(1(3))1%(1(2(3))%, such that (24) is valid as we replace
1 1
([(1(5))17 (KZ(S))? by K, then using (28) and (29) we have

Ffo(%) - ~ ~
— 4+ 60(1)-€0Q) ) <el <eK|a b
ey 000 )) < <Kl iy

(1< +0(1)) (
1 1

[io (L) p( o TR ~ \7
=I<(ﬁ +€O(1)) <8//37 +EO(1)) .
ig “ai0-1T(2) Jo /3/0—11“(%0)

For ¢ — 0%, we find

F/O 1 io( L io(1l é F]O 1 %
) _G) ks(xl)fK( G) ) ( : ¥ ) ,
BT (2) a0 1(2) ao T () )\ po-ir(B)

1 1 1 1
and then (1(1(5))?’ (KZ(S)) 7 < K.Hence, K = (Kl(s))?’ (1(2(5))5 is the best possible constant factor
of (24). O

Theorem 2 As regards the assumptions of Theorem 1, for 0 < |lal|pe < 00, we have the

following inequality with the best constant factor (K )Il’ (KY) i

iaio mm{nmua,cknnnﬁ})s “17
Zn 1% Z]‘[ .

k=l (maX{||m||ka||Vl||ﬁ})7

< (KO)7 (KE)T ally 00 30)

which is equivalent to (24). In particular, for s =1 (or ¢ = - - - = ¢1), we have the following
inequality equivalent to (26):

max{||mllo, c1llnll gh)*+”

) i Y 1 1
{Z ||n||1;?»2710 [Z ((mm{||m||a,c1||n||ﬂ})V ﬂmi| } < ([(1(1))1_’(1(2(1))5||tl||p,q>. 31)

Proof We set b, as follows:

(min{||ll, el })Z !
A »Ck s i
n = ” ”p 2 /0 (ZH o B am) , ne N]O.

m k=l max{”m”ka”n”ﬂ})

Then it follows that J? = ”bHZAP‘ If ] = 0, then (30) is trivially valid for 0 < ||a]|,,e < 00; if
J = 00, then it is impossible since the right hand side of (30) is finite. Suppose that 0 < J <
00. Then by (24), we find

1 1
1612y =17 =1 < (K)? (K) 7 llallpollbllgu,
namely,
q-1 O
IblLy =7 < (K)? (K) 7 llalpo,

and then (30) follows.
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On the other hand, assuming that (30) is valid, by Holder’s inequality, we have

1= S| ST el e ),

e
m k=1 (max{|mlly, ckllnlig})

<JlIbllgw- (32)

Then by (30), we have (24). Hence (30) and (24) are equivalent.

By the equivalency, the constant factor (Kl(s))l17 ([(2(5))% in (30) is the best possible. Other-
wise, we would reach a contradiction by (32) that the constant factor (Kl(s))% (1(2(5))% in (24)
is not the best possible. d

4 Operator expressions and some particular cases
For p > 1, we define two real weight normal discrete spaces /,,, and [, as follows:

bpg = {“ ={am}; lallpo = <Z dJ(m)afn)p < oo},
lq»lﬂ = {b = {bn}; ”b”q,\ll = <Z ‘Ij(n)bz> ! < OO}

1 1
As regards the assumptions of Theorem 1, in view of J < (Kl(s))ﬁ (1(2(5))5 lall,,o, we give
the following definition.

Definition 2 Define a multidimensional Hilbert-type operator T : ¢ — [, y1-» as fol-
lows: For a € 1,4, there exists an unique representation 7z € [, y1-p, satisfying

s . Y
(min{[|m|q, ckllnlig}) s
M_y m

m k=1 (max{||mlle, cllnllg}) s

Ta(n) := (n e NP). (33)

For b € Iy, we define the following formal inner product of 7z and b as follows:

(Ta, b) ::ZZH (min{||lm, cklinllg})s ab,. (34)

Ay
wom k=1 (max{[[mlla, cillnllp}) s

Then by Theorem 1 and Theorem 2, for 0 < ||a||,e, [|16]l4,y < 00, we have the following
equivalent inequalities:

1o oL
(Ta,b) < (KP)? (K)o 15140, (35)

LI
I Tall g1 < (KP)? (K57) 7 [1allp,o. (36)

It follows that T is bounded with

Te _
IT] = 11allprr_ (K9)7 (KS)4. 37)

aele  Nalpo

1 1
Since the constant factor (1(1(5))13 (Kés))ﬁ in (36) is the best possible, we have the following.
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Corollary 1 As regards the assumptions of Theorem 2, T is defined by Definition 2, it fol-
lows that

1 1
171 = (K)7 (k)

ro(5) 15[ Tio(l) 7
=[ 7 ] [ — } k(). (38)
poir ()] Lavir(@)

Remark 1 (i) For iy = jo =1 in (24), we have the inequality

> e (min{m ckn})%
S T ambn <k lallpllbllg - (39)

m=1 n=1 k=1 (max{m, Ckl’l})T
Hence, (24) is an extension of (4) for

: (min{m,ckn})%
Aty "
k=1 (max{m, cxn}) s

ky (m,n) =

(ii) For y = 0 in (24) and (30), we have 0 < A; <y, 0 < A3 < jy and the following equiva-
lent inequalities:

amb, ~
Y3 <K(0)llallpollblgw, (40)

o [ L (max{[|mla, cicllnll g})

. VA
{Znnn?“"[z o } } <K,()lallpo, (41)

A
[Ty (max{lmlla, clinlig}) s

“l|>

where the best possible constant factor is defined by

() ]};[ rio(l)
)

i i qr]}; ’
ﬁjO‘lF(% IBL’OIF(%O):| (A1) (42)

1~<s()\1) = [

and k(1) is indicated by (13).
(iii) For y = —A in (24) and (30), we have A < Ay <ip+ A, A <Xy <jo + A, A, A2 <0 and
the following equivalent inequalities:

amb, -~
Yy —— - < K)lallpol1bllgw, (43)
o o Tl (minglimla, eclinllg})

1>

“

1

; Pl o
{Z ”n”;;xz—lo [Z am )% ] } < Ki(\)llall o (44)

o | Ti (min{limlla, cellnll g}

where the best possible constant factor is defined by

1

A To(g) 7 Tio(l) o
s = n - « > ks P
Ki(h1) [ﬂfﬂ_ll‘(%)] |:1310—1F(%0)i| (A1) (45)

and k;(A;) is indicated by (14).
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(iv) For A = 0 in (24) and (30), we have Ay = A1, 0 <y + A1 < i, 0 <y — A1 <jo (y > 0),
and the following equivalent inequalities:

s min{[lmlla, cellnllp) \ *
ZZH( k71l g ) amb"<KS(O)()Ll)”d”p,(D”b”q,\y, (46)

s \max{|[mlla i limll g}

1
Py p

s . L
Z# Zl—[ min{||m|lq, ck |7l g} i
”n”p/\w'o max{||m|g, cxllzll g} "
p 8 m k=1 “ p

<KP0) a0, (47)

where the best possible constant factor is defined by

ro(g) s Tod) 74
© = 2 — KO,
K0 [ﬂfo—ll“(’g‘))] [ﬂ""ll“(ﬂ;")} ) )

and ks(o)()q) is indicated by (15).
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