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Abstract
[t is shown that the following system of difference equations

Z
Znt1 = b

3Q

where a,b,¢c,d € Z, z_1,29, w_1, Wy € C, is solvable in closed form.
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1 Introduction

Recently there has been a great interest in studying nonlinear difference equations and
systems not stemming from differential ones (see, e.g., [1-30]). The old area of solving
difference equations and systems has re-attracted recent attention (see, e.g., [1-6, 12, 15,
19-26, 28-30]). Recent Stevic’s idea of transforming complicated equations and systems
into simpler solvable ones, used for the first time in explaining the solvability of the equa-
tion appearing in [6] (an extension of the original result can be found in [20], see also [22]),
was employed in several other papers (see, e.g., [1, 2, 4, 12, 15, 19, 21, 24-26, 29, 30] and
the related references therein). Another area of some recent interest, essentially initiated
by Papaschinopoulos and Schinas, is studying symmetric and close to symmetric systems
of difference equations (see, e.g,, [5, 8-10, 13, 14, 19, 21, 23, 25, 27-29]).

Stevic¢ also essentially triggered a systematic study of non-rational concrete difference
equations and systems, from one side those obtained by using the translation operator
(see, e.g., [16] and also [11]) and from the other side those obtained by using max-type
operators (see, e.g., [17, 18, 27]), see also the related references cited therein. We would
like to point out that for the equations and systems in [16—18, 27] only long-term behavior
of their positive solutions are studied. For instance, the boundedness of positive solutions
to the system

b ot
Kl =max{a,qi}, Y+l =max{a,q—"], n € Ny, (1)
n-1 Yn-1

© 2015 Stevi¢ et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13660-015-0835-9
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-015-0835-9&domain=pdf
mailto:sstevic@ptt.rs

Stevic et al. Journal of Inequalities and Applications (2015) 2015:327 Page 2 of 15

with min{a, p, q} > 0, was investigated in [27]. System (1) is obviously obtained from the
next product-type one

n n
Xn+l = q yn+1 = q ne NO: (2)
Xp-1 Yn-1

by acting with the max-type operator m1,(t) = max{a, t} onto the right-hand sides of both
equations in (2) (see also [17] and [18] for related scalar equations). Note that for the case
of positive initial values, system (2) can be solved by taking the logarithm to the both sides
of both equations therein, since this transforms the system to a linear second order system
of difference equations with constant coefficients, which is solvable. Note that the method
does not work if initial values are not positive. Let us also mention here that positive so-
lutions to difference equations and systems are often studied since many real-life models
produce such solutions (see, e.g., [7, 15, 31]). It is also interesting to note that there are
max-type systems of difference equations which are solvable (see [23]). Finally, we want
to note that the long-term behavior of solutions to product-type systems and those ob-
tained from them by acting with some ‘reasonable good’ transformations are frequently
closely related, which is another reason for studying these systems.

Hence, a natural problem is to investigate the solvability of product-type difference
equations and systems with real and/or complex initial values. In [26], Stevi¢ and his col-
laborators started studying the problem with an approach different from the ones in [5,
21, 24, 25], but which can be regarded as a modification of some of the methods in [16-18,
27]. They showed therein that the system

C

z
Zpl = b_n, Wyl = #: ne NO: (3)
Zy-1 n-1

where a,b,c,d € 7Z and z_1,zy,w_1,wy € C, is solvable in closed form and presented nu-
merous applications of obtained formulas.

In this paper we continue our investigation by studying the solvability of the following
system of difference equations:

C
n

d )
n-1

z
Wyl =

b ’ n+

n-1 z

RS
S

ne No, (4)

Zpl =
w
where a, b,c,d € Z and z_1,zg, w_1, Wy € C.
Let us mention here that although systems (3) and (4) are similar in appearance, the
methods used in dealing with them are quite different.

It is easy to see that the domain of undefinable solutions [24] to system (4) is the set
U ={(z-1,20,w-1,wo) € C*:z_1 =00rzg =0 or w_; =0 or wy = 0}.
Hence, from now on we will assume that our initial values belong to the set C* \ /.
A solution (z,,, w,,) =1 of system (4) is called periodic (or eventually periodic) with period

p € Nif there is ny > -1 such that

(Zn+p: Wn+p) = (zm Wn) for n > ny.
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Period p is prime if there is no p € N, p < p which is a period of the solution. For p = 1, the
solution is called eventually constant (see, e.g., [32]). For some results on the topic, see,
e.g., [7, 15] and the related references therein. If it is said that a solution of system (4) is
periodic with period p, it will need not mean that it is prime.

A system of difference equations of the form

Zn :f(zn—l, v s Zncks Wiy - o s Whk)

Wy :g(zn—b-‘-;Zn—krwn—ly-nrwn—k): ne NOr

where k € N, is said to be solvable in closed form if its general solution can be found in

terms of initial values z_;, w_;, i = 1,k, delay k and index # only.

2 Main result
The main result in this paper is proved in this section.

Theorem 1 Assume thata,b,c,d € Z and z_1,zy, w_1,wy € C\ {0}. Then system (4) is solv-
able in closed form.

Proof Case b = 0. In this case system (4) becomes

a w
Znil = 2 Wyl = Zd , NnE€ I\IO' (5)

n-1

RN

From the first equation in (5) we easily obtain
Zy =z(‘§n, n € Ny. (6)

Employing (6) into the second equation in (5), we get

for n > 2.

Hence, by using (7), we have that

2

C ¢ C
W = 1 =) _ W2
" gda"2 \ jdan=3 ZAa" 2 rdcan=3
0 0 0

3

C 4 C
_ 1 Wn—S _ Wn—3
Zdu”*2+dcu”*3 Zda”*‘* Zda”*2+dca”*3+dc2a”*4
0 0 0

for n > 4.
Assume that we have proved
k
C
Wk
Zda”*Z+dca”*3+d62a"*4+--»+dck*1a”*k*1
0

(8)

wy =

forn>k+1.
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Then, by using (7) with n — n — k into (8), we get

ok

C
W, = 1 Whk-1
" Zda”*2+dca”*3+d62a”*4+--»+dck*1a”*k*1 Zda”*k*2
0 0

ck+l

Wik (9)

- Zda”‘2 +dca3+dc2 a4+ +dck-1an=k-1 4 dck gn—k-2
0

forn>k+2.
From (7), (9) and the method of induction we see that (8) holds for every k such that
1<k<n-1.

By taking k = n — 1 into (8) we get

n-1
wi
Wn = Zga”‘2+dm”‘3+dcza”‘4+~~~+dc”‘2 (10)
for n > 2.
Now we have two subcases to consider.
Subcase a # c. In this case from (10) we get
l/Vcn—l
wy, = W, n Z 2. (11)
Zo a—c
Using the next relation
WC
wi= (12)
Za
in (11) we get
e
Wy = ——— 0 , nelN (13)
dﬂ = e
zg 2% '
Subcase a = c. In this case from (10) we get
an—l
_ 1
Wn = d(n-1)a"-2 (14)
20
for m > 2.
Using (12) with a = c into (14), we get
M/(a)}’l
=, N. 15
e Zg(n—l)a”‘zzf?n—l ne (15)
Case d = 0. In this case system (4) becomes
2 ¢
Zns1 = — Wy =W, neNg. (16)
Wn—l
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From the second equation in (16) we have that
w,=wS, neN.

Employing (17) into the first equation in (16), we get

_ Za
Zn = peh—2
Wy
form > 2.

Hence, by using (18), we have
2

a a
7. = 1 () _ Zn-2
" Wbc”’z Wbc”’3 Wgc"”z +bach=3

0 0

3

1 Zhs ) 23
- Wbc”*z +bach=3 Wbc"*‘* - Wbc”*z +bac"=3 +bacn—*
0 0 0

for n > 4.

Assume that we have proved

ak

7 = 20k
n b2 +bac"=3 +ba® "4 ...+ bak-1cn—k-1
W

forn>k+1.

Then, by using (18) with n — n — k into (19), we get

a
L 1 %
n- bc"=2 +bach=3 +ba? "4 ...+ bak-1cn—k-1 beh—k=2
W Wo

k+1
a
z
— n—k-1
Wbc”*z +bac"3+ba? =4 +...+bak-1cn—k=1 pak n—k-2
0

fornm >k +2.
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17)

(18)

(19)

(20)

From (18), (20) and the method of induction we see that (19) holds for every k such that

1<k<n-1.
By taking k = n — 1 into (19) we get
n-1
a1

- Wbc”‘z+hac”‘3+ba26"‘4+---+bca”‘3 +bat=2
0

Zn

form > 2.
Now we have two subcases to consider.

Subcase a # c. In this case from (21) we get
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Using the next relation

%
zZ1 = b
w2
in (22) we get
Za}‘l
0
Zn g X neN.
a—c ba"—
Wo w1

Subcase a = c. In this case from (21) we get
B Z?n—l

Zn = b(n-1)a"~2
Wo

for m > 2.
Using (23) into (25) we get

ﬂl’l
Z

b(n-1)a"2  pgn-1’
Wy w1

Zy = neN,

Page 6 of 15

(23)

(24)

(26)

Case bd # 0. First note that from the first equation in (4), for every well-defined solution,

we have that

b z,
n

W, = , ne No,
Zn+1

while from the second one it follows that

bc

b _ n
ntl = _pd ?
Zn—l

w neNp.

Using (27) into (28) we obtain

ZH ZﬂC

2 1

n+ — - VHb , ne NO:
Zn+3 Zp42%n-1

which can be written as

+c —ac,bd
Znv3 = 2,052,120 M€ No,

which is a fourth order product-type difference equation.
Note also that

2
a a
0 2 20
z=— and Zn=—F=——.
w, wg  wgw®
Let
ar=a+c, b = —ac, =0, dy =bd.

(27)

(28)

(30)

(31
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Then equation (29) can be written as

_ 4 b o4
Zn+3 = Zyi2Zp1%, Zn-py M E No.

From (32) with n — n — 1 we get
a b1 A1
Zni2 = 212, 2 12000, M EN.

Employing (33) into (32) we get

_ (A b 41\ b1 _c, d1
Zne3 = (Zn+lzn Zn—lzn—Z) ZVH—IZn Zn—l

ara1+by _ayby+c1 arc1+dy _ardy
~ “n+l Zﬁ Zn—l ()

= Zﬁ%dzf? 222—1432
for n € N, where
ay =aa; + bl, b2 = ﬂlbl + ¢y,
From (32) with n — n — 2 we get
Znsl = Zzlzﬁl—lz;l—zzil—a%

for n > 2.
Employing (36) into (34) we get

a1 )@ by, 2 do

_ al b _ca
Zn+3 = (zn Zn—lzn—Zzn—B Zn Zn—lzn—Z

_ ajap+by braz+cy crax+dy dyas
_ZZ 2y Zn—2 Zy_3

b3 ¢ d:
_ a3, b3 _c3 3
- ZZ 2y 121-2%n-3

for n > 2, where

as = dydy + bz, bg = blﬂz + Cy,

Cy :=dac; + dl,

C3:=(Cdy + dz,

Assume that for some 2 < k < n, we have proved that

_ Lk b Ck dy
Zn+3 = 213 jZye2-kZnsl-kFn—k

for n > k —1, and that

ax = mag_1 + br, by = biay_1 + ¢y,

Ck = C1ak-1 + di-1, di = dhag_.

Then, by using the relation

_ 4 b1 a
Zn+3-k = 240 kZne1-kZn-k“n-1-k’

d2 = ﬂldl.

dg = dlﬂz.

Page 7 of 15

(33)

(34)

35)

(37)

(39)

(40)
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for n > k, into (39) we obtain
_ (A by a di ay by ck di
Zn+3 = (Zn+2—kzn+1—kzn—kzn—1—k) 212 kPni1-kZn—k

_ alak+bk bl“k+ck Cl“k+dk dl“k
=20k Znel-k Zn-k n-1-k

_ Pk+1 b1 k1 ka1
= 240 kZnil—kn—k Zn-1-k (4'1)

for n > k, where

ksl = a1ax + by, b = bag + ¢,
(42)
ka1 i= Crak + di dis1 = drag.

This along with (34), (35) and the method of induction shows that (39) and (40) hold for
every2<k<m+1.
Hence, for k = n + 1, we have

a b, ¢ d
Zpe3 = Z2n+l Zl n+l ZOYI+1 Z_r11+1

2

apn+l a b1
_ Zg ZO Cnl Ansl
=\ b b b %o %
WoW-1 W

2
_ atapy+aby+cn1  dni1 | —bap1 | —abay 1 —bby
- ZO n+ n+ n+ Z_?+ W() n+ W_l n+ n+ s ne NO' (43)

From the recurrent relations (40) we easily obtain that the sequence (ay)i>5 satisfies the
difference equation

ax = aai_1 + biax_y + crai_3 + drag_q. (44)

Since by_; = ay — aiax_1 and equation (44) is linear, we have that the sequence (by)ken is
also a solution to equation (44). From this, the linearity of equation (44) and since ¢x_; =
by — bia-1, we have that the sequence (ci)xen is also a solution to equation (44). Finally,
since di = dyai_1, the linearity of equation (44) shows that (dx)ken is also a solution to the
equation.

Now, we show that these four sequences can be prolonged for some negative indices of
use. This enables easier getting formulas for solutions to system (4).

From (42) with k = 0 we get

a) = ad1ag + l’)(), bl = bltlo + Co, 1 =Cap+ do, dl = dldo. (45)

Since bd = d; # 0, from the last equation in (45) we get ao = 1. Using this fact in the first
three equalities in (45), we get by = ¢o = dy = 0.
From this and by (42) with k = —1 we get

1= ag=ayja_1 + b_l, 0= l’)o = blﬂ_l +C1,
(46)
0= Co=Cad_1 + d_l, 0= d() = dlﬂ_l.

Since d; # 0, from the last equation in (46) we get a_; = 0. Using this fact in other three
equalities in (46), wegetb_; =1,c.1=d_1 =0.
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From this and by (42) with k = -2 we get

0= a1 =adid_y + b_z, 1= h_l = bld_g + C_p,
(47)
0= c_1=Cda_y+ d_z, 0= d_l = dlﬂ_z.

Since d; # 0, from the last equation in (47) we get a_, = 0. Using this fact in other three
equalities in (47), we get b_, =0,c, =1and d_, =0.
From this and by (42) with k = -3 we get

0= a_p)=dia_3 + b_g, 0= b_z = blﬂ_g +C_3,
(48)
1= C_p=Cd_3+ d_g, 0= d_2 = dlﬂ_g.

Since d; # 0, from the last equation in (48) we get a_3 = 0. Using this fact in other three
equalities in (48), we get b_3=0,c3=0and d_3 =1.
Hence, sequences (ai)i>-3, (Dx)k>—3, (ck)k=-3 and (di)x=—3 are solutions to linear differ-

ence equation (44) satisfying the following initial conditions:

a_3 = 0, a_py = 0, a1 = 0, ag = 1;

b_3=0, b,=0, by=1, by = 0;
(49)
c3=0, cy=1, c1=0, co=0;

ds=1, d,=0, d,=0, do =0,

respectively.

Since difference equation (44) is solvable, it follows that closed form formulas for
(@)k>—-3, (br)k>-3, (ck)k>-3 and (di)r=-3 can be found. From this fact and (43) we see that
equation (29) is solvable too.

From the second equation in (4), for every well-defined solution, we have that

C
n

w
2= , neN, (50)
Whil

while from the first one it follows that

z
Zzﬂ: d I’IGN(). (51)
Wy

Using (50) into (51) we obtain

C ac
Wn+2 _ Wn+1
bd ’

Wi+3 WZ+2W;4—1

VlENo,

which can be written as

a+c . —ac. bd
W3 = W, oW, w,2,  neNp, (52)
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which is nothing but difference equation (29). However, the sequence (w,),>_1 satisfies

the following initial conditions:

2

C C C’
w w
wi=— and wy=—2=—-0_ (53)
d d d_cd
z3 Zy 202

Hence, the above presented procedure can be repeated, and it can be obtained that for
1<k<n+l,

% bic 73 i
Wn3 =Wy i3 iWhon xWiikWnko 1€ No, (54)

where (ax)ken, (bi)kens (cr)ken and (di)ken satisfy recurrent relations (40) with initial con-
ditions (31).
From (54) with k = n + 1 and by using (53) we get

b, d
Wyes = Wﬁzln+1 Wlml W8n+1 W—T‘l

2

C An+l ¢\ buil
_ WO WO Cnrl, Ansl
= — w, w_1
Zdzcd Zd 0
0<-1 -1

2
c*ayy1+chypn+c d, —da
- WO n+l n+1tCn+l W_;ixﬂzo n+l

gt dbu -y e N, (55)

Also the sequences (ax)ken, (Di)ken, (ci)ken and (di)ken satisfy the difference equation
(44) with initial conditions in (49), respectively.

As above the solvability of equation (44) shows that closed form formulas for (ax)i>_3,
(bk)k>—3, (ck)k>—3 and (di)k>—3 can be found. This fact along with (55) implies that equa-
tion (52) is solvable too. A direct calculation shows that the sequences (z,),>-1 in (43) and
(Wy)u=-11in (55) are solutions to system (4) with initial values z_;, zo, that is, w_;, w, respec-
tively. Hence, system (4) is also solvable in this case, finishing the proof of the theorem.
O

Remark 1 Note that difference equation (44) is not only theoretically but also practically
solvable since the characteristic polynomial

paA) = At —a A3 —bAr - —dy (56)

associated to the difference equation is of fourth order, which means that we can explicitly

find its roots.

Remark2 Since we are interested in those initial values z_;, zo, w_1, wo € C which uniquely
define solutions to system (4), to avoid multi-valued solutions to the system, we posed the

condition a,b,c,d € Z.
From the proof of Theorem 1 we obtain the following corollary.

Corollary 1 Consider system (4) with a,b,c,d € 7. Assume that z_1,zy, w_1,wo € C \ {0}.
Then the following statements are true.
(@) If b=0and a # c, then the general solution to system (4) is given by (6) and (13).
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(b) Ifb=0 and a = c, then the general solution to system (4) is given by (6) and (15).
(¢) Ifd =0 and a # c, then the general solution to system (4) is given by (17) and (24).
(d) Ifd =0 and a = c, then the general solution to system (4) is given by (17) and (26).
(e) Ifbd # 0, then the general solution to system (4) is given by (43) and (55).

Let A;, i = 1,4, be the roots of the characteristic polynomial (56) of difference equation
(44). If they satisfy the condition

ri#A; forij,
then it is known that a general solution to equation (44) has the following form:
Uy = oA + Al + azhy +oury, neN, (57)

where «;, i = 1,4, are arbitrary constants. Since for the case d; # 0 the solution can be
prolonged for nonpositive indices, then we may assume that formula (57) holds also for
n> -3 (or n > —4 if necessary).

In order to find, in this case, a general solution to system (4) in closed form, we will need
the following known lemma. We give a proof of it for the completeness and benefit of the
reader.

Lemma 1 Assume that ), j = 1,k, are pairwise different zeros of the polynomial

k-1 +

P(2) = a2 + ap 1z cee 12 + 0.

Then

Y
A
-0
j=1

P(n)

forl=0,k-2,and

k )\‘1]'(—1 1
= P'(}) oy

]

Proof The functions

Zl

ﬁ(Z)Z I%, IEN)

are meromorphic on the Riemann sphere. Hence, by the residue theorem, we have that

k
Z Resz=)\].ﬁ(z) +Res,-0 fi(2) =0 (58)

j=1

for every /e N.
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Now note that the Laurent expansion of f; at zero is

I -k 1

[o¢]

z z

fi(z) = - R
[T -%)  alln0-2/z) ;

for some complex numbers b_g, s € N.
On the other hand, since ;, j = 1, are simple poles of f;, we have that

AL
Res,.;, fi(2) = P,(i'), j=Lk.
]

From this and since Res,_ fi(z) is equal to the negative value of the coefficient at 1/z in
the Laurent expansion, it follows that Res,_ fi(z) = 0 when [ = 0,k — 2 and Res o fx-1(2) =
—1/a. Using these facts in (58) the lemma follows. O

If we apply Lemma 1 to polynomial p, in (56), and since p4(t) = ]_[?zl(t — 1) (note that

oy = 1), we have

Al
/ ! =0
A0

4
i1
for[=0,2, and

4 )\'3
J

Y =1

1 P4 ()

From this, since from (49) we have a_3 = a_5 =a_; = 0 and 4 =1, and a general solution
of (4) has the form in (57), we obtain

4 )JH?;
j

a, = -

ZI: P4()“1')

=

)\VH—B )\VH—B
(A= A2)(A1 —Az) (A1 —Aa) (Ao — A)(Ap — A3) (Ao — Ag)
)\n+3 AVHS
. ; . i (59)
(A3 =A)A3 —A2)(Az —Aa)  (Aa—A1)(Aa — A2)(Aa — A3)
for n > -3.
On the other hand, from (40) we get

bn =dpy1 — D14y, (60)
Cn = bn+1 - bld,,, (61)
dy =dia,, (62)

for n > -3.
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By using (59) into (60) we get

4
Ai— a;
b, = / pVass (63)
/2:1: piy) 7

for m > -3.
By using (59) and (63) into (61) we get

4
()\j_ﬂl))\j_bl 3
Cn = Z A }\;H (64)
j=1 4\
for n > -3.

By using (59) into (62) we get

> d
1 n+2
dn=Y" - 4))&}. (65)
j=1

for n > -3, where we have used the fact that (59) also holds for n = -4 (in fact, we may
assume that equality (59) holds for every n > —s, for any fixed s € N, since due to the
assumption d; # 0, any solution of equation (44) can be prolonged for any nonpositive
value of index #n).

By using (59), (63), (64) and (65) into (43) and (55), we get formulas for general solutions
to system (4) in closed form.

Formulas obtained in this section can be used in describing the long-term behavior of
solutions to system (4) in many cases. We will formulate and prove here only one result,
just as an example. The formulations and proofs of other results, which are similar and

whose proofs use standard techniques, we leave to the reader as some exercises.

Theorem 2 Assume that b =c =0 and a,d € Z. Then the following statements hold:

(a) Ifa =1, then every solution to system (4) is eventually constant.

(b) Ifa=0,thenz,=w,=1,n>3.

(¢) If a = -1, then every solution to system (4) is two-periodic.

(d) Ifa>1and |zo| <1, then z, — 0 as n — oo.

(e) Ifa>1and |zy| > 1, then |z,| — 00 as n — oo.
(f) Ifa>1and|Z8| <1, then |w,| — 00 as n — oo.
(g) [fa>1cmd|zg|>1 then w,, — 0 as n — 0.

(h) Ifa<-1and|zo| <1, then zo,, — 0 as n — 0o and |z341| — 00 as n — oo.
() Ifa<-1and |zo| > 1, then zoy1 — 0 as n — 0o and |zy,| — 00 as n — oo.
() Ifa< lomd|zd| > 1, then wy, — 0 as n — 00 and |Wo,,1| — 00 as n — oo.
(k) Ifa< 1and|zd| <1, then wy,,1 — 0 as n — oo and |wy,| — 00 as n — oo.

Proof (a) If we replace a =1 and ¢ = 0 in (6) and (7), we obtain z, = zyp and w,,,5 = l/zg,
n € Ny, from which the statement follows.

(b) By replacing @ =0 and ¢ =0 in (6) and (7), we get z, =1, ne Nand w, =1, n > 3,
from which the statement follows.

(c) By replacing a = -1 and ¢ = 0 in (6) and (7), we get 23, = 20, Zons1 = —, Woy, = 1/zd and
Wopsl = z‘oi, n € N, from which the statement follows.
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(d)-(k) From (6) and (7) with ¢ = 0 we get

" 1
anzg ’ wy = W, n22. (66)
z*
Using the formulas in (66) all these statements easily follow. g
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