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Abstract

In this paper, we combine a sequence of contractive mappings {h,} with the proximal
operator and propose a generalized viscosity approximation method for solving the
unconstrained convex optimization problems in a real Hilbert space H. We show that,
under reasonable parameter conditions, our algorithm strongly converges to the
unique solution of a variational inequality problem. Our result presented in the paper
improves and extends the corresponding results reported by many authors recently.
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1 Introduction

Since the inception in 1978, the unconstrained minimization problem (1.1) has received
much attention due to its applications in signal processing, image reconstruction and in
particular in compressed sensing. In this paper, let H be a Hilbert space with the inner
product (, ) and the induced norm || - ||. Let ['¢(H) be the space of convex functions in H
that are proper, lower semicontinuous and convex. We will deal with the convex uncon-

strained optimization problem of the following type:
minf(x) + g(x), (1.1)
xeH

where f,g € I'o(H). In general, f is differentiable and g is subdifferential.

As we know, problem (1.1) was first studied in [1] and provided a nature vehicle to study
various generic optimization models under a common framework. Many methods have
been already proposed to solve problem (1.1) (see [2—4]). Many important classes of op-
timization problems can be cast in this form, and problem (1.1) is a common problem in
control theory. See, for instance, [3] as a special case of (1.1) where due to the involvement
of the /; norm which promotes sparsity that we can get a good result on solving the cor-
responding problem. We mention in particular the classical works developed by [2] and
[4], where a lot of weak convergence results have been discussed.
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Definition 1.1 (see [5, 6]) The proximal operator of ¢ € I'g(H) is defined by

(x) = argmin] o(v) + ~ v — x| H
prox, (x) = argminy o(v) + v —|",  x € H.

The proximal operator of ¢ of order A > 0 is defined as the proximal operator of Ay, that

is,
Prox; ,(x) = argminj g (v) + . lv—-x|"f, xe€H.

Lemma 1.2 (see [4]) Letf,g € 'o(H). Let x* € H and A > 0. Assume that f is finite-valued
and differential on H. Then x* is a solution to (1.1) if and only if x* solves the fixed point

equation
& = (prox; (I — AVf))x*. 1.2)

The fixed point equation (1.2) immediately yields the following fixed point algorithm
which is also known as the proximal algorithm [7] for solving (1.1) as follows.

Initialize xo € H and iterate
%1 = (prox;, o (I = 1, Vf)) %, (1.3)

where {1,} is a sequence of positive real numbers. Meanwhile, in [8], the authors Com-
bettes and Wajs also proved that the algorithm converged weakly. Recently, Xu [4] intro-
duced the relaxed proximal algorithm.

Initialize xy € H and iterate
a1 = (L= 0y)xp + 0ty (prox)\ng(l = M VS)) %, (1.4)

where {«,} is the sequence of relaxation parameters and {1} is a sequence of positive real
numbers, and obtain weak convergence.

However, it is well known that strongly convergent algorithms are very important for
solving infinite dimensional problems and viscosity can effectively transfer weak conver-
gence of certain iterative algorithm to convergence strongly under appropriate conditions.
Recently, based on an idea introduced in the work of Moudafi and Thakur [9], Yao et al.
[10], Shehu [11] and Shehu et al. [12, 13] proposed some iteration algorithms for solving
proximal split feasibility problems which are related to problem (1.1). They obtained strong
convergence.

In this paper, motivated by works [4, 9-14], we combine a consequence of contractive
mappings {/,} with the proximal operator and propose a generalized viscosity approxima-
tion method for solving problem (1.1). We propose our main iterative scheme and obtain
strong convergence theorem for solving unconstrained convex minimization problems by
the general iterative method. Meanwhile, we get the convergence point of the iterative
method which is also the unique solution of the variational inequality problem (3.1). Fur-

ther an example will be given to demonstrate the effectiveness of our iterative scheme.
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2 Preliminaries
We adopt the following notations.
Let T': H — H be a self-mapping of H.
(1) x, — « stands for the strong convergence of {x,} to x; x, — x stands for the weak
convergence of {x,} to x.
(2) Use Fix(T) to denote the set of fixed points of T; that is, Fix(T) = {x € H : Tx = x}.
(3) ww(xy) :={x: Ix,; — x} denotes the weak w-limit set of {x,}.
In this paper, in order to prove our result, we collect some facts and tools in a Hilbert
space H. We shall make full use of the following lemmas, definitions and propositions in

a real Hilbert space H.

Lemma 2.1 Let H be a real Hilbert space. There holds the following inequality:
=y < llxl>+2(x+y,5), VxyeH.

Recall that given a closed subset C of a real Hilbert space H, for any x € H, there exists
a unique nearest point in C, denoted by Pcx, such that

loe — Pex|| < llx—y|l forallyeC.
Such Pcx is called the metric (or the nearest point) projection of H onto C.

Lemma 2.2 (see [15]) Let C be a nonempty closed convex subject of a real Hilbert space H.
Given x € H and z € C, then y = Pcx if and only if we have the relation

(x—yy-2)>0 forallzeC.

Definition 2.3 A mapping F: H — H is said to be:
(i) Lipschitzian if there exists a positive constant L such that

|Ex—Fyll < Lllx-yll, Vx,y€H.

In particular, if L =1, we say F is nonexpansive, namely
IFx = Eyll < llx=yll, Vx,y€H;

if L € (0,1), we say F is contractive, namely
Ex - Fyll <Lllx-yll, Vx,y€H.

(i) o-averaged mapping («-av for short) if

F=Q1-a)+aT,

where « € (0,1) and T : H — H is nonexpansive.

Lemma 2.4 (see [16]) Let h: H — H be a p-contraction with p € (0,1) and T : H — H be

a nonexpansive mapping. Then:
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(i) I—his(1- p)-strongly monotone:
(-mx—T-hy,x-y)>=1-p)lx-yI> VxyeH.
(it) I - T is monotone:
(I-T)x—-(I-T)y,x-y)>0, Vx,yeH.

Lemma 2.5 (see [17], Demiclosedness principle) Let H be a real Hilbert space, and let
T : H — H be a nonexpansive mapping with Fix(T) # (. If {x,,} is a sequence in H weakly
converging to x and if {(I — T)x,} converges strongly to y, then (I — T)x = y; in particular, if
y =0, then x € Fix(T).

Lemma 2.6 (see [7] or [18]) Assume that {s,} is a sequence of nonnegative real numbers
such that

S+l = (1 - Vn)sn + Vn(sm n= 0;

Snl <Syu—Nn+t @y, n=0,

where {y,} is a sequence in (0,1), (n,) is a sequence of nonnegative real numbers and (3,,)
and (¢,) are two sequences in R such that
(i) Z:io Yn = 0O0;
(ii) limy— o0 ¢y = 0;
(iif) limy_ o0 0y, = 0 implies limsup,_, . 8,, < 0 for any subsequence (ny) C (n).
Then lim,—, 0 S, = 0.

Proposition 2.7 (see [19]) If T1,T5,..., T, are averaged mappings, we can get that
T,T,1---T1 is averaged. In particular, if T; is a;-av, i = 1,2, where «; € (0,1), then T, T} is

(0(2 + 0 — Olg()ll)—ﬂv.

Proposition 2.8 (see[20]) Iff : H — R is a differentiable functional, then we denote by
Vf the gradient of f. Assume that Vf is Lipschitz continuous on H. The operator V; =

prox, (I = AVf) is 2+4M -av foreach 0 < A < %

Lemma 2.9 The proximal identity

w 0
Prox,, x = prox,,, (Xx + (1 - x) prox;,, x) (2.1)
holds for ¢ € To(H), > >0 and p > 0.

3 Main results

In this section, we combine a sequence of contractive mappings and apply a more gener-
alized viscosity iterative method for approximating the unique fixed point of the following
variational inequality problem:

(I-h)x*,x—x*)>0, VZeFix(Vy), (3.1)

where h: H— H is p-contractive.
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Suppose that the contractive sequence {/,(x)} is uniformly convergent for any x € D,
where D is any bounded subset of H. The uniform convergence of {/,(x)} on D is denoted
by h,(x) = h(x) (n — o0), x € D.

Theorem 3.1 Let f,g € T'o(H) and assume that (1.1) is consistent. Let {h,(x,)} be a se-
quence of p,-contractive self-maps of H with 0 < p; = liminf,_, o p, < limsup,_, . on =
pu<landV,, = proxl\ng(l — M, Vf), where Vf is L-Lipschitzian. Assume that {h,(x)} is uni-
formly convergent for any x € D, where D is any bounded subset of H. Given xo € H and
define the sequence {x,} by the following iterative algorithm:

Xp+l = anhn(xn) + (1 - an)v)\nxnr (32)

2+Ay

where A, € (0, %), a, € (0,5 Ly. Suppose that

(i) lim,_ ), =0;
(i) Y 020 = 00;
(iii) 0 <liminf,— o Ay <limsup,_, . Ay < %
Then {x,} converges strongly to x*, where x* is a solution of (1.1), which is also the unique
solution of the variational inequality problem (3.1).

Proof Let S be a nonempty solution set of (1.1).
Step 1. Show that {x,} is bounded.
For any x* € S,

[t =]
= [letntn(en) + (1 = ) Vi, 0 = 5|
= [ ot (B () = 2) + (1 = et) (Vi 00 — %) |
< ) = ()| + () — "
+ (1 )| Vi 20 — 2|
< cnpulfn ="+ @ (57) = |+ (1= ) [ ="
< cnpulfn =" 4 [ (57) =+ (1= )0 =7

172 () — ™|
= (l_an(l_pu)) ”xn_x* ” +an(1_pu)n4' (3.3)
1- Pu
From the uniform convergence of {/1,,} on D, it is easy to get the boundedness of {/,,(x*)}.
Thus there exists a positive constant M such that ||/,(x*) — x*|| < M. By induction, we
obtain

*

”xn—x*”fmax{uxo—x } M },

,1_:014

which implies that the sequence {x,,} is bounded.
Step 2. Show that for any sequence (1) C (n),

klgrolo %y = Vi X |l = 0.
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Firstly, note that from (3.2) we have

[ -
= otuhn(a) + (1 = ) Vi, 2 — ||*
= Nt () = %) + (1= ) (Va0 = 57)|*
= 02 () = 2| + (L= )| Viydon =% | + 200, (1 = @) () — 2%, V3, 0, — 2°)
< 20 (| o) = b () |+ (%) = 7] )
+ (1= )| Vipon = &*|| + 20 (1 = 00) (I () — &%, Vi, 20 — &%)
<20, (pyln =2 [|* + [ (x) - 2] *)
+ (1= an)?|| Vapoon = 2" | + 201 = o)) — 5%, Vi, 00 — 2%
<20 (p [tn = 2" + [ (x) = 27 ") + 20001 = ) s — 27|

+ (1= )| Vipon = &*|| + 200 (1 = 00) (I (%) = &%, Vi, 200 — %)

= [1- (2 = (1 +20,%) = 2(1 = @) p,) ] |20 —

+ 20,2 ||hn (x*) —x* ||2 +2a,(1 - otn)(hn (x*) —x*, Vi, % — x*) (3.4)
Secondly, since V,_is 2*2"L -av, we can rewrite
V)Ln = PTOXA”g(l - )thf) =(1- Wn)l + Wy Ty, (35)

where w,, = %, T, is nonexpansive and, by condition (iii), we get % < liminf,_ o w, <
limsup,_, ., wy, < 1. Thus, we have from (3.2) and (3.5)

o1 — x|
= || etnbtn@) + (1 — @) Vi, 2, — * |
= | Viptn =& + ct (Ba ) = Vi) ||°
= | Vit = 2| + @2 ) = Vi |+ 2000( Vi — %, () = Vi, )
= | = )y + W Ty — 2| + @ | ) = Vit |
+ 20, Vi d6m = &, By () = Vi)
= (= w2 = 2|+ W | Tt = T || = w1 = wi) | Tt — 6,2
02 [ @) = Vi) + 200 Vi — 8%, () = Vi, )
< ot = | = w0 = W) | Tt = 1 + s P ) = Vi, |

+ 20{,,(\/,\,196,, -, hy(xy,) — anxn>. (3.6)
Set

2
s Y :an(Z—an(1+2pn2) —2(1—05,,),0,,),
B 1
2 —a,(1+20,%) = 2(1 - ) pn

Su = ||on — "

5 (20, | (6) - 2|
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+2(1 - ozy,)(hn (x*) —x*, V3, % —x*)],
Mn = Wi (1= w) | Tuxn _xn||2¢

On = 2 | 1a@n) = Vit |* + 20{ Vi 20 = 6, Ba() = Vi 6),

since ¥, — 0, Yoo ¥u = 00 (limys 50(2 — (1 + 29,%) = 2(1 — &) pu) = 2(1 = p,,) > 0) and
@y — 0 (o, — 0) hold obviously, so in order to complete the proof by using Lemma 2.6,

it suffices to verify that 7,, — 0 (k — oo) implies that

limsupd,, <0
k— o0

for any subsequence (1;) C (n).
Indeed, 1,, — 0 (k — oo) implies that || T, x,, — %, | = 0 (k — o0) due to condi-
tion (iii). So, from (3.5), we have
”xnk - V)Lnkx”k ” = Wnk ”xnk - Tnkxnk ” — 0. (37)
Step 3. Show that
wy(xy) CS. (3.8)
Here, w,(x,, ) is the set of all weak cluster points of {x,, }. To see (3.8), we prove as follows.
Take X € w,{x,, } and assume that {xnk,} is a subsequence of {x,, } weakly converging to x.

Without loss of generality, we rewrite {xnkj} as {x,, } and may assume Anj = A, then0 < A <

%. Set V; = proxkg(l — AV(), then V; is nonexpansive. Set
Yk = xnk - )"nkvf(xnk); 2k = xnk - )\'Vf(xnk)'
Using the proximal identity of Lemma 2.9, we deduce that

Vi o = Vi |

= lIprox;,, ¢k - Prox, |

A A
prox;, <A_yk + (1 - A_> proxxnkgyk> — Prox, , zi
Mg

nk

<

A A
)\—yk+ 1—)\— proxknkgyk—z;<

ng ng

A A
< — ke —zll + <1——)||pr0X Vi — 2|l
)"nk )"”k A&

A A
— A = M| Vf @) || + (1= Jllprox,, .k =zl (3.9)
Ank Ank k

Since {x,} is bounded, Vf is Lipschitz continuous and 1,, — X, we immediately derive

from the last relation that || Ve Fong = Vi || = 0. As a result, we find

”xnk - V)ank” = ”xnk - ankxnk” + ||V)~nkx"k - V)»xnk ” — 0. (310)
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Using Lemma 2.5, we get @, (%, ) C S. Meanwhile, since {/,(x)} is uniformly on D, we have

limsup(f,, (x*) — &%, %, —x*) = (h(x*) —x*, % —x*), VxZeS. (3.11)

k— 00

Also, since x* is the unique solution of the variational inequality problem (3.1), we get

limsup(,, (x*) — &%, %, — ") <0,
k—00

and hence limsup,_, ., 8,, = 0. O

4 Numerical result

In this section, we consider the following simple numerical example to demonstrate the
effectiveness, realization and convergence of Theorem 3.1. Through the following numer-
ical example, we can see that the convergent point, which is generated by (3.2), is not only

the solution of (1.1) but is very close to the solution of the problem Ax = b.

Example 1 Let H = R”. Define A,(x) = ﬁx. Take f(x) = %IIAx — b||?, thus we can get that
Vf(x) = AT (Ax — b) with Lipschitz coefficient L = |ATA||, where AT represents the trans-
pose of A. Take g = ||x[1, then V; ,x = argmin,ey{1,g(v) + %||v—x||2} = argminyey {A||v|1 +

%Hv — x/>}. From [20], we also know that prox; ., * = [prox; . i, prox;  xa,...,

T . . . 1
prox; | %m]", where prox;  x; = max{|x;| - A,,0}sign(x;) (i=1,2,...,m). Give o, = T000n
for every n > 1. Fix A,, = ——, generate a random matrix

150%L2

-4.3814 -4.0867 9.8355 -2.9770 11.4368
-5.3162 9.7257  -5.2225  1.7658 9.7074
-4.1397 —4.3827 20.0339  9.5099  —4.3200
6.4894  -3.6008 7.0589 14.1585 -16.0452
10.2885  14.5797 0.4747  17.4626 1.5539
-12.3712 -21.9349 -3.3341  7.1354 3.1741
4.1361 -57709 14400 -16.3867 -7.6009
—-8.1879 51973 -0.1416 -11.5553 -0.0952
A=] -6.8981 -6.6670 8.6415 1.1342 3.9836 (4.1)
8.8397 1.8026 5.5085 6.8296 11.7061
4.7586 14.1223 0.2261 -0.4787 17.0133
-5.0971 -0.0285  9.1987 1.4981 14.0493
10.3412 29157  -7.7770  5.6670  -13.8262
2.4447 8.0844 2.1304 8.7968 20.3888
9.2393 2.6692 6.4166 4.2549  -13.1472
-4.1641 12.2469 -0.4358 5.8242 -10.0650
0.6452 6.0029 -13.6151 3.4759 -1.8184

and a random vector

b=(189.0722 42.6524 6351979 281.8669 538.5967) . (4.2)
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Then, by Theorem 3.1, the sequence {x,} is generated by

1

= —-—— — 1 — —
Ml = 1000%n 1007 ( 1,000 % 1

) Prox; ., (x,, - AT (Ax, - b)). (4.3)

As n — oo, we have {x,} — x*. Then, through taking a distinct initial guess xy, using

software Matlab, we obtain the numerical experiment results in Tables 1 and 2, where

7.1006 71148 4.2108
—2.9422 -3.0244 0
8.8367 8.7745 11.8683
2.8348 2.8338 0
4.5842 4.5735 0
-3.9470 -3.9616 -2.0724
0.0197 0.1036 0
-4.4153 ~-4.5064 0
xs6 = | 3.6363 |, X157 = | 3.5960 |, X223.462 = 0 ) (4.4)
10.2320 10.3482 24.9734
5.8671 5.8919 2.5163
7.0921 7.0715 2.4147
-3.9847 -3.9318 0
7.8388 7.8632 7.6589
3.5086 3.5382 0
—5.5774 -5.7408 0
-8.0655 -8.1055 ~12.6599
7.8596 7.8725 4.7788
-2.2018 -2.2857 0
8.8707 8.8060 12.0778
3.3315 3.3304 0
4.7086 4.6981 0
-2.7415 —2.7551 ~2.0434
1.7903 1.8729 0
-3.2518 -3.3467 0
xs57= | 4.3445 |, X154 = | 4.3031 [, X218128 = 0 , (4.5)
10.8322 10.9491 25.3370
6.5156 6.5397 2.7797
7.5856 7.5637 2.3643
-2.7904 -2.7378 0
8.1903 8.2151 7.0517
4.2573 4.2857 0
-5.1121 -5.2790 0
-6.8677 -6.9080 -11.9260

where x,, is the point which is generated by Theorem 3.1. Then we know the convergence
point of x, is the solution of problem (1.1). Until now, it has not been easy to get an exact
solution about the problem of Ax = b. Therefore, there exist a lot of algorithms to get the
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Table1 xo=(00000000000000000)7

e (errors)  n (iterative number)  x, (iterative point) W (relative errors) lAx, - b]|2
(1072 56 X56 6.8466 x 1074 5.8146
(107 157 X157 85299 x 107 0.1769
(107) 223,462 X223,462 42581 x 107/ 0.0931
Tab|e2xo=(11111111111111111)T
e (errors)  n (iterative number) x, (iterative solution) % (relative errors) || Axp - b]|?
(1072) 57 Xs7 6.8700 x 107 59909
(107™%) 154 X154 8.7043 x 10°° 0.1797
(107) 218,128 X218,128 42567 x 1077 0.0931

approximate solution about it. Also, by a series of analyses, we know that x,, is very close to
satisfying the problem of Ax = b. To some extent, we can say that Theorem 3.1 solved both
(1.1) and Ax = b. Further, as we know, many practical problems in applied sciences such as
signal processing and image reconstruction are formulated as the problem of Ax = b. So,
our theorem is very useful for solving those problems.
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