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1 Introduction

Suppose thatp > 1, 1% + % =1f(x),g(y) = 0,f e I’ (R,), g € LIR,), |Ifllp = (fooofp(x) dx)}’ >
0, lIigll > 0. We have the following Hardy-Hilbert’s integral inequality with the best possi-
ble constant factor m (¢f [1])

OOf T
/ / x+y xdy < m|lf||p||g||q~ 1)

Assuming that a,,, b, > 0,

1
) »
a=lamly, el = {a;nanp:(mew) <oo},
m=1

b=1{b,};2, €4, ||lally, Ibll; > 0, we have the following Hardy-Hilbert’s inequality with the
same best possible constant factor m (cf [1]):

PP B e /)nanpnbnq. )

m=1 n=1

Hardy-Hilbert-type inequalities, specially (1) and (2), are basically important in mathe-
matical analysis and its applications (cf. [1-7]).
If pi,vp >0 (i,j € N),

n

u, = i Wi V, = Z v; (mneN), (3)
i=1

j=1
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then we have the following inequality (cf. [1], Theorem 321, p.261):

00 00 1/q_1/p
Mm' Un ambn
llallplbll (4)
;2 Uy + Vy s(/) P

Replacing ,ul,ﬁqam and vyl,/p b, by a,, and b, in (4), respectively, we obtain the following
equivalent form of (4):

=

RN
(Z Uq—l) : ®)

For p; = vj =1 (i,j € N), both (4) and (5) reduce to (2). We call (4) and (5) Hardy-Hilbert-
type inequalities.

00 4y - 00 dly?n
ZZU +V, s1n(p)<Z pl)

m=1 n=1 -1 Mm

Note The authors of [1] (Theorem 321, p.261) did not prove that (4) is valid with the best
possible constant factor.

In 1998, by introducing an independent parameter A € (0,1], Yang [8] gave an extension
of (1) for p = g = 2. Following the methods of [8], Yang [5] gave some best extensions of (1)
and (2) as follows.

If A;,A2 € R = (-00,00), A&1 + Ay = A, ky(x,7) is a nonnegative homogeneous func-
tion of degree —1, with k(A1) = [3~ ki.(£,1)e*171 dt € R,, ¢(x) = #1201, yr(x) = x70-72)-1
S(x),g(0) =0,

felysR,)= {fuf||p¢-</ bl \de)lm},

g€ LgyRy), Ifllpg: Igllqy > O, then

/0 /0 ko (6 9) (2)g0) dxcdly < k() o Il ©)

where the constant factor k();) is the best possible. Moreover, if k; (x,y) is finite and
ki (%, )21 (K (%, ¥)y*?>71) is decreasing with respect to x > 0 (y > 0), then for a,,, b, > 0,

ac€lyy= iﬂ; llallpe := (Z(b(h)lanlp) < oo},

n=1

={bu}p2i € gy lallpe 1Dllgy >0, we have

Y klmmayb, <k(G)llalpgllbllyy, @)

m=1 n=1

where the constant factor k(1) is still the best possible
Clearly, for A =1, ky(x,y) = -, A, = kz = , inequality (6) reduces to (1), while (7)

x+y?
reduces to (2). For 0 < Ay, Ay <1, A1 + )\.2 =X, we set k. (x,y) = by (7), it follows
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[ ) ﬂmby,
Yo s < BO1Ralglbley, ®

where the constant factor B(Aj, 1) is the best possible (B(u, v) is the beta function). Some
other results including multidimensional Hilbert-type inequalities are provided by [9-27].
In 2015, by adding a few conditions, Yang [28] gave an extension of (8) and (5) as follows:

SIS anb,
L2 T, V7

m=1 n=1

=

1-41)-1
o0 Uﬂ,( 1) aﬁ,)

<B()~1:)L2)<Z — a1

m=1 Mm

00 VZ(I—XZ)—le %
> ©)

n=1 Un

where the constant factor B(Ay, A2) is the best possible. For 11; = v; =1 (i,j € N), (9) reduces
to(8);for A =1, = %, Ay = }7, (9) reduces to (5).

In this paper, by using the way of weight coefficients and technique of real analysis,
a Hardy-Hilbert-type inequality with parameters and a best possible constant factor is
given, which is with the kernel ((min{x’qy D

max{x,c1 y})
equivalent forms, the operator expression with the norm, the reverses and some particular

similar to (9). The extended inequalities, the
cases are also considered.

2 Some lemmas
In the following, we agree on that u;, v; > 0 (i,j € N), U, and V,, are defined by (3), p # 0,1,

1 1
zlﬂ + % =1, @by = 0 (m,n €N), |lallpe, = (X Prlm)as)?, |bllgw, = (o2, Wa(mbh)4,

where
P! yai-12)-1
@, (m) = mT, W, (1) = —= pm, (m,n € N).
Hm Un

Lemmal Ifg(t) (> 0) is decreasing in R, and strictly decreasing in [ny,00) C R, (ny € N),
satisfying [, g(t)dt € R,, then we have

/1 g(t)dt<n2:1:g(n)< /o g(®)dt. (10)

Proof Since, by the assumption, we have
n+l n
/ g(t)dtfg(n)sf gdet (n=1,...,n),
n n-1

no+2 no+l
/ gtydt <g(ng +1) < / g(t)dt,

0+1 no

it follows that

no+1 no+1

no+2 n no+1
0< /1 g dt < ;g(n) < ;/n_lg(t)dt =/0 g(t)dt < oo.
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By the same way, we still have

0<f g(t)dt < Z g(n / g(8)dt < co.
n0+2 ng+1

n=nog+2
Hence, making plus for the above two inequalities, we have (10).

Example1 ForseN,0<¢ < <3< 00, Al Ag > —, A1 + Ay = A, we set

minkscoD’ () e R R xR,

ki (x,) := i
g 1_! (max{x,cky}) s

(a) We find

00 L 00
ks()\l) = / /(A(l, u)t}‘z’l du u= t / kA(t, l)thfl dt
0 0

oo S . [
:/ (mln{t;ck});m Pl gy
0 k=1 (max{t, Ck})T
oo $ : L -1
min{¢, cx})s ™
/ (min{z, ¢t }) gt
Cs

/Cl S (min{¢, c})s 1! "
= — dt+
pery Tta
0 g (max{t,ce})s w1 (max{t,ci}) s
¢t 2 (min{t, cg}) s 6417
+Z [T [ @intead 2,
i (max{t,e)
S 1
A1+a 1 als Ag—a—l
-1 / dmnc [
k=1 C
Cz+1 S t%
Pl
+ Z/ A+a A+a ! dt
Ci s k L+1C
Al+o s
(oA 1 1 e
= + Ao +a Hck

Mtarms 500 (h+a
[Ticic® (Ao + )e™ gy

s-1 l—li C% Civl
Z k=1 l;m / tkl 7+(1—7)0¢ ldt
¢

i=1 l_[k t+1ck

If 2 — 2 + (1 - 2)a #0, then

m-210-2)e  q-24(1-2)e

i

Ci+l . .
" -240-2ya-1 g, Cisl .
¢ t= B, ;
¢ M=-5+(1-)a

.,8—1} such that A; — ’OA +(1- %)a =0, then we find

/6”1 t)q— % +(1- % Ja—1 dt,

if there exists ig € {1,..

Cin+1 .
o e R Ldt = M = lim
¢ Ciy i—ip

io
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CL0+1

and we still indicate In(—2=) by the following formal expression:

PO L TR YR W (LG B
Ci0+l )
_ ko _ 2ip
M-+ (1=

Hence, we may set

C)qﬂx 1
ks(hy) = —+ - H
Ata 2+0
AMt+a i’ (Ao + Ol)C pile
s-1 - a-240-Z)  -240-Z) o &
Cinl —G [ Tir &
+ = (1= 2 pevll B (11)
i=1 Loy TR [Teein e’
In particular, (i) for s =1 (or ¢s = - - - = ¢;), we have k; (x,y) = % and
A+ 2a 1
k)= ———————= (12)
(M + )2 + @) ¢}
(ii) for s = 2, we have k; (x, y) = —minixcLyl minixcoy N"®  and
’ 1Y) = (nax(mery) max(acay) G072
a )»1—% Al— 2 A—%
c\? c 1 c -c
ka(1) = (Cl) [ —+ T — ]; (13)
T R
(iii) for a = 0, we have Ay, Ay > 0, k; (%,y) = ————— and
y X
[Tiog (max{x,ery)) s
A s-1 A1—5A xl-lx
~ 1 c 1
k() = Kl) = 5o 4 — &2 +Z = R TR— (14)
[Tici 2 i= [Teein
(iv) for @ = -, we have A < A1,45 <0, ky.(x,y) = % and

[T, (min{x.c))

. C_)Q 1 s )L -1 Al—u)\ )q—u?» i
k(A1) = ky(h) := — S TG e )i a5)
1 RS xl)‘kll_l 3@; A== I_I ¢

(v) for A =0, we have Ay = —Aq, |A| < (@ > 0),

ko(x;)’) - H(max{x, Cky})

k=1

and

C)»1+D( 1 C)\.l o S o
S s
MM=WMm_1 + 5

o
)\.1 1_[57 cs 61—)\.1 kel

A1+(1—2)a A1+ 1—7

—1 S
+ \ I:Cm - Hk 1ck . (16)
1 A+ (1= ?)a [Ticin Cks

i=
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(b) Since we find

1 1 £ (min{c,;lx,y}) 5
kx(x,y)yl_h = Y2 1_[ P

A A
k=1 ¢ (max{cilx,y}) "

1 s 1 1

ylf)\Z*‘Y k=1 % Jra O <y S CS_ X,
cké (c%lx) s
s “10%
1 l_[k:l'+1 (Ck x)'s -1 1 ,
. < . = el
= 1+kl+u—— (A+2a) Ao’ CinX<y=¢'x (l 1’ cer§ 1))

4 Hklcknklckxs

i -1
W<y <00,

(¢, )?
y1+kl+u nk:l i Ao’
Ck 0 s

then for Ay <1-a (A > —a), k. (%, )’)ﬁ is decreasing for y > 0 and strictly decreasing for

the large enough variable y. By the same way, since

s . @
by L - L (i)’
WY T )
—-A1 1-11 At
x X ker (max{w, cry}) s
1 s 1
e l_[k:1 Tra ? O<x=<cay,
* (ey) s
1 [Tiq (k) s .
= - ksl o cy<x<cimy(i=1...,5s-1),
1-) —a+ A+2a
x 1 l_[k t+l (cky) s
1
REvEET Hk:l cry) 5 ’ Cs) <X <00,

then for A; <1-a (Ay > —a), ky (%, y)xl}—k1 is decreasing for x > 0 and strictly decreasing for
the large enough variable x.

In view of (a) and (b), for —a < Aj,Ag <1 —0a, A + Ao = A, k;\(x,y)yl,%z (kl(x’y)xl}—h) is
decreasing for y > 0 (x > 0) and strictly decreasing for the large enough variable y(x) sat-
isfying k(%1) € R,.

Lemma2 I[fseN,0<c <+ <¢;,—a<A,ry <1—a, A + Ay = A, ks(Xy) is indicated by
(11), define the following weight coefficients:

o7 _in{Um,aVa))S Uptvy

w(a,m) =Y [] k i MEN (17)
n=1 k=1 (maX{um:CkV }) Vi

U, ciVi))s Vi om

@ (g, 1) _Z]"[ (min{LL, ci })+ rBm ueN. (18)

m=1 k=1 (max{Um,ckV }) um !
Then we have the following inequalities:
(Ao, m) <kg(A1) (—ax <ty <1-a,r >—a;meN), (19)
w(A,n) <kr) (—ax<i; <1l—oa,ry>—a;n€N). (20)

Proof Weset u(t) := um,t € (m—-1,m] (meN); v(t):=v,, t€(n—1,n] (neN),

x Yy
Ux) = / ut)ydt (x=>0), V(y):= / v(t)dt (y>0). (21)
0 0
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Then, by (3), it follows that U(m) = U,,, V(n) =V, (m,n e N). Forx € (m — 1,m], U'(x) =
wx) = wm (m e N); fory € (n—1,n], V'(y) = v(y) = v, (n € N). Since V(y) is strictly in-
creasing in (n — 1,n], —a¢ <Ay <1-a, A; > —a, in view of Lemma 1 and Example 1, we
find

(min{U,,, ¢ Vi)5 Uyt
A2, - Ata
@l m) = Z/ 131 (max{U,, i Viu}) s Vi v o)dy

Z / (mm{um,ckvw DS Ui V')
n1, (max{L[m,ckV(y)})M Vi-t2(y)

Setting ¢ = —, we obtain V'(y)dy = U, dt and

o) < 3= [ T Iy

w1 (max{l, ckt})

S

/Um l—[ (min{1, ckt})
w1 (max{l, ckt}) 5

oo § in{1 g
S/ M 27l dt = ky(h).
0

Ata

o1 (max{l, cet}) s

);2—1 dt

Since U (x) is strictly increasing in (m — 1, m], -« < A <1 -, Ay > —«, by the same way,

we have
(o] S . a A
" (min{U,, cx V) s V2 U'(x)
@ (A, 1) = Z/ - Aa 1-2 dx
e Ym=1 2y (max{U,, Vi) Un
X0 A (minfU (), e VS VirU! (x)
Z l—[ ?~+a - xl( ) dx
1Y m=1 5 (max{U(x), ek Vi}) s
tu(i)/v,,i/ Vn °r (min{t, cr})5 a1 gy
m=1 Uipl) k=1 (max(t, Ck})%
Ulo) . a
= / Y (HHLC/‘})MY M-1 e < ky(A).
0 . (max{t, ci}) s
Hence, we have (19) and (20). a

Lemma3 IfseN,0<c < - <¢5, —a <A Ay <1—a, Ay + Ay = A, ks(A) is indicated by
(1), mo,no € N, i = s (m € {mo, mo +1,...}), Uy = Uy (n € {no, no +1,...}), U(00) =

V(00) = 00, then (i) for m,n € N, we have

ks(A)(1=0(h2,m)) < w(ha,m) (—a <dg <1-a,r > —a), (22)

kS(Al)(l - 19()»1,11)) <wA,n) (—e<i<l-o,i>-a), (23)
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where
: in{¢,cc}) s 1
0(ha,m) = [t e)® i g - o( AM) € (0,1),
k=1 (max{t Ck}) U,
t, 1
S0wn) (min{ Ck})A Pl gy = O( V“*“) €(0,1);

max{t ) s

(ii) for any b > 0, we have

it 1% 1 1
E ,:, = +bO(1))
e T ( Ub

m

1[~]e

Uy 1 1
Vi b(Vb +bO(1))

(24)

(25)

Proof Since v, > v,y (n>ng), —a <Ay <1—a, A1 > —« and V(oc0) = 00, by Lemma 1, we

have

S (min{U,, i V,,))s UL

o0
(Ao, m) > — Upsl
Z w1 (max{U, e Vi) 5 Vi 2

f”*” (U Va))s Uit V'(9)

o o (max{Uy, q V)5 Vi

/nﬂ s ({Um,CkV()/)})_ U;\nlv/(y)d
otk sttt v 77709

n+1) S

Mg

S
I

M2

S
I

(mln{l ckt})

/ 21 dt
u kel (max{l ckt})

HMS

(min{L, cxt}) s t:;l dt = k() (1 - 6 (3, m)).

Vi,

I
|\

o (max{1, cxt}) s

Vg

ForUm>cSVn0,we0btainckt§cstfcs <1(t€(0 ] k=1,...,s)and

Hk 1€k T Ag+a—1 1_[;(:1 Ck ( Vi hare
(X, = pretetgr = =24 — s
Garm) = 2 o) (a + @)k ()

and then 0(\y, m) = O(ﬁ). Hence we have (22).

By the same way, since (4, > 1 (M > myp), —a <A <1 -0, Ay > — and U(c0

we have
i S min{Up, V)5 Vi
Ata

w_()"l) n) 1-21
m=mq k=1 (max{L[m, CkV }) s Um

v

_ i el (mm{um,cm)% Vit U'(x)
m

m=mo w1 (max{Uy, e Vi) 5 Up ™

=00,

Page 8 of 18
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/’"“ = (minfU), V)5 Vit (x)
mo e (max{U(), eV, s U

K

m=my

m+l o
t=U@)/Vy i / : (min{t, ck})? Pl gy
m=my k=1 (max{t Ck})
00 S A-1
min{z, c th
= / %dt:ks(m@—ﬁ(xl,m).
7 o (max{t,c}) s
For V,, > cl‘lL[mO, we obtain t < = < ¢; < ¢ (£ € (0, u”"’ 1;k=1,...,s) and

Umg

f Vn t}~1+ot ldt ()‘l +Ol)_1 <Um0))hl+a
= =\ .
k() [T 1Ck k) [Tra 6 Vi

79()‘-1; Vl) =

Hence, we have (23).
For b > 0, we find

mo 00

o0
123 Mm Hm
Z 1 ZZ b T Z 1+b
m=1 u m=1 um+ m=mg+1 um+
< M — (" U 4
= Z u1+b Z U1+b
m=1 M m=mg+1 m=1 “m
o S m %
Lo / U'(x)
< + dx
; U’1”+b m:;oﬂ m-1 U1+b(x)
—% P +/°° dU () _% 1
— ui:b o u1+b(x) — u}’rb buﬁaﬂo
(1 N M
=—(—=—+b ,
a5

> m > m+ > m+1 U/( )
Z Ll;1+b z Z Zubl = Z . url;a dx
m=m

§ i /"“1 Ux)dx  (* du(x) 1

- Ul+b(x) o U+b(x) buybno'

Hence we have (24). By the same way, we still have (25).

Page 9 0of 18

O

Note For example, u,, = m%, Uy = n%, (0 <o <1; mn € N) satisfy the conditions of

Lemma 3 (mg = ng = 1).

3 Main results and operator expressions
Theorem1 I[fseN,0<¢ <

s <6 0 <A, Ay <1 -0, Ay + Ag = A, k(M) is indicated by

(11), then for p > 1, 0 < ||allp,0,, |1D]l 4w, < 00, we have the following equivalent inequalities:

(min{le,ckV })gam n
prm <ks(1)llallp,o, 1614w, »

n=1 m=1 k=1 (max{LIm,ckV })

(26)
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1
00 © s . a PYp
n Uy, ek Vil) s am
/= iZ%[Z (minfth, & Vi) “} } <kl @7)
n=1 Vi m=1 k=1 (max{umrckvn}) $
In particular, for s =1 (or ¢; = - - - = ¢1), we have the following equivalent inequalities:
oo o0 .
(mln{umrclvn})aﬂmbn
ki (x b , 28
;; (max{U,, V) 1) llallp,o, 1514w, (28)
> v 2\ (min{U,,, 1 V,})%a "
n m €1 Vn m
k(A , 29
{; VP [; (max{L[m,an})““} } <fOlale, 29)

where ki(\1) is indicated by (12).

Proof By Holder’s inequality with weight (cf. [29]), we have

o s . a p
[Z I (mm{um,ckvm;a am}

m=1 k=1 (maX{Um’ Ck‘/n})T

1-) 1=k

S

_ [i 1—[ (min{Um,ckV,,})i ( L[,l,i'i2 ay:, ) ( v, pu’lf’%‘>:|p

m=1 k=1 (max{Uu, ckVu}) s

Vi ? l/qun Umq
Ny il Vi) (U
— Ata 1-Ag p/qam
m=1 k=1 (maX{Um’ Ckvn}) s Vi Wm
a V(o -1
x [i S min{U, VS Vv “umT
A T-x
m=1 k=1 (max{L[m,ckV,,}) s U !
W Spp minllha Vi) U, 50
(w()\l’n))lipvn m=1 k=1 (max{um’ckvn})l% Vf%_)bzu“f"_l "
In view of (20), we find
_ 1
S S S (min{l,, ¢V, )§ U 0e-Dy, ?
= ()| 33 [ ot eVl Hon oy,
et et k=1 (Max{U,, ckViy}) s Vi " m
1
[ oo oo s . a (1-11)(p-1) P
_ k(}\.) cl; (mln{umrckvn})s U, Unap
s\ e 1-hg p-1 %m
Lt et ko1 Max{Uy, e Vi) s Vi "l
= it e
= m
= (ks()\,l))q Zw()\z,m)?afn . (31)
L m=1 m
Then, by (19), we have (27).
By Hélder’s inequality (cf. [29]), we have
00 L 00 s . o 13
S N (L
n=1 Vyf_77 2 m=1 k=1 (max{LIm, Ckvvn})T U,I,_g
<JIblgw,. (32)

Then, by (27), we have (26).
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On the other hand, assuming that (26) is valid, we set

a p-1
(min{l,,,, ck Vu}) s am
e [Zl’[ nen.

o (max{Uy, Vi)'

Then we find J? = ||b||q\1,A If J = 0, then (27) is trivially valid; if J = oo, then, by (31) and
(19), it is impossible. Suppose that 0 < J < co. By (26), it follows that

1B115,5, =J* =1 < ks(1)llallp,a, 1Dlly,v,

IWM% =] <k()lalpo,,

and then (27) follows, which is equivalent to (26). O

Theorem 2 With the assumptions of Theorem 1, if mg,ng € N, iy, > i1 (m € {mg, mg +
L...), vy = vy (m€{ng,ng +1,...}), U(co) = V(00) = 00, then the constant factor ks(r1)
in (26) and (27) is the best possible.

Proof For ¢ € (0,p(A + @)), we set o= AL — ;—7 (e(-a,1 —a)), kg = Ay + 1% (> - a), and

~

@ =@ b= (b2,

)\1—— -1 £

~ ~ Ao—£-1
G = U = U P iy By =Vl = VT, (33)

Then, by (24), (25) and (23), we have

- o0 o0 S . Um, V @ ™
7 .- Z Z (min{ Ck })Ma anb
m=1 k=1 (max{umr Ckv }) $

_i i S min{l i Vi)S Vit | v
= ))Lﬂx 1 )‘1 V;+1

m=1 k=1 (max{Uy, cx Vyu}

n=1
o0 o0 _ v
= O, 25 = k() Y (1= 9 (R, m) —=
X g G ) g
> v, > v,
oy n n
= ks(A1) Z Vel —ZO(m)
n=1 7" n=1 Vy’q

=§mn{5;+qan-omﬂ.

no

If there exists a positive constant K < k;(11) such that (26) is valid when replacing k(1)

with K, then, in particular, we have el < eK|allpo, ||Z;||q'\yk, namely

~[1 ~ 1 501 o~ \i
ks(kl)[ + 8(0(1) - O(1)):| < K(LI—E + 80(1)) (Vg + 80(1)) .

mo
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It follows that k(A1) < K(e — 0*). Hence, K = ks(11) is the best possible constant factor of

(26).
The constant factor k(A1) in (27) is still the best possible. Otherwise, we would reach a
contradiction by (32) that the constant factor in (26) is not the best possible. a

Remark 1 Inequality (26) is an extension of Hardy-Hilbert-type inequality (28) with pa-
rameters and a best possible constant factor.

For p > 1, we find \I—’i_p (n) = Vl'i;h and define the following normed spaces:

lp,CD;\ = {(l = {am}zqo:ﬁ ||5l||p,<l>)L < OO},
low, ={b = (b} 1Bl g w, < 00},

o—_ —_ oo .
lp’\pifp = {C ={entiis ”C”p,\lli”j < 00}

Assuming that a = {a,, )7, € l,0,, setting

oo

s . o
Uy, ek Vy))s

c={culp2y Cni= E 1_[ (min{L,, ¢ "})Ma am neN,
m=1 k=1 (max{umr Ck V'n})T

we can rewrite (27) as follows:
IICllp,\pi—p <ks(A1)llallpo, < 00,
namely c € lp,\pi—p.

Definition 1 Define a Hardy-Hilbert-type operator T': [, 4, — lp y1-» as follows: For any
a={am}y, € lyoe,,there exists a unique representation 7z = c € lp \I/Al—p. Define the formal
(v

inner product of Tz and b = {b,}32, € I, v, as follows:

(Ta, b) = i [i‘ ]‘[ (min{Ln, eV am:|b,,. (34)

et Lomet k1 max{U,, cxVy)) s
Then we can rewrite (26) and (27) as follows:
(Ta,b) < ks(A)llallp,e, 1614w, (35)
I Tﬂllp,q,i—p <ks(A1)llallp,a; - (36)
Define the norm of operator T as follows:

1 Zall -0

IT:= sup (37)

a0)elye, alpa;

Then, by (36), we find || T|| < ks(1). Since by Theorem 2 the constant factor in (36) is the

best possible, we have

TNl = k(A1) (38)
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4 Some reverses
In the following, we also set

N p(1-11)-1

;. (m) := (1 —0(%, Wl))T,

- q(1-12)-1

W, (n) := (1 - ﬁ(kl,n)) — (m,n € N).
Un

For 0 < p <1 or p <0, we still use the formal symbols of ||all,e,, 164w, llal,s, and
16,3, -
Theorem3 IfseN,0<c; <--- <c;, - <Apry <1—o, A + Ay = X, k(A1) is indicated by
(11), mo, ng € N, o > s (m € {mg, mg +1,...}), Uy > Upi1 (n € {no, 9 +1,...}), U(00) =
V(00) = 00, then for 0 < p <1, 0 < ||allpe,, |1bllgw, <00, we have the following equivalent
inequalities with the best possible constant factor ks(11):

I:ii : (mln{UM)CkV })Xﬂm n

n=1 m=1 k=1 max{um7ckvn})T

> ks(A)llall,3, 116]lgw, » (39)

00 o p %
= [Z n_p)\z |:Zl—[ (min{ll,,, cx Vs }))Sf;n:| ]

n=1 m=1 k=1 max{L[m,ckV}

> ks(A)llall (40)

&y
Proof By the reverse Holder’s inequality (cf [29]) and (20), we have the reverses of (30),
(31) and (32). Then, by (22), we have (40). By (40) and the reverse of (32), we have (39).

On the other hand, assuming that (39) is valid, we set b,, as in Theorem 1. Then we find
JP = ||b||Z’\[,A. If ] = oo, then (40) is trivially valid; if J = 0, then, by reverse of (31) and (22),
it is impossible. Suppose that 0 < J < co. By (39), it follows that

||b||q\p =] =1>k(M)llall, 3, 1614w,
161%s, =T > kG)llal, 5,
and then (40) follows, which is equivalent to (39).

For ¢ € (0, p(A1 + @)), we set Ay Ao, dm and Zn as (33). Then, by (24), (25) and (20), we
find

lall, s, 12]lgw, =

|:m=l n=1 "
oo » oo m }a oo U %
m m n
= (; U};g - ; O( u}n+A2+a+s )) (; Vyll+s)
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(min{umrckv })% V;?Z/J,m Un
+ by Vel
n

> Un v
S n

=Y w(n )V“l <k(a)) Vel
n=1 n=1 7"

= %k@)(% + 85(1))

no

If there exists a constant K > ks(X;) such that (39) is valid when replacing k;(;) with K,
then, in particular, we have el > eK |EA X ”Z”q,\pl, namely

ky(31) ! oW ) >K ! o(1) - 04(1) (1 o@1) %
s\A1 V—;O + & > U—fno + 8( —Up ) V—;O + & .
It follows that k;(A;) > K (¢ — 0*). Hence, K = k(1) is the best possible constant factor
of (39).

The constant factor ks(41) in (40) is still the best possible. Otherwise, we would reach a

contradiction by the reverse of (32) that the constant factor in (39) is not the best possi-
ble. O

Theorem 4 With the assumptions of Theorem 3, if p < 0, then we have the following equiv-
alent inequalities with the best possible constant factor ks(11):

(min{U,,, cx V)5

e ks ) llallpo, 161l,5, » (41)
n=1 m=1 k=1 (max{um’CkV }

% (min{U,,, ck Vy, })sam
- n»w[zn

mat k=1 (Max{Ui, ci Vi) s

=~
—
:Mg

> ks(A)llallp.o,- (42)

Proof By the reverse Holder’s inequality with weight (c¢f. [29]), since p < 0, by (23), we have

R (min{l,,, ¢ V})%am i
>[] nleele|

m=1 k=1 (max{Uu, ck Vy, })

Zl—[ (min{L,, ¢, V, })% ( uy(nl—ll)/q ; ><Vr(ll—k2)/Pﬂlr/lq) p
)m Vr(ll—)\g)/pu/qu m Ur(nlfn)/q

it k1 (max{Uy, cx Vi)

. a 1-A1)p/
3 © s (min{U,,, ¢V, ) § LI( 1plq )

= Ty g %m
m=1 k=1 (max{um: CkV }) ZMP 1

M

s . o _ _ -1

i (min{U, eV, )E v, 17

X
m=1 k=1 (max{U,y,, cx Vi })m Urlnih

1-pA.
VPZ

Zl—[ (min{Uy, ck V5, })g Ur(n_m(p_l) P

a
" @ O 4 (man(Up V) Vi
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L G T Sp mintai)® U,
T A=) P S0 (max{ U Vo)) S Vi R

m

Ata

a
Atar 1-X -1 m
n=1 m=1 k=1 (max{l,[m, Ckv }) Vn 2MP

m

L[ > . a (1-21)(p-1) 1%
> (ks()\l))ﬁ {ZZ (min{U,,, cx Viu})s U Un }

S

1
ZZ (min(Uy,, e Vo) U™, , }

= (ks()\l))

Ao

m=1 n=1 k=1 (max{Um,ckV })7 Vl_h““p_l "

[ SN
= ()13 Y @, m)——g—ab, .
m=1

p-1
Wm

Q=
3
3

Then, by (19), we have (44).
By the reverse Holder’s inequality (cf [29]), we have

> nz ’ vyp (min{U,,, cx V)5 a 1 ij’\z
1= 5t [ZH [(1—19(11,;4)){1719”}

=1 1 ko1 (max{U,,ckV, })

n

> 11161l 3, - (44)

Then, by (42), we have (41).

On the other hand, assuming that (41) is valid, we set b,, as follows:

b = Vi Ty, (min{U,,, cx V,))) S am p N
" W ZH e , neN.

w1 ko1 max{Uy, i Vi) s

Then we find J = ||b||g g, If /1 = 0o, then (42) is trivially valid; if /; = 0, then by (43) and

(19) it is impossible. Suppose that 0 < J; < 0o. By (41), it follows that

IIbIIq;I; =i =1>k)llalpe, 1143,

IIbIIq~ =Ji > k(M) llallp,o,

and then (42) follows, which is equivalent to (41).
For ¢ € (0,q(As + &)), we set Ay = Aq + £ ; (>-a) Dy =y — ¢ (€(-o,1-@)),and

~ r-£-1 ~ ~ ho-£-1
~ . _ grii-l-¢ _ r _ -1 _ q
Ay = Uml M = U Mms b, = Vn2 v, =V

Uy

Then, by (24), (25) and (19), we have

Iallp.0, 161145,

00 » [17 0 v 00 v %
m n n
; U};a ) (Z V1+s - Z O( Vr%+)\1+cx+s ))




Yang and Chen Journal of Inequalities and Applications (2015) 2015:339 Page 16 of 18

_ | T (min{l,y,, cx Vi })% ujnlvn Mom
- Z Z Ata Y Lil+e
m

o Lo ko max{Uy, V)5 Vi

o~ > M

= Za)(kz, Wl) ul}:—qs = kS()\'l) Z Ulyfa
m=1 m n=1 m
1 ~ 1

= —ks(kl)< + 80(1)).
€ us,

If there exists a constant K > k(1) such that (41) is valid when replacing k;(A;) with K,

then, in particular, we have el > eK|allpo, 2l,,3, , namely

kﬁg(u% + 80(1))

mo

1 b 1 ~ 7
>K<LI—8 +£O(1)) |:V—8+8(O(1)—Ol(1))i| ‘

mo no

It follows that k(A1) > K (¢ — 0%). Hence, K = k(A1) is the best possible constant factor

of (41).
The constant factor k;(11) in (42) is still the best possible. Otherwise, we would reach a
contradiction by (44) that the constant factor in (41) is not the best possible. O

Remark 2 (i) For « =0, 0 < A3,A <1in (26) and (27), we have the following equivalent

inequalities:

ZZ ; <k()llallpo, 15l g, (45)

n=1 m=1 k 1(maX{Um,CkV })s

) 0 p %
Uy Ay ~
{Z Vl_p}LZ {Z s A :| } < kS()\‘l)”a”p,Cb)L’ (46)

n=1 'n m=1 Hk:l(max{um’ CkVn})s

where ES(M) is indicated by (14);
(ii) for o = =2, =1 < A1, A2 < 0in (26) and (27), we have the following equivalent inequal-

ities:

ZZ - <k()lallpa, 15]lgw, (47)

[T 1(m1n{Um,CkV D

n=1 m=1

o] oo b },
{Z vllinpkz |:Z s . S })%i| } <ks()\1)”a”p,<1>)\’ (48)

n=1 Vn m=1 l_[kzl(mln{Um,Ck Vi

where 7(1()»1) is indicated by (15);
(iii) for A = 0, Ap = —A4, in (26) and (27), we have the following equivalent inequalities:

max{U,,,cV,}

> e min{U,,, c;V,} 5
S (—k) amby < KO 01)llallp0, 15]lgw; (49)

n=1 m=1 k=1
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1
oo 0o s . a AW
v, min{U,,,, ¢k Vyu} \ * ?
Z 1;/\1 (ﬁ) m < ks(o)(kl) lally,o, (50)
n=1 V}’l m=1 k=1 max{ m» Ck n}

where kﬁo)()q) is indicated by (16) (|| <o, 0 <o < %; Al <1-a, % <a <1).

By Theorem 2, the constant factors in the above inequalities are all the best possible. We
still can obtain some particular reverse inequalities with the best possible constant factors
by Theorem 3 and Theorem 4.
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