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Abstract

In this paper we use a result of Nunokawa to extend some results on univalent
functions given by Miller and Mocanu. As a consequence, we get several sufficient
conditions for starlikeness over the expression f(2)f"(2)/f"*(z).
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1 Introduction and preliminaries

Let A denote the class of functions f(z) that are analytic in the open unit disk D = {z :
|z| < 1} and are normalized such that £(0) = f/(0) -1 = 0, i.e., f(z) = z+a32> + - - - . Functions
from A that are one-to-one are called normalized univalent functions. One of the largest
classes of univalent functions is the class of strongly starlike functions of order o, 0 < @ <1,

denoted by $*() and consisting of function f € A such that

[ e

For o = 1, we obtain the well-known class of starlike functions f(z) that map the unit disk
onto a starlike region, i.e., if ® € f(D), then tw € f(D) for all ¢ € [0,1]. For details, see [1].

A major contribution in the theory of univalent functions was done by the work of Miller
and Mocanu. In the 1980s, in [2, 3], they introduced the concept of differential subordi-
nations, which was a big step forward and led to numerous valuable results by hundreds
of mathematicians around the world following their work. More details on this topic can
be found in [4].

Using methods from the theory of differential subordinations, Miller and Mocanu

proved the following two results.

Theorem 1.1 (Corollary 4.1a.1 from [4], p.189) Let B(z) and C(z) be complex-valued func-
tions defined in D with

|Im C(z)| <ReB(z) (zeD).
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If p(2) is analytic in D with p(0) =1, and if
Re[B(z)zp/(z) + C(z)p(z)] >0 (zeD),
then
Rep(z) >0 (zeD).
Theorem 1.2 (Theorem 5 from [5]; Theorem 3.1c from [4], p.73) Let By = 1.21872... be

the solution of B + arctg f —3mw/2=0,and let o = a(B) =B + % arctg B for0< B < Bo. If p
is analytic in D, with p(0) = 1, then

|arg[zp/(2) + p(2)]| < % (zeD)
implies
’argp(z)‘ < ﬁTﬂ (ze D).

These two results are closely related since for B(z) = C(z), bearing in mind that for w =
x+iyand x>0,

p
|Imw| <Rew < ’Z‘fl & glrge)| <1 < |arga)|§Z,
x

Theorem 1.1 reduces to the following.

Theorem 1.3 (Corollary 4.1a.1 from [4], p.189) Let B(z) be a complex-valued function
defined in D with

|arg[B(z)]| < (zeD).

T
4
Ifp(2) is analytic in D with p(0) =1, and if
Re{B(z)[zp’(z) +p(z)]} >0 (zeD),
then
Rep(z) >0 (zeD).

Both of these results (Theorem 1.2 and Theorem 1.3) will be extended in this paper.
Namely, we will extend the result of Theorem 1.2 for values of 8 bigger than By, and we
will obtain a result complementary to Theorem 1.3 (with more flexible conditions). At
the end these new results will be applied for obtaining several sufficient conditions for
starlikeness over the expression

SR)f"(2)
f/2 ( Z) :
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This expression was introduced in [6], and after that it has attracted significant attention
(some of those results can be found in [7-11]).

For proving the main result, we will use the following lemma due to Nunokawa which
is an extension of the well-known Jack lemma [12].

Lemma 1.4 ([13,14]) Let p(z) be a function analytic in z € D with p(0) = 1 and p(z) # 0 for
all z € D. If there exists a point zo € D such that

jarg[p@]| < £ for |zl < 20|
and

|arg[p(z0)]| = %

for some ¢ > 0, then we have

zop'(z0) .
=ily,
p(20)
where
1 1 QT

I> 3 (a + ;) >1 when arg[p(z)] = EX (L1)

and
1 1 QT

i< -5 (a + ;) <-1 when arg|p(z)] = 5 (1.2)

where

[P(Zo)]w =+ai anda>0.

2 Main results and consequences

As we will see later, using Lemma 1.4 we obtain the following result which, we will see
later, for some choice of parameters extends the results of Miller and Mocanu given in
Theorem 1.2 and Theorem 1.3.

Theorem 2.1 Let B € (0,2] and By = 1.21872... be the solution of the equation Bm +
arctg 8 — 3w /2 = 0. Also, let a € (0,2] be such that
(i) |8+ 2arctgB—a —1| <1 when B < Bo;
(ii) |B+a—2] <1when B > Bo.
If B(z) is such that
’argB(z)’ < @ %('B —a)rarcigh, p=po =g, (2.1)
n=50B-B-a), B = Bo

and if p(z) is an analytic function in D with p(0) =1 and p(z) # 0 for all z € D, then

larg{B(2)[20/(2) + p(2)]}] < ? (zeD) 2.2)
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implies
|arg p(z2)| < ,377r (z e D).

Proof In the beginning, let us note a few things that we will use later in the proof. First, the
function g(B) = Br + arctg 8 — 37” is an increasing one on the interval (0, 2], which easily
leads to a conclusion that

@ = min{py, g2},

where ¢, ¢ and @, are defined in (2.1). Second, conditions (i) and (ii) are equivalent to
0<¢g1<m whenpg <8

and
0<@s<m whenp > B,

respectively.
Now, let us assume that there exists a point zy € D such that

|arg[p(z)]| < '37” for |z| < |zo|
and

|arg[p(z0)]| = R

Then, according to Lemma 1.4,
[p(zo)]l/ﬁ =zai, a>0

and

zop'(z0)
p(z0)

=ilB,
where (1.1) and (1.2) hold. Therefore,

I = arg{B(z0)[ 200/ (20) + p(20)]} = arg{B(zo) -p(zo0) - |:ZOP/(ZO_) + 1]}
p(z0)

= arg B(zo) + '377{ +arg(ilB +1).

Now, let us consider the case when p(zy) = ia, a > 0 and [ > 1. For the value of I, condition
(2.1) implies

1> —!argB(zO)| + %T + arctg 8

Br or
> —|argB(zo)‘ + 3 +arctg 8 — -5 = —!argB(zo)’ +¢1>0,

1
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and
T 7 3m am
1< areBte)| + B+ < ane e + B = 5+ 5 2
—

¢2

< |argB(zo)’ — o +2m <2m.

Therefore, I € (0,27) and

7] = 1, 1€(0,m]
N2z -1, Ie@,27)
Z!—|arg3(zo)|+’37”+arctgﬁ, 1€(0,7] }

27 — [|arg B(zo)| + 57” +3], Ie(m,2m)

‘37”+arctg,3, 1€ (0,7] }

:_|aIgB(ZO)| + iSn B
o5 T o 16(7'[,2”)

- ‘ ( )| am _ an
—|argB to+—>—.
- gRRIITOT =

This is a contradiction to condition (2.2).

In a similar way we come to a contradiction in the remaining case, p(z¢) = —ia, a > 0 and
I<-1.

Thus, the initial assumption is not correct, i.e., | arg p(z)| < ’37” for all z e D. O

Remark 2.2 Theorem 2.1 makes sense, i.e., conditions (2.1) and (2.2) can be true at the

same time since p(0) = 1 implies that

arg{B(2)[20'(2) + p(2)]}|_, = arg[B(0)]
canbein (—¢, ¢) and in (—a7 /2, a7 /2) at the same time for certain functions B(z) and p(z).
For B =1 in Theorem 2.1 we obtain the following.

Corollary 2.3 Let « € (0, %] and let B(z) be such that

If p(2) is an analytic function in D with p(0) = 1 and p(z) # 0 for all z € D, then
|arg{B(2)[2p'(2) + p(2)]} | < ? (zeD)

implies
Rep(z) >0 (zeD).

For « =1 in Corollary 2.3, we obtain the following.
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Corollary 2.4 Let B(z) be such that
jargB@)| < (z€D).

If p(2) is an analytic function in D with p(0) =1 and p(z) # 0 for all z € D, then
Re{B(z)[zp/(z) +p(z)]} >0 (zeD)

implies
Rep(z) >0 (zeD).

Remark 2.5
(i) In comparison with Theorem 1.2, Corollary 2.3 requires an additional condition
(p(2) # 0 for all z € D). On the other hand, the remaining conditions are more
flexible than the conditions of Theorem 1.2. Namely, Theorem 1.2 requires

|larg B(z)| < % and |arg{B(2)[z0'(2) + p(2)]}| < %,

while Corollary 2.3 requires

|arg B(z)| < %T - ? and |arg{B(z)[zp'(2) + p(2)]}| < ?.

Note that the sum of the bounds on the right-hand side in both cases is 37 /4.
(i) Corollary 2.4 is slightly weaker than Theorem 1.2 because of the extra condition
requiring p(z) # 0 for all z € D.

Taking B(z) =1 in Theorem 2.1, we obtain the following result.

Corollary 2.6 Let B € (0,2] and By = 1.21872... be the solution of the equation S +
arctg 8 — 3w /2 = 0. Also, let

_|B+Farctgh, B <P,

e=elb)=l3_p B> fo.

(2.3)

If p(2) is an analytic function in D with p(0) =1 and p(z) # 0 for all z € D, then

|arg{B(2)[2'(2) + p(2)]}| < ? (zeD)

implies
|argp(z)| < '37” (zeD).

Proof The conclusion follows directly from Theorem 2.1 since « defined by (2.3) satisfies
its conditions (i) and (ii). O

Remark 2.7 In the case when B8 < By, Corollary 2.6 is the same as Theorem 1.2, i.e,, it
extends Theorem 1.2 to the values of 8 in the interval [y, 2].
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3 Sufficient conditions for starlikeness
Theorem 2.1 in the case when p(z) = Z&% (= 2p'(2) + p(z) = 1 - f(2)f"(2)/f*(2)) and B(z) =
€72 brings the following sufficient condition for starlikeness.

Corollary 3.1 Let 8 € (0,2] and By = 1.21872... be the solution of the equation B +
arctg(B) — 37” = 0. Also, let a € (0,2] be such that

(i) |B+ 2arctgB—a —1| <1 when B < Bo;

(i) |B+a—2|<1whenpB > Bo.
If0 € [-2,2] is such that

o) < |Prarzacteh, p<po )
3—,8—0{, ,3 Zﬁo,
and if f € Ais such that Zf(% #0 for all z € D, then
arg{e””/zo [1—%“‘ < % (zeD) (3.2)

implies that the function f(2) is strongly starlike of order .

Proof It is easy to check that (3.1) implies inequality (2.1) and the rest follows from Theo-
rem 2.1. (]

Now we will apply part (i) from the previous corollary on a specific function from the
class A and get that it is strongly starlike of certain order. It is much more difficult to obtain

this conclusion directly.

Example
(i) Leta €(0,1) and let B, be the unique real root of the equation

'37” + arctg 8 = arcsina (3.3)

on the interval (0,1]. Then the function f(z) = z(1 + $z*)7/* is strongly starlike of
order B,.

(i) If we choose a =1 in the previous example, we obtain that the function
f(z) =z(1+ 32*)7V2 is strongly starlike of order 8 = 0.6383....

(iii) Example (i) can be rewritten in the following form: if 8 € (0, 8] and
a= sin(’%’r + arctg ), then the function f(z) = z(1 + 2%)7"/ is strongly starlike of
order B.

(iv) Choosing B =1/2 in the previous example, we obtain 2 = 0.94868... and

f@) =21+ 42> e S*(1/2).

Proof (i) First, let us note that %” + arctg B is an increasing function on the interval [0, 1]
with minimal and maximal value, 0 and 3{, respectively. Therefore, equation (3.3) has,

indeed, a unique real solution on the interval (0,1].
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Further, it can be easily verified that £(0) = 0 and that f'(z) = 3+/3(3 + az?)~*2, f'(0) = 1,

ie., f(z) € A. Also, Z?Efi) = @ #0 forall ze D and

QD

0 +az",
ie.,
ilel]g arg|:1 —%]’ = arcsina = %.

Therefore, choosing in Corollary 3.1(): 8 = B, ¢ = B + % arctg 8 and 6 = 0, we realize that
all its conditions are satisfied. So, f(z) € g*(ﬂ).

This is more difficult to obtain from the definition of strong starlikeness of order 8 since

f'z) _ 2
fz) T 1+az2/3" .

Remark 3.2 For the function F(z) = L if,){ (/;()Z) , condition (3.2) is equivalent to the condition:

F(D) lies in the sector {w : |argw| < %} rotated by angle (2 — 6)7/2 and translated by 1.

Proof Condition (3.2) is equivalent to
e [1-FD)] {w eC:|argw| < %},
ie,to
-2 (D) C -7 4+ {a) eC:largw| < %},
FD)C1-e 2. {a)EC: largw| < %}
and
F(D)§1+ei(2_6)”/2-{w:|arga)|<ﬂ}. O

2

If we choose 8 =1, « =3/2 and 0 = 0 in Corollary 3.1, we have the following.

Corollary 3.3 Letf € Aand

Z

ﬁ% #0 forallze D.If

20 <— (zeD),

4

w1 L] 3

3
F(D)gl—{w:largwk%],

where F(z) = L ﬁf/){ (,;()Z) , then f(z) is a starlike function.
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Remark 3.4 Corollary 2.3(i) from [6] says that starlikeness of f(z) € A follows from
F(D)C{x+iy:x <15} U{x+iy:y*>-3+2x} =%.

The boundary of the region X is the curve y = £4/-3 + 2x which for x = 2 has two tangents
y = £(x—1) that, for x > 1, are boundary of the region Q = {w : | arg w| < 37/4}. This implies
that Q@ C %, i.e, that the result from Corollary 3.3 follows from Corollary 2.3(i) [6].
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