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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||, C be a
nonempty, closed, and convex subset of H, and P¢ be the metric projection of H onto C.
Let T : C — C be a self-mapping on C. We denote by Fix(T) the set of fixed points of T
and by R the set of all real numbers. A mapping A : H — H is called y -strongly positive

on H if there exists a constant y > 0 such that

(Ax,x) > 7 |x||>, VxeH.
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A mapping F : C — H is called L-Lipschitz-continuous if there exists a constant L > 0
such that

|Fx—Fyll < Lllx—yll, VYx,y€C.

In particular, if L = 1 then F is called a nonexpansive mapping; if L € [0,1) then F is called
a contraction. A mapping T : C — C is called k-strictly pseudocontractive (or a k-strict
pseudocontraction) if there exists a constant k € [0,1) such that

2

I Tx - Tyl < llx=yI* + k| - T)x - (I - T)y|", Vx,yeC.

In particular, if k = 0, then T is a nonexpansive mapping. The mapping T is pseudocon-

tractive if and only if
(Tx - Ty,x—9) < |x-yl*>, VxyeC.

T is strongly pseudocontractive if and only if there exists a constant A € (0,1) such that
(Tx — Ty, x—y) < Alx—ylI>, Va,yeC.

Note that the class of strictly pseudocontractive mappings includes the class of nonex-
pansive mappings as a subclass. That is, T is nonexpansive if and only if T is O-strictly
pseudocontractive. The mapping 7 is also said to be pseudocontractive if k =1 and 7T is
said to be strongly pseudocontractive if there exists a positive constant A € (0,1) such that
T + (1 - A)I is pseudocontractive. Clearly, the class of strictly pseudocontractive mappings
falls into the one between the classes of nonexpansive mappings and of pseudocontractive
mappings. Also it is clear that the class of strongly pseudocontractive mappings is inde-
pendent of the class of strictly pseudocontractive mappings (see [1]). The class of pseu-
docontractive mappings is one of the most important classes of mappings among non-
linear mappings. Recently, many authors have been devoting to the study of the problem
of finding fixed points of pseudocontractive mappings; see e.g., [2-9] and the references
therein.

Let A: C — H be a nonlinear mapping on C. The variational inequality problem (VIP)
associated with the set C and the mapping A is stated as follows: find x* € C such that

(Ax*,x—x*)>0, VxeC. (L1)

The solution set of VIP (1.1) is denoted by VI(C, A).

The VIP (1.1) was first discussed by Lions [10]. There are many applications of VIP (1.1)
in various fields; see, e.g., [4, 5, 7, 11]. It is well known that, if A is a strongly monotone and
Lipschitz-continuous mapping on C, then VIP (1.1) has a unique solution. In 1976, Kor-
pelevich [12] proposed an iterative algorithm for solving VIP (1.1) in Euclidean space R":

Yn = Pc(x, — T Ax,),

1.2)
KXntl = PC(xn - ":Ayn), Vn > 0;
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with 7 > 0 a given number, which is known as the extragradient method. The literature on
the VIP is vast and Korpelevich’s extragradient method has received great attention given
by many authors, who improved it in various ways; see, e.g., [5, 11, 13—29] and references
therein, to name but a few.

In 2011, Ceng et al. [30] also introduced the following iterative method:

%ne1 = Pclany Vaey + (I - oyuF)Tx,], Vn>0, (1.3)

where T : C — C is a nonexpansive mapping such that Fix(T) #9, F: C - H is a k-
Lipschitzian and n-strongly monotone operator with positive constants «,n >0, V: C —
H is an [-Lipschitzian mapping with constant / > 0 and 0 < u < i—;’ They proved that,
under mild conditions, the sequence {x,} generated by (1.3) converges strongly to a point
x € Fix(T) which is the unique solution to the VIP

((,uF -y V)x,p —5c) >0, VpeFix(T). (1.4)

Their results also improve Tian’s results [31] from the contractive mapping f to the Lips-
chitzian mapping V.
In 2011, Ceng et al. [32] introduced one general composite implicit scheme that gener-

ates a net {x;} in an implicit way

te(O,min{l,%})
Xt = (1 — QtA)Txt + Qt[Txt - t(MFTxt - )/f(xt))], (1.5)

and also proposed another general composite explicit scheme that generates a sequence

{x,} in an explicit way

Yn = =yt F) Txp + ny f (%), (L6)
Xne1 = U = BpA)Txy + Buyn, Y >0,

where xy € H is an arbitrary initial guess, F : H — H is a x-Lipschitzian and n-strongly
monotone operator with positive constants k,n >0, T : H — H is a nonexpansive map-
ping, A: H — H is a y -strongly positive bounded linear operator, and f : H — H is an a-
contractive mapping with « € (0,1). They proved that, under appropriate conditions, the
net {x;} and the sequence {x,} generated by (1.5) and (1.6), respectively, converge strongly
to the same point ¥ € Fix(T'), which is the unique solution to the VIP

(A-Dx,p-%>0, VpeFix(T). (1.7)

Their results supplement and develop the corresponding ones of Marino and Xu [33],
Yamada [34] and Tian [31].
Very recently, inspired by Ceng et al. [32], Jung [1] introduced one general composite

implicit scheme that generates a net {x;} in an implicit way

tE(O,min{l,Tz%fl )

xp = (I = 0,A) Toxy + Oty Vg + (I — tuF) Ty, ), (1.8)
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and also proposed another general composite explicit scheme that generates a sequence
{x,} in an explicit way,

Yn =0y Vxn + (I_an/'LF)Tnxm

(19)
i1 = (I = BrA) T + Buyn, Yn=>0,

where x( € H is an arbitrary initial guess and the following conditions are satisfied:
T :H — H is a k-strictly pseudocontractive mapping with Fix(T) # ;
A is a y-strongly positive bounded linear operator on H with y € (1,2);
F:H — H is a k-Lipschitzian and 5-strongly monotone operator with 0 < u < i—g;
V' :H — H is an [-Lipschitzian mapping with 0 < y/ < 7 and
T=1-y1-u@2n-uk?);
T, : H — H is a mapping defined by Tyx = Awx + (1 — 1) Tx, t € (0,1), for
0<k<A<A<landlims,gA;=A;
T,:H — H is a mapping defined by T,x = A,x + 1 — A,,))Tx for 0 <k <X, <A <1land
limy, 00 Ay = A;
(e} € [0,1] (B} € (0,1 and (8, (g iy 25, (O
The author of [1] proved that, under weaker control conditions than the previous ones,
the net {x;} and the sequence {x,} generated by (1.8) and (1.9), respectively, converge
strongly to the same point X € Fix(T), which is the unique solution to the VIP

(A-Dx,p-%)>0, VpeFix(T). (1.10)

His results extend and improve Ceng et al.’s corresponding ones [32] from the nonex-
pansive mapping T to the strictly pseudocontractive mapping T and from the contractive
mapping f to the Lipschitzian mapping V.

On the other hand, let ¢ : C — R be a real-valued function, A : C — H be a nonlinear
mapping and ® : C x C — R be a bifunction. In 2008, Peng and Yao [13] introduced the
generalized mixed equilibrium problem (GMEP) of finding x € C such that

Oy + o) —pk) + (Ax,y—x) >0, VyeC. (1.11)

We denote the set of solutions of GMEP (1.11) by GMEP(®, ¢, A). The GMEP (1.11) is very
general in the sense that it includes, as special cases, optimization problems, variational in-
equalities, minimax problems, Nash equilibrium problems in noncooperative games and
others. Recently, many authors have been devoting to the study of the GMEP (1.11) and
its special cases, e.g., generalized equilibrium problem (GEP), mixed equilibrium problem
(MEP),equilibrium problem (EP), etc.; see, e.g., [15, 18, 23-29, 31, 35-38] and the refer-
ences therein.

It was assumed in [13] that ® : C x C — R is a bifunction satisfying conditions (Al)-
(A4) and ¢ : C — R is a lower semicontinuous and convex function with restriction (B1)
or (B2), where

(A1) O(x,x)=0forallx e C;

(A2) © is monotone, i.e., O(x,y) + O(y,x) <0 for any x,y € C;

(A3) O is upper-hemicontinuous, i.e., for each x,y,z € C,

limsup O (tz + (1 - H)x,y) < O(x,);

t—0t
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(A4) O(x,-) is convex and lower semicontinuous for each x € C;
(B1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such
that for any z € C \ D,,

1
O(z,yx) + 9(yx) — 0(2) + ;(yx —-z,z-x) <0;

(B2) Cisabounded set.
Given a positive number r > 0. Let T,(@"ﬂ) : H — C be the solution set of the auxiliary

mixed equilibrium problem, that is, for each x € H,

T30 (x) := {ye C:00,2) +9(2) - () + %U—m—y) = 0,vz¢€ C}’

In particular, if ¢ = 0 then T,(@’“’) is rewritten as Tf) ‘H—C,ie.,
o 1
T (x):=4y€C:0(0,2)+-(y—x,2—y) >0,Vze Ct.
r

Let @;,®; : C x C — R be two bifunctions and Fy, F, : C — H be two mappings. Con-
sider the problem of finding (x*,*) € C x C such that
10)) *’ F. *’ ek 1% *’ e
1(x* x) + ly* x x*) + i (x* y* x x*) (1.12)
Py (v 9) + (Fox™,y = y*) + 5 (" — &%,y = %)

which is called a system of generalized equilibrium problems (SGEP) where v; > 0 and
vy > 0 are two constants. In 2010, Ceng and Yao [23] transformed the SGEP (1.12) into
the fixed point problem of the mapping G = Tﬁl I- vlFl)T;ZZ (I — vy F,), that is, Gx* = x*,
where y* = Tf;l (I — voFy)x*. Throughout this paper, the fixed point set of the mapping G
is denoted by &.

In particular, if @; = @, = 0, then problem (1.12) reduces to the system of variational
inequalities (SVI) of finding (x*,7*) € C x C such that

>0, VxeC, (113)
>0, VyeC, '

(VF1y* +x* —y*, 0 — x*)
(Vo Fox™ + y* —x™,y — )

where 1; > 0 and v, > 0 are two constants. Recently, many authors have addressed
the study of the SVI (1.13); see, e.g, [11, 14, 15, 17-20, 39-41] and the references
therein.

Let T: C — C be a k-strictly pseudocontractive mapping. In 2010, Ceng and Yao [23]
proposed and analyzed the following relaxed extragradient-like iterative scheme for find-
ing a common solution x* € £2 := Fix(T) N GMEP(®, ¢, A) N & of the GMEP (1.11), the
SGEP (1.12), and the fixed point problem of T

Zy = Ti(:"”)(l — A Ay,
Yn = T;z:l ([ — VIFI)T\(;ZZ (1 — V2F2)Zn, (114)
X4l = Aulh + BuXy + VuYn + 80 Tyn, Yn >0,
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where 0 < v; < 2¢; for j = 1,2, and {A,} C [0,27], {@x}, {Bn}, {¥u}, {84} C [0,1] such that «,, +
Bu+ Yu+8,=1and (y, + 8,)k < y,, Yn > 0. Under some mild assumptions, the authors
[23] proved that {x,} converges strongly to x* = Pou and (x*, y*) is a solution of the SGEP
(112), where y* = T2 (I — vy Fy)x*.

In this paper, we introduce one composite implicit relaxed extragradient-like scheme
and another composite explicit relaxed extragradient-like scheme for finding a common
solution of a finite family of generalized mixed equilibrium problems (GMEP) with the
constraints of the SGEP (1.12) and the hierarchical fixed point problem (HFPP) for a
strictly pseudocontractive mapping in a real Hilbert space. We establish the strong con-
vergence of these two composite relaxed extragradient-like schemes to the same common
solution of finitely many GMEPs and the SGEP (1.12), which is the unique solution of the
HEPP for a strictly pseudocontractive mapping. In particular, we make use of weaker con-
trol conditions than the previous ones for the sake of proving strong convergence. Utilizing
these results, we first propose the composite implicit and explicit relaxed extragradient-
like schemes for finding a common fixed point of a finite family of strictly pseudocontrac-
tive mappings, and then derive their strong convergence to the unique common solution
of the SGEP (1.12) and some HFPP. Our results complement, develop, improve, and ex-
tend the corresponding ones given by some authors recently in this area. See, e.g.,, Ceng et
al. [32], Jung [1], and Ceng and Yao [23].

2 Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product and
norm are denoted by (-,-) and || - ||, respectively. Let C be a nonempty, closed, and convex
subset of H. We write x,, — x to indicate that the sequence {x,} converges weakly to x
and x, — x to indicate that the sequence {x,} converges strongly to x. Moreover, we use
wy(x,,) to denote the weak w-limit set of the sequence {x,}, i.e.,

wy(x,) = {x € H : x,, — x for some subsequence {x,,} of {x,,}}.

The metric (or nearest point) projection from H onto C is the mapping Pc : H — C
which assigns to each point x € H the unique point Pcx € C satisfying the property

ll = Pex|| = inf ||lx — y|| =: d(, C).
yeC

The following properties of projections are useful and pertinent to our purpose.

Proposition 2.1 Given any x € H and z € C. One has
(i) z=Pcx & (x—2z,y-2) <0,Vy e C;
(i) z=Pcx & llx—z|> < |lx - ylI> - ly — 2ll*, ¥y € C;
(iii) (Pcx — Pcy,x —y) > |Pcx — Peyl|?, Yy € H, which hence implies that P is
nonexpansive and monotone.

Definition 2.1 A mapping T : H — H is said to be firmly nonexpansive if 2T — I is non-
expansive, or equivalently, if 7" is 1-inverse strongly monotone (1-ism),

(x—y, Tx— Ty) > | Tx — Ty|?, Vx,y € H;
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alternatively, T is firmly nonexpansive if and only if T’ can be expressed as

1
T==(+9),
SU+9)

where S: H — H is nonexpansive; projections are firmly nonexpansive.

Definition 2.2 A mapping F: C — H is said to be
(i) monotone if

(Fx—Fy,x—y) >0, Vx,yeC;

(i) n-strongly monotone if there exists a constant 1 > 0 such that
(Fx — Fy,x —y) > nllx —y||2, Vx,y € C;

(iii) «-inverse strongly monotone if there exists a constant « > 0 such that
(Fx - Fy,x—y) > a|Fx - Fy|?>, Vx,yeC.

It can easily be seen that if 7' is nonexpansive, then I — T is monotone. It is also easy to see
that the projection P¢ is 1-ism. Inverse strongly monotone (also referred to as co-coercive)
operators have been applied widely in solving practical problems in various fields.

On the other hand, it is obvious that if F : C — H is «-inverse strongly monotone, then
F is monotone and é—Lipschitz—continuous. Moreover, we also have, for all #,v € C and
A>0,

|7 = AFyu - (1 - ,\F)v||2 <llu=v|*+r(h - 2a)|| Fu — Fv|>. (2.1)

Consequently, if A < 2¢, then I — AF is a nonexpansive mapping from C to H.
Next we list some elementary conclusions for the MEP.

Proposition 2.2 (see [35]) Assumethat ® : C x C — Rsatisfies (A1)-(A4) andlet ¢ : C —
R be a proper lower semicontinuous and convex function. Assume that either (Bl) or (B2)
holds. For r > 0 and x € H, define a mapping 799 . H > C as follows:

r

T99)(x) = {ze C:0(z,9) +oy) —2) + %(y—z,z—x) >0,Vye C}

forall x € H. Then the following hold:
(i) foreachx e H, TS@’W)(x) is nonempty and single-valued,;
(i) 7% is firmly nonexpansive, that is, for any x,y € H,

® ® 2 e G
|79 — TOPy|* < (TOx — TO9)y,x — y);
(iii) Fix(T'°*)) = MEP(®, ¢);

(iv) MEP(O®, ¢) is closed and convex;
W) (1TO% - T2 < =t (T — TO%, T % — x) forall s,t >0 and x € H.
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In 2010, Ceng and Yao [23] transformed the SGEP (1.12) into a fixed point problem in
the following way:

Proposition 2.3 (see [23]) Let @1, P, : C x C — R be two bifunctions satisfying conditions
(A1)-(A4). Then (x*,y*) € C x C is a solution of the SGEP (1.12) if and only if x* is a fixed
point of the mapping G : C — C defined by

Gx =T (I -wF) TP (I - voFy)x, VxeC,

where y* = T32(I = voFy)x*.

In particular, if the mapping F; : C — H is {j-inverse strongly monotone for j = 1,2, then
the mapping G is nonexpansive provided v; € (0,2¢;] for j = 1,2. We denote by E the fixed
point set of the mapping G.

In Proposition 2.3, putting @; = @, = 0, we get the following.

Corollary 2.1 (see [15], Lemma 2.1) For given x*,y* € C, (x*,y*) is a solution of the SVI
(1.13) if and only if x* is a fixed point of the mapping G : C — C defined by Gx = Pc(I -
V1 F1)Pc(I — vy Fy)x for all x € C, where y* = Pc(I — voFp)x*.

In particular, if the mapping F; : C — H is ¢j-inverse strongly monotone for j = 1,2, then
the mapping G is nonexpansive provided v; € (0,2¢] for j = 1,2. We denote by E the fixed
point set of the mapping G.

We need some facts and tools in a real Hilbert space H; these are listed as lemmas below.

Lemma 2.1 Let X be a real inner product space. Then we have the following inequality:
e+ 1% < %l + 2,2+ ), Va,y €X.

Lemma 2.2 Let H be a real Hilbert space. Then the following hold:
(a) llx—yl2 = %12 = llyll2 = 2(x — y,) for all x,y € H;
(b) 1A% + pyll® = Allxll> + llyll® = dgellx =yl for all x,y € H and &, . € [0,1] with
A+u=1
(c) if{xu} is a sequence in H such that x,, — x, it follows that

limsup [, — y[I* = limsup [|x, —x]1* + [lx - y|>, Vy€H.
n— o0 n— o0

It is clear that, in a real Hilbert space H, T : C — C is k-strictly pseudocontractive if and

only if the following inequality holds:

2, Vx,y € C.

1-k
(Tx—Ty,x-9y) < lx—yl* - T”(I_ T)x—(I-T)y

This immediately implies that if T is a k-strictly pseudocontractive mapping, then / — T
is %-inverse strongly monotone; for further detail, we refer to [42] and the references
therein. It is well known that the class of strict pseudocontractions strictly includes the
class of nonexpansive mappings and that the class of pseudocontractions strictly includes

the class of strict pseudocontractions.
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Lemma 2.3 (see [42], Proposition 2.1) Let C be a nonempty, closed, and convex subset of
a real Hilbert space H and T : C — C be a mapping.
(i) If T is a k-strictly pseudocontractive mapping, then T satisfies the Lipschitzian
condition

1+k
||Tx—TJ’|| = ﬁ”x_y”’ Vx,ye C.

(i) If T is a k-strictly pseudocontractive mapping, then the mapping I — T is semiclosed
at 0, that is, if {x,} is a sequence in C such that x, — x and (I — T)x, — 0, then
(I-T)x=0.

(iti) If T is k-(quasi-)strict pseudocontraction, then the fixed point set Fix(T) of T is
closed and convex so that the projection Prix(r) is well defined.

Lemma 2.4 (see [15]) Let C be a nonempty, closed, and convex subset of a real Hilbert
space H. Let T : C — C be a k-strictly pseudocontractive mapping. Let y and § be two
nonnegative real numbers such that (y + 8§)k <y. Then

ly@x—y) +8(Tx—Ty)| < (v +)llx-yll, Vx,yeC.

Lemma 2.5 (see [43], Demiclosedness principle) Let C be a nonempty, closed, and convex
subset of a real Hilbert space H. Let S be a nonexpansive self-mapping on C. Then I - S is
demiclosed. That is, whenever {x,} is a sequence in C weakly converging to some x € C and
the sequence {(I — S)x,} strongly converges to some y, it follows that (I — S)x = y. Here I is
the identity operator of H.

Lemma 2.6 Let F: C — H be a monotone mapping. In the context of the variational in-
equality problem the characterization of the projection (see Proposition 2.1(i)) implies

ueVI(C,F) & u=Pc(u—AFu), 1>0.

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. We introduce
some notations. Let ) be a number in (0,1] and let ;v > 0. Associating with a nonexpansive
mapping T : C — C, we define the mapping T* : C — H by

T x:= Tx - \uF(Tx), VxeC,

where F : C — H is an operator such that, for some positive constants k,n > 0, F is k-
Lipschitzian and n-strongly monotone on C; that is, F satisfies the conditions:

|Fx—Fyl <klx—yll and (Fx—Fy,x-y)>nlx-yl*
forallx,y e C.
Lemma 2.7 (see [37], Lemma 3.1) T* is a contraction provided 0 < < i—g; that is,

| %% - T"y| < (1-20)lx -y, VxyeC,

where t =1—/1-u(2n - ux?) € (0,1].
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Lemma 2.8 (see [44], Lemma 2.1) Let {a,} be a sequence of nonnegative real numbers
satisfying

Aps1 = (1 - a)n)ﬂn + Wby + 1y, Yn>0,

where {w,}, {8,}, and {r,} satisfy the following conditions:
(i) {wn} C[0,1] and Y52 w, = 00;
(ii) either limsup,,_, 8, <0 or Y o0 w,|8,] < 00;
(iii) 7, >0 foralln>0,andy .- 1y < 00.

Then lim,_, o a, = 0.

Lemma 2.9 (see [33]) Assume that A is a y-strongly positive bounded linear operator on
Hwith0< p <||A|™. Then ||I - pA|| <1-py.

Let LIM be a Banach limit. According to time and circumstances, we use LIM,, a,, instead
of LIM a for every a = {a,} € [*°. The following properties are well known:
(i) foralln>1, a, <c, implies LIM,, a,, < LIM,, ¢,;
(i) LIM, ansn = LIM, a, for any fixed positive integer N;
(iii) liminf,_ ~ a, <LIM,a, <limsup,_, . a, for all {a,} € [*°.

The following lemma was given in [39], Proposition 2.

Lemma 2.10 Let a € R be a real number and let a sequence {a,} € I*° satisfy the
condition LIM, a,, < a for all Banach limit LIM. If limsup,_, . (@, — a,) < 0, then

limsup,_,  a, < a.

Recall that a set-valued mapping T : D(T) C H — 2 is called monotone if for all x,y €
D(?),f e Tx, and g e Ty imply

f —g,x—y)=0.

A set-valued mapping T is called maximal monotone if T is monotone and (I + . T)D(T) =
H for each A > 0, where [ is the identity mapping of H. We denote by G(T) the graph of T.
It is well known that a monotone mapping T is maximal if and only if, for (x,f) € H x H,
(f —g,x—y) > 0 for every (y,2) € G(T) implies f € Tx. Next we provide an example to
illustrate the concept of a maximal monotone mapping.

Let I : C — H be a monotone and Lipschitz-continuous mapping and let N¢v be the
normal coneto CatveC,ie.,

Nev={ueH:(v-p,u)>0,YpeC}.

Define

~ I'v+Nev, ifveC,
Tv=
d, ifveC.

Then it is well known [27] that T is maximal monotone and 0 € Tv if and only if v e
VI(C, ).
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3 Main results
Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Throughout this
section, we always assume the following:
F:C — H is a k-Lipschitzian and n-strongly monotone operator with positive
constants «,1 >0, and F; : C — H is {j-inverse strongly monotone for j = 1,2;
T :C — Cis a k-strictly pseudocontractive mapping and A, : C — H is n;-inverse
strongly monotone for each i =1,...,N;
A is a y -strongly positive bounded linear operator on H with y € (1,2) and
V': C — H is an [-Lipschitzian mapping with [ > 0;
©;, @;: C x C — Rare the bifunctions satisfying conditions (A1)-(A4) and
@; : C = RU {+00} be a proper lower semicontinuous and convex function with
restrictions (B1) or (B2) foreachi=1,...,Nandj=1,2;
0<;L< and0<yl<tw1thr—1 1—,u(2n—/u<2);
S:C— C1samapp1ngdeﬁnedby$x=)»x+(I—A)TxforO <k<i<l;
G:C — Cis a mapping defined by Gx = T (I — v F1) T,22 (I — vaFy)x with 0 < v; < 2¢;
forj=1,2;
AN : C — C is a mapping defined by
ANy = TSN =y AN) - - TS = 11 A, £ € (0,1), for
{ris} Clai, b;) C(0,21;),i=1,...,N;
AN': C — C is a mapping defined by
ANy = Trgﬁ’ oN)(] _ N AN) - T,l(f} ([ = 1y Ay)x with {7} C [as,b;] C (0,2n;) and
lim,_, o7y =1, foreachi=1,...,N;
2= (ﬂﬁl GMEP(6;, ¢;, A;)) NFix(T) N £ # @ and Pg, is the metric projection of H

onto £2;
(a0} C 10,11, (B} € (0,1] and {81} g s 27, € (O D)
Ty
Next, put
AL=T! '% (I =1y A)TO Lol V(I =710 Aig) - OWI (I -r A1), VEe(0,1),
and

= T =1y AT =iy Aia) - T =1 Ar), - V>0,

forallie({l,...,N},and A? = A% =], where [ is the identity mapping on H.
By Lemma 2.4, we know that S is nonexpansive. It is clear that Fix(S) = Fix(7T'). Since
{Xit} C lai, bi] C (0,2n;), utilizing (2.1) and Proposition 2.2(ii) we have for all x,y € C

| AYx = ANy| = | TRNNT = ry AN AN = TN = 1y A) AY 7y |

TNt

= “ (- rN,tAN)A]tvflx -(I- ’"N,tAN)AItV*lyH

= At x— Ay |
<.

= [ A - Ay

<.

<[ aix- Ay

=z =y,
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which implies that Al : C — C is a nonexpansive mapping for all ¢ € (0,1). Also, since
{rin} C lai, b;i] C (0,2n;), utilizing (2.1) and Proposition 2.2(ii) we have for all x,y € C

| ANx = ANy| = | TSN = 1y AN) AN = TN = 1y AN) ANy |

= H (- VN,nAN)AZ,Y’lx —-(I- ’”N,nAN)Aﬁl\[’lyH

= 4y x - A
E .

=[x - a]

S .

= [ 4% - A%]

= llx=yll,

which implies that A’ : C — C is a nonexpansive mapping for all > 0.
In this section, we introduce the first composite relaxed extragradient-like scheme that

generates a net {x,} in an implicit manner:

te(O,min{l,% )
x, = Pc[(I - 0,A)SAY G, + 0, (ty Vs, + (I — tuF)SAY Gy) . (3.1)

We prove the strong convergence of {x;} as £ — 0 to a point ¥ € £2 which is a unique
solution to the VIP

(A-Dx,p-%)>0, Vpeg. (3.2)

For arbitrarily given xy € C, we also propose the second composite relaxed extragra-
dient-like scheme, which generates a sequence {x,} in an explicit way:

Yn = oty Vi, + (I — b F)SAN Gz,

. (33)
Xn+l = PC[([ - ﬁnA)SAn Gxn + ,Bnyn]» Vn > 0;

and establish the strong convergence of {x,} as # — 0o to the same point ¥ € §2, which is
also the unique solution to VIP (3.2).

Now, for ¢ € (0, min{1, Tz%fl}), and 6; € (0, ||A|| 1], consider a mapping Q; : C — C defined
by

Qux = Pc[(I - 0,A)SAY Gx + 0, (ty Va + (I - tnF)SAY Gx)], VxeC.

It is easy to see that Q; is a contractive mapping with constant 1 — 6,(y — 1 + t(z — yl)).
Indeed, by Proposition 2.3 and Lemmas 2.7 and 2.9, we have

|Qex — Q|| < | - 6,A)SAN Gx + 6,(ty Vi + (I - tuF)SAN Gx)
~ (I -0,A)SAY Gy - 0,(ty Vx + (I - tuF)SAYN Gy) ||
< | -6,4)SAY Gx — (I - 6,A)SA) Gy ||
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+6:|| (ty Vo + (I = tuF)SAY Gx) — (ty Vy + (I - tuF)SAN Gy) |
< (1-6,7)|SAN Gx— SANGy| + 6:[ ey Ve - Wyl

+ | = tuF)SAY Gx — (I - tuF)SAY Gy ]
< 1=6:7)llx = yll + 6 eyl =yl + (1= ) = y1l]

=[1-6.(7 -1+ t(z —yD)]llx - yll.

Since y € (1,2), T — yI> 0, and

2—-y 2-y
0 <t <min 1,—y =< y’
T -yl T -yl

it follows that
O<y-1+t(rt-yh<1,

which together with 0 <6, < ||A||™! <1 yields
0<1—9t()7—1+t(t—yl))<1.

Hence Q; : C — C is a contractive mapping. By the Banach contraction principle, Q; has

a unique fixed point, denoted by x;, which uniquely solves the fixed point equation (3.1).
We summarize the basic properties of {x;}. The argument techniquesin [1, 22, 32] extend

to developing the new argument ones for these basic properties. We include the argument

process for the sake of completeness.

Proposition 3.1 Let {x;} be defined via (3.1). Then
(i) {«x} is bounded for t € (0, min{1, 12_;;/71});
(i) lim,o [lx; — Sxc[| = 0, lim,— o [lx; — Gx;|| = 0 and lim;_. ||x; — ANx,|| = O provided

lim;_, ¢ 6; = O;
(iii) 2 : (0, min{1, 2_;;71}) — H is locally Lipschitzian provided

0, : (0, min{1, ?:y_l}) — (0, |A||™Y) is locally Lipschitzian, and
Aig+ (0, min{1, TZ__;;I}) — la;, by] is locally Lipschitzian for eachi=1,...,N;
(iv) x; defines a continuous path from (0, min{1, TZ:]’;I}) into H provided
0, : (0, min{1, 3:)’3[ ) = (0, ||A|| Y] is continuous, and A;; : (0, min{l, 3:)’2 ) = la;, b;]

is continuous foreachi=1,...,N.

Proof (i) Let p € £2. Noting that Fix(S) = Fix(T), Sp = p, Gp = p, and Alp = p for each
i=1,...,N, by the nonexpansivity of S, G, and A, and Lemmas 2.7 and 2.9 we get

llx: - pll
< ||t - 6,4)SAY Gx, + 6,(ty Vi, + I - tuF)SAY Gx,) - p|
= | - 6,A)SAY Gx, — (I - 6,A)SAY Gp
+0;(ty Viee + (I - tuF)SAY Gy — p) +6,(1 - A)p |
< ||t -6,4)SAY Gx, — (I - 6,A)SAY Gp |
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+ 0|ty Ve + (I - tuF)SAYN G, — p|| + 6, | (1 - A)p|
= | - 6,A)SAY Gx, — (I - 6,A)SAY Gp |
+0,||(I - tuF)SAYN G, — (I - tuF)SAY Gp
+t(y Vo, — uEp) | + 6. (I - A)p||
<(1-6,7)|SAYGx, - SANGp|
+6,[[|( - twF)SAY Gry — (I - tuF)SAY Gp||
+t(y |l Vay = Vipll + lly Vo — uEpll) ] + 6,/ - A)p |
< @ -6:7)llx —pll +6,[A - t0)llx. —pll
+t(yllw=pl + | (v V = uF)p|)] + 611 - Alllpll
=[1-6.(7 =1+ t(x —yD)]lx: = pll + &Il - Alllpll + ¢ || (v V = wF)p]|].

So, it follows that

I = Alllpll +tll(y V — uF)pll
y=1+t(t —yl)
||1 Alllpll + tll(y V — uF)pll
y -1
||1 Allipll + Ity V - MF)pll
y—1

lee = pll <

Hence {x;} is bounded and so are {Vx}, {ANx;}, {SANGx,}, and {FSAN Gx,}.
(ii) By the definition of {x;}, we have
[ - S G
= | Pc[(I - 0,A)SAY G + 0, (ty Vi, + (I - t uF)SAY Gay) | = PcSAY Gy |
< ||t - 6,A)SAY G, + 0, (ty Vs, + (I — tiuF)SAY G) — SAN G|
= [ 6:[(T = A)SAY Gx, + t(y Vi, — nFSAY Gaxy) ]|
=0,]|(I - A)SAN G, + t(y Viey — nESAN G ) |

<01 - All||SAN G| +t|y Vi, - uFSAY G, | > 0 ast— 0,
by the boundedness of {Vx;}, {SANGx,}, and {FSAN Gx,} in the assertion (i). That is,
lim |, ~ $AY G, | = 0. (3.4)

Since p = Gp = Tfl’l - vlFl)Tf;Z (I — voFy)p and F; is {j-inverse strongly monotone with
0 < v; < 2¢; for j = 1,2, by Proposition 2.2(ii) we deduce that
G — pl?
= | TP I = vF) T2 (I = vaFo)xe = To (I - viF) T2 (I - szz)p”z

< | = wER) T2 = vyFy)x, — (I - i R) T2 - v Fy)p|°
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= |[T22( = vaFa)x, = T2 (I = vaFy)p]
~[ATE( - vF)x, - AT - vaE)p]|)

< | T2 - vaFa)xe - T2 - mBy)p|*
+v1(n =20) | TS (I = vaFo)x, - TS (I - mBy)p|®

< | 7221 - vaFa)x, - T2 - mEy)p|

< ||t = vaF)x; — (I = voFa)p|?

= | @ ~p) — va(Fox, ~ E2p)|®

< llwe = pII* + va(v2 = 26) | Fyx, ~ Fop|®

<l —pll*. (3.5)

In the meantime, utilizing the 7;-inverse strong monotonicity of .A;, we obtain
; 2 0,01 i 901 2
|| A;Gxt —p” = H T’Ei(,tjl,%)(l - ri,t.Al')Aft lGx[ - T}gl_‘(t)l'(pl)(l - ri’tAi)p”
i 2
< | - rip AN AT G — (= 1 AD)p ||

= H Ai‘lGxt iy 2 ri,t(AiAi_lGxt - Alp) ||2

< || Ai’lGx, —p”2 +1i(rie — 2m;) HA,»Ai_lGxt - AiPHZ

i 2
< 1Gxe = plI* + rigrig — 20)) | A AT G — Aip | (3.6)
for each i € {1,2,...,N}. Simple calculations show that
Xt —p
=Xt =Wt W —p
=x,— W, + (I — ,A)SAYN G, + 0, (ty Ve, + (I — tuF)SAY Gxy) - p
=x,—w; + (I - ,A)SAYN G, — (I - 0,A)SAY Gp + 0, [ty Vi,
+ (- tuF)SA]tVGxt —p] +6,(I-A)p
=x, — w; + (I — 0,A)(SAY Gx, — SAN Gp) + 6, t(y Vi, — uEp)
+ (I = tuF)SAY Gx, — (I — tuF)p] + 6, - A)p, (3.7)

where w; = (I — 6,A)SANGx, + 0,(ty Vax, + (I — tiuF)SAN Gxy).

For simplicity, we write ¥, = T“}’;2 (I =vaF)xy, p = Tf;Z (I—wvF)pandy, = T\‘fl (I — viFy)%,.
Then we have y, = T21(I — viFy)T32(I - vaF2)x; and p = Gp = T3 (I — viFy)p. Then, by
Propositions 2.1(i) and 2.3, and Lemmas 2.7 and 2.9, from (3.5)-(3.7) we obtain

llx: - plI>
= (X, — WX —p) + ((I - GtA)(SA]tVGxt - SAf[Gp),xt —p)
+ O [t(y Vs — wFp, ¢ — p) + (I — tnF)SAY Gy — (I - tiF)p, ¢ — p)]|

+0,(I - A)p, x. - p)
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< (U - 6,4)(SAY Gx, - SAY Gp), %, — p) + 0,[{y Vi, — uFp,x, - p)

+(( = tuF)SAY Gxy — (I - tuF)p, %, — p)] + 0,1 - A)p, % - p)
= (I - 0,A)(SAN Gx, - SAY Gp), % - p)

+6,[((I = tuF)SAN G, — (I - tuF)p, x, - p)

+t(y (Va, — Vo, — p) + (v Vo — uEp,x, — p)) |

+6,((I — A)p, x; — p)
< |- 6.A)(S A} G, — S AY Gp) [ .~ pl

+0,[ | - tnF)SAY Gx, — (I — tuF)p| Il - pll

+t(y | Vae = Vpllllx: = pll + ly Vo = wEpllllx: - pll) ] + 6] (I = A)p | Ilx; - pll
<(1-6,7)|SAY Gx, — SAY Gp||llx, — pll + 6:[ A - t7) | AN G — p| 1% - P

+ t(ylllx - pl* + ly Vo - uFpllllx: - pl) ] + 6] (T = A)p||Ilx. - plI
< (1-6,7)| AY Gx, - p Il = pll + 6,[(1 - 1) AN G, - p| 2. -

+ t(y Ll —plI* + ly Vo — uBpllllx: - pll) ] + 6, | (I - A)p] Ilx; - pll
= (1- 0,y -1+t0))| AY Gx: - p| I - pII

+ 60t (ylllxe - pI* + Iy Vp — nEpll 1% = pll) + 6: [ (L - A)p| Ilx: - p
<(1-6(7-1+ tt))%(”Af’Gxt -p|* + Il - pI1?)

+6,t(ylllxe = plI* + |y Vo - wEplllx. - pll) + 6|1 = A)p| llx: - pll
<(1-6,(7-1+ tt))%(HAtit —p|* + % - pI?)

+ 0t (v lllxe = plI* + lly Vo — uBpllllx; - pll) + 6] (I = A)p| % - pll
< (107 ~1+0)) 5 (1Gx ~pIP

+ ri(rie — 20) | A AT G — Ap | + e - pII?)

+ 60t (ylllxe - plI* + Iy Vp — nEpll 1% = pll) + 6: [ (L - A)p| Ix: - p
<(1-6@-1+ tr))%(nxt = pI* + v2(v2 = 200) | Fat, = Fop|?

+ (v - 20) | Fu& - Fipl

ria(rie = 2m) | A AT Gy — Ap || + 1 - pII?)

+ 0t (yllxe = plI* + ly Vo — wEplllxe = pll) + 6| (I = A)p | llx: - pll

1-60,(y —1+t1)
2

. . i 2
+ 01281 — v)IIF&, — Fipl1* + rig(2n; — 1) | Ai AT G — Aip ||

=[1-60,y -1 +t(x - yD)]llx: - plI* - [v2(282 = v2) | Fa, — Fop|?

+0,(tlly Vo — uFpllllx. - pll + | = A)p|| 15, - pll)

1-6,(y —1+¢1)

<la - plI* - 5

[12(282 = Vo) IFox, — Fop|?
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. . i 2
+ 0128 — vIIFE, — Fipl1* + rie(@n; — 1) | A AT G — Aip |

+0,(¢ly Vo - nFpllllx: - pll + | I = A)p|| % - pll),
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(3.8)

which together with v; € (0,2¢)), j = 1,2, and {r;,} C [a;,b;] C (0,2n;), i =1,...,N, implies

that

1-6,(y —1+¢1)

5 [v2(282 = )| Fax, = Fop |

+ 020 — )| FiE — Epl + ai2mi - b)) | A A G, — Ap ]
- 1-6,(y —1+t1)
- 2

+ 028 — I FiE — Fipl® + 1o — i) | A AT G, — Ap|*]

[v2(282 — v2) | Fax; — Fopl|?

<0,(tly Vo - ubpllllx, - pll + | - A)p| Ilx - pll).

Since lim;_, ¢ 6; = 0 and {x;} is bounded, we have

lim | Fox — Fopl =0, lim |[Fy% ~ Fipll =0 and

}i_I)%HAiA?IGxt - .A,p” =0

foreachi=1,...,N.
fon
On the other hand, in terms of the firm nonexpansivity of 7, and the ¢;-inverse strong

monotonicity of F; for j = 1,2, we obtain from v; € (0,2¢;),j=1,2, and (3.5)

and

1% = pI* = | T2 U = vaFo)xe = T2 - szz)P“Z
< (I = vaFo)x, — (I = vaFo)p, % — P)
1 ~ ~
= 5110 =P = U= ool | + e = P

— T = vaFo)xe — (I = vaFo)p — G - )]

IA

1 - . - -
5 [ =l + 1% = pII* = | (e = %) = va(Fyxe — Fop) = (0~ ) 1]

1 - - ~ ~
= Sl =pI + 1% = pIP ~ e~ %) ~ (=P

+20((%; — %) — (p — p), Fax, — Fap) — Vi | Fax, — Fop|*]

~ ~ 12
lye = pl* = | T2 = F)F — T - wF)(I - nwF)p|

< (U = wF)x — I -nF)py: - p)

1 ~ ~
SUa= vz - =B + Iy~ pI?

— |t = wiE)z ~ (I = wF)B - (v - p)|*]

IA
N =

(1% 21> + Iy - pI* = | G =30 + - D)|”

(3.9)
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+ 2u(Fi&, - Fip, (% — y0) + (p - P)) - vi [|Fi&, - Fipl|*]
1 N -

< o[l =pI + llye = p I = |G =30 + (=P
+ 2V1<F19~Ct —-Fp, (% —y)+ _13)>]

Thus, we have

1% - plI*
<Ilxe —pl® = || = %) — (0 = P)||* + 2v2{ (% — &) — (0 - P), Foxe — Fop)
— 3 | Fox; — Eopl? (3.10)

and

Iy —pl? < % —pl? = |G =30 + =P)| + 20| Fi&e — Fipll | G —32) + (0 -P) |- (B1D)

Consequently, from (3.5), (3.8), and (3.10) it follows that

Il - pII?

< (167 ~1+0)) 5 (1Gx ~pIP

+ 1ig(rie — 20) | A AT G — Aip | + e — pII?)

+6,t(ylllxe = plI* + |y Vo - wEpl % - pll) + 6|1 = A)p| llx. - pll
< (167 - 1+.0)) 5 (16~ pIP + i~ IP)

+0ct(yLixe - pI* + ly Vo — nEpllIx: = pll) + 6, | (L= A)p | Ix. - pll
<(1-6(7 -1+ tr))%[nfct =PI+ vi(v = 200) | B, - Fpll” + [l — pl1*]

+ 0t (v lllxe = plI* + lly Vo — uBpllllx; - pll) + 6] (I = A)p| Ix: - pll
<(1-6y —1+tr))%[||5ct—ia||2 + llx: = pII*]

+6,t(ylllxe = plI* + |y Vo - wEpl % — pll) + 6|1 = A)p| llx: - pll
< (1-6.7 -1+ 20) [l pI? = [~ 7~ (o~ D)

+205((x; = %) = (p = D), Faxe — Fop) = v3 | Faxy — Fop|® + |l = p|*]

+ 0t (vl = plI* + ly Vo — uEpllllx, - pll) + 6, (I = A)p|| 12, - pll

<[1-6,(7 -1+ t(x -y )]l - p I
- (-0 1) -3 - - P

+ VZ“(xt - %) - (1”—13)” |1 Faxe — Fopll

+0,(tlly Vo — uFpllllx. - pll + | (T = A)p|| 15, - pll)
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<l pl? = (10,7 ~1+.0)) 3 | e~ 2) — (o)
+ || (e — &) — (p — )| | Faxe — Fop|

+0,(¢ly Vo - nFpllllx: - pll + | I = A)p|| Ix: - pll),

which hence leads to

(1-6. ~1+0) e~ 2) — (o)
< vy | (% = %) - (p - P)|| I Fox: - Fopll

+ 0, (¢ly Vo - uFpllllx: — pll + | T = A)p|| 1% - pll)-

Since lim;_, g 0; = 0 and lim,_, ¢ || Fox; — F>p|| = 0 (due to (3.9)), we deduce from the bound-
edness of {x;} and {X;} that

lim| (x: - %) - (p - P)[| = 0. (312)
Furthermore, from (3.5), (3.8), and (3.11) it follows that

Il - pII?

< (107 -1+ 0)) 3 (1Gw ~pIP

+ ri(rie = 20) | A AT G — Ap | + e - pII?)

+6,t(yllxe = plI* + ly Vo - uEplllx. - pll) + 6| (I = A)p| llx: - pll
< (167 ~1+.0)) 5 (16w~ pIP + e~ )

+0ct(yLlixe - pI* + ly Vo — uEpllx: = pll) + 6, | (L= A)p | Ix. - pll
= (=07 -1+ 80) 3 (Iye~pIP + I~ pIP)

+ 0t (v lllxe = plI* + lly Vo — uBpllllx; — pll) + 6:]| (1 = A)p| Ix: - pll
<(1-6.7 —1+tr))§[||xt—j.n||2 ~ |G-y + @-p)|

+ 20| Fi&; = Fipl | (R = y0) + (0 = P)|| + Il = pI1?]

+ 0t (y Ul = plI* + lly Vo — uBpllllx; - pll) + 6] (1 = A)p| Ix: - pll
<[1-6(y -1+t(x - yD)]llx: - pI?

- (=607 -1+ D) [ G2+ G- P + wlEE - BBl Ge~3) + (-]

+6:(tlly Vo - nEpllllx: - pll + | (I = A)p||Ilx; - p))
<l -pl* - (1- 0,7 -1+ tr))%n(a”ct ~y)+ (@ -p)|”

+ v ||Fi% — Fipll||Re - y0) + (0 - D)

+6:(tlly Vo - nEpllllx: - pll + | (I = A)p| Ilx. - p1),
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which hence yields

(-6, 1+ 0) [ Gi=30 + -

<wlF#% - Fpll| G- y) + 0 -D)|

+0,(¢ly Vo - nFpllllx: - pll + | T = A)p|| % - pll).

Since lim;_, 6; = 0 and lim;_, ¢ | F1X; — F1p|| = 0 (due to (3.9)), we deduce from the bound-
edness of {x;}, {y:}, and {x,} that

lim | & - y.) + (p - p) | = 0. (313)
Note that

e = yell < ||Gee = %) = (= D) + [ Ge = 30) + 0= D).
Hence from (3.12) and (3.13) we get
lim [l = G| = lim 1, - 71| = 0. (3.14)
Utilizing Proposition 2.2(ii) and Lemma 2.2(a), we obtain for each i € {1,...,N}
| AiGx: - p|
= | 790U ~ 1y A) A G — TO (I~ 1y Ap |
< (U =i A) AT Gxy — (I = 11y Ad)p, AGrx, — p)
- %(” (I = ro A) A7 Gy — (= rig ADp|* + | Al Gae -
— |t = e A) AT G, — (1 = rip Ap — (ALG, - p) )
< %(H AT Gy, —p”2 + ] ALGx, —p”2 - AT Gx, - AlGa,
~ i (Aia] Gx - Ap) )

=

(e =PI + [ 4G = p[|* = [ A7 G = A Goxe = rie(AiA G = Ap) ),

N =

which immediately leads to

| A5G - p|*
<Ilx; - pl® = | AT G, — ALGx, — 1y (A AT G, — Ap) ||
= e = pI2 — | A G, — A |* — 2, | A A Gy — Ap?
+ 213, (A Gy — ALGay, A AT Gy — Aip)
< %~ pI? - | A G, — AL |

+ 25y | AT Gy — ALGay ||| A AT G, - Aip|. (3.15)
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Combining (3.8) and (3.15) we conclude that

llx: - plI>

<(1-6:(7 -1+ tt))%(”Atit —p|* + llx - pI?)

+0ct(yLlx = pl* + ly Vo — nEpllIx: — pll) + 6. | (L= A)p | Ix: - pll
<(1-6,(7-1+ tt))%[”xt —pl? - | A G, - AlGx, |

+ 213, | AT Gy — ALGaxy ||| A AT Gy — Aip| + e - pIIP]

+ 0, (y Ul = plI* + lly Vo — uBplllx = pll) + 6, | (1 - A)p | Ilx. - p
<[1-6(y -1+t(x - yD)]llx: - pl?

(07 -1+ 0) |4 G - Al

+ 15| AT Gy — AlGee ||| A AT G — A

+0,(¢ly Vo - uFpllllx. - pll + || - A)p| Ix. - pll)

1-6,(y —1+¢1)
2

+ T ” Ai‘lGxt - Atit ” !!AiAi_lGxt - A,-p”

< llxe - pl* - | A Gx, - AlGx, ||

+0,(tlly Vo — uFpllllx: - pll + || = A)p| llx: - pl),
which hence yields

L0 1) A, -l

< 1y A7 G, — AlGos | | AiA G, — Aup|

+0,(tlly Vo - uFpllllx: - pll + || = A)p| llx: - pll).

Since {r;;} C [a;,b;] C (0,21,), lim;—06, = 0 and lim,_ || 4; A1 Gx, — A;pll = 0 (due to
(3.9)), we deduce from the boundedness of {x,} and {A!Gx,} that

lim|| A7 Gx, — AGx,[| =0, Vi€ (L,...,N), (3.16)
Note that

|Gx: — AN G, || = || A G — AN Gy
<||AYGx, - A} G| + | AL Gxy — A7 Goxy || + -+

+ | AN Gay — AY G|
Hence, from (3.16) we get

lim | G, — A Gux, | = 0. (317)
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Also, observe that

||x¢ - A?’xt || < |lx: — G || + || Gx; — Af[GxtH + || Af’Gxt - Af]xt”

<2|lx; — G| + || Ga — AN Gaxy .
So, it follows from (3.14) and (3.17) that
lim [}, — A7 = 0. (3.18)
In addition, it is not hard to find that

lla — Sxell < || = SANGaxy || + | SAY Gy = SAY x| + | SAN %, — Soxe

< [xe = SAY Gary | + 11Goxe — el + || AN e — .
Consequently, from (3.4), (3.14), and (3.18) we deduce that

lim || — Sx || = 0. (3.19)
t—0

(iii) Let £, £ € (0,

, Tszl}). Utilizing Proposition 2.2(ii), (v), we deduce that

| AY Gx, — A} Gacyy |

= | Trﬁft‘f"m)(l — v An) AN G, — T};{W (I = rn g An) AR Gy |

IA

I Tr(ﬁft\”‘/’N)( — e AN) AN Gy - T ON NI — 1o AN) AN G|

+ T,(A‘jy N = 0 AN) AN Gy — T,(g{yw(f — Nt AN) AR T Gy |
< || TN = 1y o AN) AN Gty = T ON NI — 1y An) AN Gy |

+ Tr(j(\;)f;(’)"m)(l e AN) AN G, — UWN (I = rne AN AY ' Gaxy |
+ || - rN,tOAN)A’tV‘lGxt - - rN,tOAN)A%_lGxtO ||

7N, = Pyt |
SF—OHTr(i,)?WN(I e AN) Ay NG - (- e AN) A, lGxt”
Nt

+1rne = g | AN AN T Gy || + || AN T Gy — AR T Gy |

1
= "N — TN | |:||.ANA€\[_1G9C; |+ — | TSN = ry An) AN Gy

(= g A) AN G ||} AN G, - AN Gy |

IA

IA

Nt

= rN,t0|[||ANaf-lext I+ % [ O — gy An) AN G,
t

»

—(I- rN,tAN)A?[_IGxt”} o |y — g I:”-AIA?Gxt H
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1
+ — ” Tr(l("il’(pl)(l - ruAl)A?Gxt - (1 - rMAl)A?Gx; ||]
Fie ’

+ ] AYGx, - A?o Gy, |

N

< Mo Iris = rigg] + e = 4, (3.20)
i=1

where M > 0 is a constant such that for each ¢ € (0, min{1, f_;fl})

al . 1 , 4 -
Z[\\AiA;IGxt |+ =78 0U ~ 1 A) AT Gy = (T = i A) AT G, ||} < M.
It

i=1

In terms of (3.20) we calculate

llove — g,
< ||t - 6,4)SAY Gx, + 6,(ty Vs, + (I - tuF)SAY G,
— (I = 04, A)SAY Gaxry — Oy (£0y Vit + (I — touF)S A}, Gaxyy )|
< ||t - 6,4)SAY Gx, — (I - 6, A)SAN G, |
+ | (I = 6, A)SAY Gx, — (I - 0, A)SAY Gy |
+ 10, — 04 | | £y Vi, + (I = tuF)SAY G|

+ 6y, || [ty Vs + (I - t,uF)SAf’Gxt] - [toy Vg + (I - touF)SAngto] ||

IA

16; = Oy [l AN | SAY G || + (1= 64, 7)|| SAY Gt — SAY, Gaxyy |
+ 10, — 4 || £y Ve + I = tuF)SAY Goee || + 65, || (2 — £0)y Ve
+toy (Va, — Viyy) — (t — to) WFSAN Gy + (I — touF)SAY G,

(-t MF)SA% Gy, ||

IA

16; = O, AN | SAY G | + (1= 64, 7) || AY Gy — AY Gy |
+10, = 4 || £y Vay + I = tuF)SAY Goee || + 64, || (2 = £0)y Ve
+toy (Va, — Vixyy) — (¢ — to) pFSAN Gy + (I — touF)SAY G,

— (I - topF)SAY Gaxyy |

IA

N
16: = 61, [ I AN SAY Goxe || + (1 —etof)[nxt — x|l + Mo Y _lriy —n,to|]

i=1
+10; = 04 [ | SAY Gaxe | + £(y | Vel + | FSAN G |) ]
+ O3 [ (Y I1Vasell + i | FSAY Goee|)) I = to + toy Lllxe — %4, |
+(1-t7) ”AJ[VGxt - A%Gxto H]
N N
<160 = O, AN | SAY Goxe || + (1= 64, 7) (nxt — |l + Mo lrig = Tigy |)
i=1

+10; = 04, | (| SAN Gaxy | + v | Vavell + || FSAY Gy |)



Ceng et al. Journal of Inequalities and Applications (2015) 2015:280 Page 24 of 44

+ 0 (¥ | Vatell + || ESAY Gase |) |t — to] + sy oy Loy — x4, |
N
+ 6, (1- tor)<||xt — |l + Mo lri —n,m|).
i=1
This immediately implies that
IANISAY G|l + ISAN Gase || + y [ Viee || + | FSAN Gase|
0 (7 =1+ to(z — y1))

J/|| Vae|| + | FSAN G|
y=1+to(t —yl)

|8t - 010 |

”xt - xto ” =

|t~ tol

1-6 1+ty7)IM
(16, (7~ 1+ to7)] OZW o
07 ~1+to(r =y D)

Since 6, : (0, min{L, 2 = yl}) — (0, |AlI"Y is locally Lipschitzian, and r;; : (0, min{1, 2 = yl}) —
[a;, b;] is locally Lipschitzian for each i = 1,..., N, we conclude that «; : (0, mm{l 1})
C is locally Lipschitzian.

(iv) From the last inequality in (iii), the result follows immediately. a

We prove the following theorem for strong convergence of the net {x,} as £ — 0, which
guarantees the existence of solutions of the variational inequality (3.2).

Theorem 3.1 Let the net {x;} be defined via (3.1). Iflim,_, ¢ 6; = 0, then x; converges strongly
toapointx € 2 ast — 0, which solves the VIP (3.2). Equivalently, we have Po (2] — A)X = X.

Proof We first show the uniqueness of solutions of the VIP (3.2), which is indeed a conse-
quence of the strong monotonicity of A—1. In fact, since A is a y -strongly positive bounded
linear operator with y € (1,2), we know that A — I is (y — 1)-strongly monotone with con-
stant ¥ —1 € (0,1). Suppose that ¥ € §2 and & € 2 both are solutions to the VIP (3.2). Then

we have

(A-Dx,x-3)<0 (3.21)
and

(A-Dx,x-7)<0. (3.22)

Adding (3.21) and (3.22) yields
(A-Dx-(A-Dxx-%)<0.

The strong monotonicity of A — I implies that ¥ = ¥ and the uniqueness is proved.
Next, we prove that x; — X as ¢ — 0. Observing Fix(7T) = Fix(S), from (3.1), we write,
for given p € £2,

Xt —p

=X Wt W —p
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=x; = wy + (I - ,A)SAY Gxy + 0, (ty Vay + (I - tuF)SAN Gxy) —p
=x, —w; + (I - 0,A)(SAY Gx, — SAY Gp)

+ Gt[ty Ve, + (I - t/LF)SA?[Gxt —p] +60,(I-A)p
=x; —wy + (I - 0,A)(SAY Gx, - SAY Gp)

+0,[t(y Vi, — uEp) + (I — tuF)SAYN G, — (I - tuF)p] + 6,(I - A)p,

where w; = (I - QtA)SAf’Gxt + 6, (ty Va, + (I - t,uF)SA?]Gxt). Then, by Proposition 2.1(i),

we have

Il - pII?
= (%, — Wi, % — p) + (I - 0,A)(SAY Gx, — SAN Gp, x, — p)
+ 0, [ty Vite — uEp, x, — p) + (I = t uF)SAY Gy — (I — tiuF)p, x, — p)]
+60,(I - A)p,x, - p)
< (=67l - plI* +6,[ (A - t1) |lx, - plI* + ty |z, - pl?
+ t((y V — uF)p,x; —p)] + 9,5((1 - A)p,x; —p)
=[1-6,(y =1+ ez = yD)]llxe - pII* + 6:({(y V = uF)p, x, - p)

+ ((I - A)p,x; —p)).

Therefore,

1
llx: - plI* < m(t((yv - WE)p, %, —P> + ((1 —A)p, x; —P»- (3.23)

Since the net {x;} 71 is bounded (due to Proposition 3.1(i)), we know that if {¢,}
yl

te(0.min{l, =7,

12__;,71}) such that £, — 0 and x;, — x*, then from (3.23), we

obtain x;, — x*. Let us show that x* € £2. Indeed, by Proposition 3.1(ii), we know that

is a subsequence in (0, min{1,

lim,— o0 |2, — Sx¢, || = 0 and lim,,_, o ||%;, — Gy, || = 0. Hence, according to Lemma 2.5,
we get x* € Fix(S) N &. It is clear from the definition of S that * € Fix(T) N &. Next we
prove that x* € ﬂﬁzl GMEP(O,,, 9., Am). As a matter of fact, utilizing (3.14) and (3.16),
we obtain from x;, — x%, y1, = Gx;, — x* and A}'y;, — x* for each m =1,...,N. Since
ALy, = Tr(,(ZZ’W)(I - T"m,tnAm)AfZ’Iyt,,, n>0,mel{l,...,N}, we have

0 < On(AL94,Y) + ) — Pm(ALLys,)

1
+ (AmA:Z_lytn’y - A::ytn> + P

m,ty

(y - A:Zytn’ A;:ytn - A;Z_lytn>'
By (A2), we have

Om(y, AL 91,) < 0m®) = 0 (AL y1,) + (A A) vy = ALy, )

+ ——(y = AV Y4 AL ye, — AL y,)-

rWl,tn
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Letz, =ty + (1 — t)x* for all £ € (0,1] and y € C. This implies that z; € C. Then we have

(Zt - AZJ’W Amzt)

2 Om (Agjytn) — om(z) + (Zt - AZD’@,» -AmZt> - (Zt - Agytn’ AmA::_lytn>

ALy, — Al Ny,

- <Zt - A Y > + O (20, ALy,

Vi, ty,
= Om (A::yt,,) — Om(ze) + <Zt - AZ’%W Amzs - -AmA::ytn>
+ (Zt — Agytn’ AmAZZytn - AmAZ;l_lytn>

Ay, — ALy,

—<Zt—AZ;J’t,,, >+@m(z[, A;”nytn).

Vm,tn

By (3.16), we have [|A,, A"y, — A,,,Af;“ytn | = 0 as n — oo. Furthermore, by the mono-
tonicity of A, we obtain (z; — Ay, Az — AmA}yr,) > 0. Then, by (A4), we obtain

(2 =%, Apze) = @ (5*) = o(20) + Op(20,5%).
Utilizing (A1), (A4), and the last inequality, we obtain

0 = Om(ze,2e) + Pm(2e) = om(z:)
< 10(z6,9) + (1= DOy (2,5") + 19, () + (L= P (x*) = 9 (22)
<t[Ou(z9) + oY) — om(z) | + (L= )z — &, Aze)
= t{On(z0,9) + O () — om(z) ] + L = Oty — 2%, Aze),

and hence
0 < Onlz6,)) + om(Y) — om(ze) + (L= )y — &*, Apze).
Letting ¢ — 0, we have, for each y € C,
0 < O (x",9) + () — om(x*) +{y — &*, Ax™).
This implies that x* € GMEP(O,,, 9,,, A,,) and hence x* € ﬂi\n[zl GMEP(®,,,, ¢, Ai).
Thus, x* € (., GMEP(O,,,, ¢, A,) N Fix(T) N 5.

Next, we prove that x, — ¥ as ¢ — 0. First, let us assert that x* is a solution of the VIP
(3.2). As a matter of fact, since

xp =% —we + (I = 0,A)SAY Gy + 0, (ty Vv + (I — tuF)SAY Gxy),
we have
X — SAJtVGxt =x, —wy +6,(I —A)SAItVGxt + Htt(y Vi, — ;LFSAJ[VGxt).

Since AY is nonexpansive (due to (2.1) and Proposition 2.2(ii)), G is nonexpansive (due to
Proposition 2.3) and S is nonexpansive (due to Lemma 2.4), I — SANG is monotone. So,
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from the monotonicity of I - SANG, it follows that, for p € £2,

0 <((I-SANG)x, — (I-SANG)p,x; —p) = ((I - SAN G)xs, % — p)
= (% — Wi, x, — p) + 0,(I - A)SAN Gy, x, — p)
+ 0,t(y Vit, — WESAN Gy, 0 — p)
< 0{(I - A)SAY Gy, 0 — p) + O,t(y Vie, — uWFSAY Gy, 0 — p)
= 0, — Ay, — p) + 0,((I — A)(SAN G — I)xy, 4, — p)

+ Qtt(y Ve — ,uFSAiVGxt,xt —p).
This implies that
((A — D%, —p) < ((I —A)(SA?[G - I)xt,x, —p) + t(y Vi, — MFSA]tVGxt,x, —p). (3.24)

Now, replacing ¢ in (3.24) with ¢, and letting » — 00, noticing the boundedness of {y Vx;, —
,LLFSAZ Gy, } and the fact that (I—A)(SAZG—I)xtn — 0asn — oo (dueto (3.4)), we obtain

((A-Dx*,5* —p)<o0.

That is, * € £2 is a solution of the VIP (3.2); hence x* = X by uniqueness. In summary, we
have proven that each cluster point of {x;} (as ¢t — 0) equals x. Consequently, x; — x as
t— 0.

The VIP (3.2) can be rewritten as

(2I-A)x-%%-p)>0, Vpeg.
Recalling Proposition 2.1(i), the last inequality is equivalent to the fixed point equation
Po(2I - A)x = x. O
Taking F = %I, @ =2,and y =1in Theorem 3.1, we get
Corollary 3.1 Let {x;} be defined by
x, = Pc[(I - 0,A)SAY Gy + 0,(t Vi, + (1 - )SAY Gaxy) .

Iflim;_, ¢ 6, = 0, then {x;} converges strongly as t — 0 to a point x € §2, which is the unique
solution of the VIP (3.2).

First, we prove the following result in order to establish the strong convergence of the
sequence {x,} generated by the composite explicit relaxed extragradient-like scheme (3.3).

Theorem 3.2 Let {x,} be the sequence generated by the explicit scheme (3.3), where {a,,}
and {B,} satisfy the following condition:
(C1) {a,} 0,11, {Bs} C(0,1] and a, - 0, B, — 0 as n — oo.
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Let LIM be a Banach limit. Then
LIM,((A - DX, &% — x,) <0,
where X = lim,_, o+ x; with x; being defined by
%, = Pc[(I - 0,A)SAN G, + 0, (ty Vix, + (I - tuF)SAN Gwy) ], (3.25)

where S,G, AN : C — C are defined by Sx = )x+(1-2)Tx, Gx = T3 (I- v F) T2 (I - va Fy)x
and ANx = T,(A(?N”N)(I —rnvAy) - - Tr(l(”)l’(“)(l —rnA)x with0 <k <i<landr; €[a;,b;] C
(0,2n;) foreachi=1,...,N.

Proof First, note that from the condition (C1), without loss of generality, we may assume
that 0 < B, < ||A||™* forall » > 0.

Let {x;} be the net generated by (3.25). Since AN is a nonexpansive self-mapping on C,
by Theorem 3.1 with AN = AN, there exists lim;_. x; € £2. Denote it by x. Moreover, % is
the unique solution of the VIP (3.2). From Proposition 3.1(i) with AN = AN, we know that
{x.} is bounded and so are the nets {Vx,}, {ANGx;}, and {FSANGx;}.

First of all, let us show that {x,} is bounded. To this end, take p € £2. Then we get

19 = pll = |ty Vatn + (I - atyuF)SAY Gax,y — p |
= | otu(y Vitn — uFp) + (I = atuuF)SAY G, — (I — oy uF)SAY Gp ||

< ayyllay —pll + || (y V= uE)p|| + (1 - a7 l|%4 - pl

= (1= otu(t = yD) 1% = pll + || (¥ V = uF)p

’

together with Lemma 2.9, implies that

%01 = pll = | Pc[( = BLA)SAY Gy + Buyu] - p||

< [T = BuA)SAY Gy + Buyn — |

= | - B,A)SAY Gx, — (I - B,A)SAY Gp
+ Bun =) + Bull = A)p |

< |t - B.ASAY Gx, — (I - B,A)SA) Gp|
+ Bullyn = pll + Balll - Al p

< (1= Bu?)%n = pll + Bul (1 - atu(t = ¥ D)) 1 — pll
tau| (V= uF)p[] + Balll - Alllpl

< (1= Ba@ = D) lln = pll + Ba (| (r V = uP)p| + 11 = Alllpll)

I(yV —uBE)pl + 1 - Allpl
y -1

= (1= Bu(¥ = D)l = pll + Ba(7 = 1)

Iy V = uBE)pll + 1 - Alllp|
smax{nxn—pn, P Pit

y-1
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By induction

I(yV —uF)pl + I - Allpl
y -1

e, - pl smax{nxo—pn, } Vn>0.

This implies that {x,} is bounded and so are {Vx,}, { AN Gx,}, {FSAN Gx,}, and {y,}. Thus,
utilizing the control condition (C1), we get
|1 = SAY G| = | Pc[U = BrA)SAY G + Buyn] — SAY Gaxy
< ||t - BLA)SAY Gaty + Buyn — SAY G|

= B Hyn — ASAY G, || —0 asn— oo.

Utilizing similar arguments to those of (3.20), we have

N
| AY Gix,y — AN G, | < MY iy 1,
i=1

Tin

where sup, - o{ 1 (A AL Goty |+ 2 I T30 (= 13y A) AL Gty = (1 =13 A AL Gty |1} <
M, for some M; > 0. Consequently, it is not hard to find that

IS AN Gty — % |
< ||SANGx, - SANGx | + || SAN Gy — SAY G| + | SAY Gy — % |

< lxe = xull + | AN Gy — AY G| + | SAY Goty — 20 |

N
=< % =l +]~V112|Vi,n =il + || SAN Gy — 01 |
i1

= s — xull + €5 (3.26)

where €, = Ml Zf\il |7 — 1l + %01 — SAI,YGx,,H — 0 as n — 00. Also, by observing that
A is strongly positive, we have

(A, — Ay — %) = (Al = %), % — %) = 7 |0 — 01 (3.27)

For simplicity, we write w; = (I — 8;A)SANGx; + 0;(ty Vs + (I — tuF)SANGx;). Then we
obtain x; = Pcw; and

%y — a1 = % — Wy + ([ — O, A)SAN Gy + 0, (by Vity + (I — tuF)SAN Gixy) — %01
= (I - 0,A)SAN Gy — (I — 0,A)x31 + 0, (£ Vixy

+ (1 - t/,LF)SANGxt —Aanrl) + X — Wy
Applying Lemma 2.1, we have

2
Iy = Xl

< |t -6,4)SAN G, — (I - 0, A |
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+20,(SAN Gty — t(UWFSAN Gy — y Vitg) — At X — K1) + 2 (% = Weo % — K1)
< ||t - 6,4)SAN G, — (I - 6,A) %, |

+20,(SANGux, — t(WFSAN Gy — y Vi) — ARy, X — Xy
< (1-0,7)|SAN G, =t ||* +26:(SAN G, — 1,21 — %101

- 26tt(chSANGxt -y Vg, % — x,,+1) + 204 (0 — AX i1, Xt — K1) (3.28)
Using (3.26) and (3.27) in (3.28), we obtain

[EA &
< (1= 6,7)|SAN Gy = || + 26,(SANGix — 21, %0 — %11
+20,t{y Vit — WESAN Gty — K1) + 20, (36 — ARy, K¢ — Xs1)
<(1- 9t77)2(||xt —xull + Gn)2 + ZGtHSANGxt —xtH ll% = %41
+20,t |y Vo, — WFSAN Gaxy | 16 — % || + 20, (360 — Ay, X — K1)
= (677 = 2600)7 e — 21> + 12 = all® + (1 = 6,7)* (2110 — %l € + €)
+20; | SAN Gy — e || 1126 — st Il + 26, |y Ve, — WESAN Gaxe || 126 — 26 |
+ 2604 (X — AX i1, X — Xpa1)
< (077 —26,) (Ax, — A%y 0 — 20 + [l — 20 ]1> + (1= 0,7)% (2l — xullen + €])
+ 20, | SAN Gy — e || 1126 — s Il + 26,2 |y Ve, — wFSAN Gaxe |16, — 260 |
+ 20, (% — AXy41, % — Xp41)
= 077 (Axy — A%, 0 — %) + 160 — %[> + (1= 6,7)* (2010 — K ll€n + €51)
+20; | SAN Gy — e || 1162 — Ksa Il + 260, |y Ve, — RESAN Gate || 126 — 6 |
+ 20, (0 — A1, % — K1) — (A% — A%y X — %) |
= 07 P (A(xe = %), % = %) + 10 = 21 + (1= 6,7) (212 — K€y + €7
+ 20, | SAN Gy — e || 1126 — Ksa Il + 26,2 |y Ve, — wWFSAN Gaee || [l — 26|
+20,[((I = A)xe, %0 — K1) + (A = Fi1), K¢ — Xs1)

— (A = ), 20 — x)]. (3.29)
Applying the Banach limit LIM to (3.29), from €, — 0 we have

LIM,, [|%; = %1 |1
<0y LIM,,(A(x, — X)) X — x,,) +LIM,, ||, — %, ]|
+ 20, | SAN Gy — x| LIM,, [l — %1 |
+20,t |y Vat, — wuFSAN Gy | LIM,, || — %1 |
+ 20, [LIM,((I — A)xe, %, — %s1) + LIM (A (% = X11), 0 — K1)

— LIM,,(A (% — %), % — %)) (3.30)
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Utilizing the property LIM,, a,, = LIM,, a,,,; of the Banach limit in (3.30), we obtain

LIM,,((A — D)%z, % — %)
= LIM,,{(A — D)oy, ¢ — %n11)

0,y 1
< = LIM{AGee = 20), % = %) + o [LIMy [l = 201 = LI 1 = 50111°]
t

+ | SAN Gy — x| LIM,, ||, = %]l + £y Viey = uESAN Gox | LIM,, [l — 5,
+ LIM,,(A (e — %41), % — Xni1) — LIMu (A (% — %), % — %)

0.7
= tTV LIMn<A(xz — Xn)s Xt — xn) + “SANGx'f _‘xt” LIM, [|x; — %

+t|y Vi, — nESAN G | LIM,, [l — 1. (3.31)
Sinceast — 0,
O(A(x = %), — x0) < O AN |2 — %4 ]|* < 6K — O, (3.32)
where ||A|[lx; - x,]1> < K,

HSANGxt — X H -0 (see (3.4)) and
(3.33)

t||nyt - ;LFSANGxt” —-0 ast—0,
we conclude from (3.31)-(3.33) that

LIM,((A - D)X, % — x,)

< limsup LIM,,((A —D)xs, % — x,,)

t—0

< limsup % LIM,,(A(xt — X)X — x,,) + lim supHSANGxt — Xy H LIM,, ||x; — x|
t—0

t—0

+limsup ||y Vi, — uFSAN G, | LIM,, [l — 4
t—0
=0.
This completes the proof. d

Now, using Theorem 3.2, we establish the strong convergence of the sequence {x,} gen-
erated by the composite explicit relaxed extragradient-like scheme (3.3) to a point ¥ € £2,

which is also the unique solution of the VIP (3.2).

Theorem 3.3 Let {x,} be the sequence generated by the explicit scheme (3.3), where {a,,}
and {B,} satisfy the following conditions:

(C1) {a,}Cl0,1], {Bs} C(0,1], and o, — 0, B, — 0 as n — oo;

(C2) 3020 Bu =00
If {x,,} is weakly asymptotically regular (i.e., X441 — x, — 0), then x,, converges strongly to a
point x € §2, which is the unique solution of the VIP (3.2).
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Proof First, note that from the condition (C1), without loss of generality, we may assume
that o, 7 <1 and %};ﬂ"l) <1lforallm>0.
Let x; be defined by (3.25), that is,

%, = Pc[(I - 0,A)SAN G, + 0,(SAN Gy — t(WFSAN Gy — y Vixy) |,

for t € (O,min{l,f_;fl}), where Sx = Ax + (1 - A)Tx for 0 <k <A <1, Gx = Tffl(l -
WE) T2 (I - vaFy)x for vy € (0,24)),j = 1,2, AN = TSN (= ry Ax) - - TS (- i Ay
for r; € [a;,b;] € (0,21;),i=1,...,N, and lim;_,o x; := X € §2 (due to Theorem 3.1). Then X
is the unique solution of the VIP (3.2).

We divide the rest of the proof into several steps.

Step 1. We see that

Iy V = uF)pll + I - Allllp]l
y-1

llcn = pli fmax{”xo -pl }, VYn >0,

for all p € 2 as in the proof of Theorem 3.2. Hence {x,} is bounded and so are {Vx,},
{ANGx,}, {AN Gy}, (FSAY Gx,}, and {y,).
Step 2. We show that limsup,,_, . (({ — A)%,x, — %) < 0. To this end, put

a, = <(A - Dx,x —xn), Vn > 0.

Then, by Theorem 3.2, we get LIM, a, < 0 for any Banach limit LIM. Since {x,} is
bounded, there exists a subsequence {x,} of {x,} such that

lim sup(ay,.1 — a,) = lim sup(a,,].+1 - a,,}.)
n—00 Jj—00

and x,;, =~ v € H. This implies that x,,,; — v since {x,} is weakly asymptotically regular.
Therefore, we have

w—lim®—-x,.,1)=w- lim&-x,) = (x-v),
j—00 / j—00 /

and so

limsup(a,,1 — a,) = lim ((A =%, (% = xp1) — (X = x,,/.)> =0.
j—o0

n—00

Then, by Lemma 2.10, we obtain limsup,,_, ., a, <0, that is,

lim sup<(1 —A)x,x, —5&) =lim sup((A - Dx,x— xn) <0.

n—00 n—00

Step 3. We show that lim,_, « ||x, — X|| = 0. Indeed, for simplicity, we write w,, = (I —
BLA)SANGx,, + By, for all n > 0. Then x,,,1 = Pcw,,. Utilizing (3.3) and SAYN Gx = &, we
have

Yn =% = (I = @utF)SAY G,y — (I — a,uF)SAN G + a,,(y Vix,, — uFR)
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and
Xps1 = X = Xps1 — Wy + ([ = BrA) (SAY Gxyy — SAY GZ) + Bu(yn — %) + Bul — A)R.
Applying Lemmas 2.1, 2.7, and 2.9, we obtain

Iy = &I = | -t F)SAY Gty — (I - 0yt F)SAY G& + v,y Vit — uF3)|
< |t - auuF)SAN G,y — (I -, uF)SAN G|
+ 20, (y Vi, — WEX, yy — X)
< (1 - @0l — &I + 20, lly Vi, — F& | Iy, — &)

< Nl = &% + 200l y Vitw — WX |y — I,
and hence

[Emh
= (T = BLAY(SAN Gix,y = SAN GR) + By — &) + Bull = Az + %1 — wy |
< ||t = BLA)(SAN G, — SANGR) | + 2B, (v — % X1 — &)
+ 2B((I = A, %11 — &) + 2(Xs1 — Wy X1 — )
< ||t = BLA)(SAN G, — SANGR) | + 2B,y — % Xp1 — &)
+2B,(( = A)%, 201 — )
< (A= Bu?)? N0 = ZII* + 2B llyn — EN |%ns1 = Zll + 2B4(I = A)X, K11 — &)
<@ =Bu?)In =21 + Bu(lyn = ZI + %1 = ZII®) + 284((I = A)F, X1 — &)
< A= Bu?)* %0 = ZI* + Bul lvn = ZII* + 200 |y View — uFx| 1y — ]
+ Bulltnsr = &> + 2B, — A%, %11 — %)
= [ = Bu7)* + Bu] 1% = %I1* + 200 Bully Viw — wF%| [y - &I

+ Bull®ns1 — Z* + 2B4((I — A, %11 — E). (3.34)

It then follows from (3.34) that

(l_ﬂny)z"'ﬁn ~n2 lgn
—1_p eI+
= Bn 1- B,
+2((I - A%, X1 — X))
= (1 - Ll”(? - ”) o, — &1
_/3;4
2ﬂn(77 _1) .

1-B,  2(y-1)

+ Bu? I = EN* + 2((I = A)F %1 — E)]

%501 = %)% < [20lly Vit = wEx | llyn — %

[2aully Vit, — 5| lly, — |

= (1 - 0n) %0 = X[ + ©nby,
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where w,, = and

2Bn(r-1)
1-p

—Pn

8y =

1 ~ ~ -2 ~n2 ~ ~
2G 1) (20 lly VEtn = F% | |y — X + Buy* Itn — %11 +2(UI = A)Z, X1 — )]
It can be readily seen from Step 2 and conditions (C1) and (C2) that w, — 0, Y - @, = 00
and limsup,,_, ., 8, < 0. By Lemma 2.8 with r, = 0, we conclude that lim,,_, « [|x, — X| = 0.
This completes the proof. d

Corollary 3.2 Let {x,} be the sequence generated by the explicit scheme (3.3). Assume that
the sequences {a,} and {B,} satisfy the conditions (C1) and (C2) in Theorem 3.3. If {x,} is
asymptotically regular (i.e., x,.1 — x, — 0), then {x,} converges strongly to a point x € £2,
which is the unique solution of the VIP (3.2).

Putting u =2, F = %I, and y =1 in Theorem 3.3, we obtain the following.
Corollary 3.3 Let {x,} be generated by the following iterative scheme:

Y =0 Ve, + (1 — an)SAﬁ[Gx,,,
xpi1 = Pc[(I - BuA)SAN Gy + Buynl, ¥n > 0.

Assume that the sequences {a,} and {B,} satisfy the conditions (Cl) and (C2) in Theo-
rem 3.3. If {x,,} is weakly asymptotically regular (i.e., x,,1 — x, — 0), then {x,} converges
strongly to a point x € §2, which is the unique solution of the VIP (3.2).

Putting o, = 0, Vi > 0 in Corollary 3.3, we get the following.
Corollary 3.4 Let {x,} be generated by the following iterative scheme:
xna1 = Pc[(I - Bu(A = 1))SANGx,], Vn=>0.

Assume that the sequence {,} satisfies the conditions (C1) and (C2) in Theorem 3.3 with
a, =0,Vn > 0. If {x,} is weakly asymptotically regular (i.e., x,,1 — x, — 0), then {x,} con-
verges strongly to a point x € §2, which is the unique solution of the VIP (3.2).

Remark 3.1 If {«,}, {8} in Corollary 3.2 and {r;,,}%¥, in AY satisfy conditions (C2) and
(C3) Yoo lotmsr —ty| <00 and D07 [Bus1 — Bul < 00; or
(C4) 3020 lotus — o] < 00 and lim,,, o % =1 or, equivalently, lim,,_, o % =0and
lim,, . oo 28221 = 0; or,
(C5) D reolatmn —aul <00 and [Bui1 — Bul < 0(Bus1) + O Do On < 00 (the perturbed
control condition);
(C6) > 020 |Fimn — Tyl <00 foreachi=1,...,N,
then the sequence {x,} generated by (3.3) is asymptotically regular. Now we give only the
proof in the case when {a,}, {8,}, and {r;,}, satisfy the conditions (C2), (C5), and (C6).
By Step 1 in the proof of Theorem 3.3, there exists a constant M, > 0 such that forall 7 > 0,

KIESAN Gox, || + y | Viull < Mo, IANISAY Gyl + lyull < My, and

N
Z[}}AiAL‘IGx,, [+ T — i A A Gty — U 1 A) 457 G, H} < .
i=1 b
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Utilizing similar arguments to those of (3.20), we obtain

N

N N Y § :
”An Gxn - An,lGxn—l || = M2 |ri,n - ri,n—l| + ”xn _xn—ln'

i=1

So, we obtain, for all # > 0,

lyn = Yn-all
= ny (Vatn = Vauor) + v (@t — 1) Viewon
+ (I = aytF)SAN Gx,, — (I — ayuF)SAY | Gy
+ (@ — 1 )ESAY 1 G |
<y llon — Kyl + (L— 0, 7) | AY Gy — A} Gatya |
+ ety — oty | (¥ | Vitnoa || + || ES AN G | )
N
<y lln — x| + (1= ay7) [nxn — sl + MY [rim - r,»,n_lq
i=1
+ latn = apa| (¥ | Vit || + 1| FSAY Goxus )

N

< (1= au(r = yD) s = x|l + (Zln,n il + lay —an_u)%,

i=1

and hence

1241 = % |
< || = BuA)SAY Gaty + Buyn — I = Bua A)SAY |Gty — Buoryni|
< | - BsA)(SAY Gx, — SAY G |
+1Bu = Bucal|AN | SAY Gt | + Bullyn = Yt | + 1B = Buca 191 |
< (L= Bu7)|| S A Gy = SA Gty |
N ~
+ IBn |:(1 - an(f - Vl))”xn _xn—IH + (ZVi,n - ri,n—1| + |an - an1|>M2:|
i=1
+ 1B = Buca | (AN || SAN, G | + 1ynal)

N
<@- M)[uxn — | + My Y [rin - ri,n_1|]

i=1
+ Bu |:(1 — (T~ yl))”xn = Xp-1]|

N
+ (me —Tin1| + |ty —Otn—1|)M2j| + 1By — Bna|Ma

i=1

N
=< (1 - ;Bn?)|:”xn _xn—l” + (eri,n - ri,n—l| + |an - cl‘;’1—1|>[\/[2:|

i=1
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N
+ Bu |:||xn = Xp1|l + (erm = Tip-1] + ety —Oln—1|)M2:| + 1By = Bu-1|M>

i=1

N
= (1 - ﬂn(); - 1)) |:||xn _xn—IH + (Z|ri,}’l - ri,n—ll + |an _an1|>M2:|

i=1

+ 1B = Bua [M

N
< (1= Bu(¥ = 1)) %0 — x| + (Dn,ﬂ — il + oy — an1|)M2
i=1

+(o(Bn) + o,,_l)]VIg. (3.35)

By taking Ani = |1 — X4, @, = ﬂn(); —1), wuby = MZO(ﬂn) and r, = (Ziﬂrm — Tipal +
|ty — ty_1| + 05,-1) M5, from (3.35) we have

Apel = (1 - a)n)an + wn(Sn t .
Consequently, utilizing the conditions (C2), (C5), (C6), and Lemma 2.8, we obtain
lim ||x,41 — x4 = 0.
n—00
In view of this observation, we have the following.
Corollary 3.5 Let {x,} be the sequence generated by the explicit scheme (3.3), where the
sequences {a,}, {B,}, and {ri,n}ﬁl satisfy the conditions (C1), (C2), (C5), and (C6) (or the

conditions (C1), (C2), (C3), and (C6), or the conditions (C1), (C2), (C4), and (C6)). Then
{x,} converges strongly to a point x € §2, which is the unique solution of the VIP (3.2).

4 Applications

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. For a given
nonlinear mapping A : C — H, we consider the variational inequality problem (VIP) of
finding x* € C such that

(Ax*,y—x*)>0, VyeC. (4.1)

We will denote by VI(C, .A) the set of solutions of the VIP (4.1).
Recall that if u is a point in C, then the following relation holds:

ueVI(C,A) & u=Pc(I-rAu, ir>0.
In the meantime, it is easy to see that the following relation holds:
SVI (L13) with F, =0 <  VIP (4.1) with A = F,. (4.2)

An operator A : C — H is said to be an a-inverse strongly monotone operator if there
exists a constant « > 0 such that

(Ax - Ay,x —y) > a||Ax - AylI>, Vx,yeC.
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As an example, we recall that the «-inverse strongly monotone operators are firmly non-
expansive mappings if @ > 1 and that every o-inverse strongly monotone operator is also
é-Lipschitz—continuous (see [17]).
Let us observe also that, if A is «-inverse strongly monotone, the mappings Pc(I — 1.A)
are nonexpansive for all A € (0,2«] since they are compositions of nonexpansive map-
pings.
Throughout the rest of this paper, we always assume the following:
F:C — H is a k-Lipschitzian and n-strongly monotone operator with positive
constants «,n > 0;
F;: C — H is {j-inverse strongly monotone for j = 1,2 and T; : C — C is a k;-strictly
pseudocontractive mapping for each i =1,...,N;
A is a y -strongly positive bounded linear operator on H with y € (1,2) and
V:C — H is an [-Lipschitzian mapping with [ > 0;
0<M<i—gand05yl<twithr:1— 1-u(2n - ux?);
G: C — Cis a mapping defined by Gx = Pc(I — viF1)Pc(I — voF2)x with 0 < v; < 2¢; for
j=1,2, and the fixed point set of G is denoted by &;
AN : C — C is a mapping defined by ANx = (I — ry s An) - - - (I = 11,0 A1), £ € (0,1) with
A;=1-T;and {r;;} C [a;,b;] C(0,1-k;) foreachi=1,...,N;
AN': C — C is a mapping defined by ANx = (I -y, Ax) - - - (I = 1,0 A1)x with
{rin} Claib] C(0,1-k;)and lim, oo 1, =17y, foreachi=1,...,N;
2 =X, Fix(T;) N & #@ and Py, is the metric projection of H onto £2;
(e} € [0,1] (B} € (0,1 and (81, (g iy 25, (O

We now introduce the following composite implicit relaxed extragradient-like scheme

that generates a net {x;} in one implicit manner:

te(o,mm{l,f_;f, )
x, = Pc[(I - 0,A) AN G, + 0, (ty Ve, + (I — tuF) AY Gay) ). (4.3)

Moreover, we also propose the following composite explicit relaxed extragradient-like

scheme, which generates a sequence in another explicit way:

Vi =y Vi + (I — i F) AY G, (4.4)
X1 = Pcl( - lsnA)qu\[Gxn + ,Bnyn]r Vn >0, ’
where x, € C is an arbitrary initial guess.

Theorem 4.1 Let the net {x;} be defined via (4.3). Iflim;_, ¢ 6, = 0, then x, converges strongly
to a point x € 2 as t — 0, which solves the VIP

(A-Dx,x-p)<0, Vpeg. (4.5)
Equivalently, we have Pg (2] — A)x = X.

Proof First of all, it is easy to see that T;: C — C is k;-strictly pseudocontractive if and
only if

2
)

1-k;
(Tix— Tiy,x—y) < llx—y)|* - T”(" Tox—(I-T)y|", V¥xyeC.
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1-k;
2

by Lemma 2.3(i) we know that if T; : C — C is k;-strictly pseudocontractive, then 7; is

1+k; 1+k;
ltk;’ Le., ||Tlx - le” S lik;

In Theorem 3.1, weput ®; =0, ¢; =0, P, =P, =0,T=1,1=0, A;=1-T;and n; = l_zk"

foreachi=1,...,N.Then T : C — Cis a k-strictly pseudocontractive mapping with k = 0

It is clear that in this case the mapping I — T; is = -inverse strongly monotone. Moreover,

Lipschitz-continuous with constant lx—y|l forall x,y € C.

and A; is n;-inverse strongly monotone with n; = I_Tkl foreachi=1,...,N.Inthiscase,S =1
and GMEP(©;, ¢;, A;) = VI(C, A;) foreach i =1,...,N. Next let us show VI(C, A;) = Fix(T})
foreachi=1,...,N. Indeed, we have, for v > 0,

ueVI(C,A) < (Awuy-u) >0, VyeC
& (u—-vAu-uu-yy>0, VyeC
& u=Pc(u—-vAu)
< u=Pc(u—vu+vTiu)
< (u-vu+vTiu—uu—-y)>0, VyeC
< (u-Twuu-y)<0, VyeC
S u=Tu
& ueFix(T).
Hence, we conclude that
N N N
2 =(")GMEP(;,¢;, A) NFiX(T)N & = (| VI(C, A) NFix() N & = [ |Fix(T) N 5.
i=1 i=1 i=1

Also, observe that

SAY Gy = STENN(I = ry e An) -+ T = 11,0 A1) Gt

= TN = r e Aw) - TP = 11,0 A1) G

™,
=Pc(I - rnsAN) - Pc(l - ”2,tA2)PC[(1 —111)Gx; + rl,tTlGxt]

=Pc(I - rN,tAN) - Pc( - rz,tAz)(I— Vl,tAl)Gxt

= —rneAn) - (= 1o Ad)T = 11,0 A1) G

In this case, the implicit scheme (3.1) reduces to (4.3). Consequently, utilizing Theorem 3.1
we obtain the desired result. O

Remark 4.1 Theorem 4.1 extends and improves Ceng et al.’s hierarchical fixed point
problem (1.7) for a nonexpansive mapping (see [32], Theorem 3.1) and Jung’s hierarchi-
cal fixed point problem (1.10) for a strict pseudocontraction (see [1], Theorem 3.1) to the
hierarchical fixed point problem (4.5) with the constraint of SVI (1.13).

Taking F = %I, n=2,and y =1in Theorem 4.1, we get
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Corollary 4.1 Let {x;} be defined by
Xt = PC[(I - GtA)Aivat + Qt(tht + (1 - t)Aivat)]

Iflim,_,0 6, = 0, then {x;} converges strongly as t — 0 to a point x € §2, which is the unique
solution of the VIP (4.5).

Next, by utilizing Theorem 3.2, we prove the following result in order to establish
the strong convergence of the sequence {x,} generated by the composite explicit relaxed

extragradient-like scheme (4.4).

Theorem 4.2 Let {x,} be the sequence generated by the explicit scheme (4.4), where {a,,}
and {B,} satisfy the following condition:

Q1) {a,}cl0,1],{Bs} Cc(0,1], and o, — 0, B,, — 0 as n — oo.
Let LIM be a Banach limit. Then

LIM,((A - DX, &% — x,) <0,
where x = lim;_, o+ x; with x; being defined by
X = PC[(I —0,A)ANGx, + Gt(ty Vs + (I - t,uF)ANGxt)], (4.6)

where G, AN : C — C are defined by Gx = Pc(I — v F)Pc(I — voFy)x and ANx = (I -
rNAN) - = nADx with v € (0,28), j = 1,2 and r; € [a;,b;] C (0,1 - k;) for each i =
1,...,N.

Proof In Theorem 3.2, we put ©; =0, ¢; =0, &1 =P, =0,T=1,1=0, A; =1 - T; and
n; = I_Tkl
each i = 1,...,N. Utilizing similar arguments to those in the proof of Theorem 4.1, we
get GMEP(0®;, ¢, A;) = VI(C, A;) = Fix(T;), ANGx, = (I - rnnAx) -+ - (I = 11, 41) Gx,, and
ANGx; = (I - ryAy) --- (I - 1A Gxy. Thus, it is easy to see that the schemes (3.3) and
(3.25) reduce to the ones (4.4) and (4.6), respectively. Consequently, by utilizing Theo-

for each i =1,...,N. Then A, is n;-inverse strongly monotone with 7, = 1_2—](’ for

rem 3.2, we derive the desired result. O

Remark 4.2 Theorem 4.2 extends and improves Jung’s hierarchical fixed point problem
(1.10) for a strict pseudocontraction (see [1], Theorem 3.2) to the hierarchical fixed point
problem (4.5) with the constraint of SVI (1.13).

Now, using Theorem 4.2, we establish the strong convergence of the sequence {x,} gen-
erated by the composite explicit relaxed extragradient-like scheme (4.4) to a point x € £2,
which is also the unique solution of the VIP (4.5).

Theorem 4.3 Let {x,} be the sequence generated by the explicit scheme (4.4), where {a,,}
and {B,} satisfy the following conditions:

(C1) {en} 0,1, {Bs} C (0,1], and o, — 0, B, — 0 as n — oc;

(C2) 2020 Bu = 0.
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If {x,} is weakly asymptotically regular (i.e., x,,1 — x, — 0), then x,, converges strongly to a
point x € 2, which is the unique solution of the VIP (4.5).

Proof In Theorem 3.3, weput @; =0, ¢; =0, &1 =P, =0,T=1,A=0, A; =1- T}, and

n; = 1’21(" for each i =1,...,N. Then A, is n;-inverse strongly monotone with 7, = 1;_19 for

each i=1,...,N. Utilizing similar arguments to those in the proof of Theorem 4.1, we get
2= ﬂf\il Fix(T;)) N & and ANGx, = (I - rynAx) - - - (I = 11, A1) Gx,. So, it is easy to see that
the scheme (3.3) reduces to the ones (4.4). Thus, in terms of Theorem 3.3 we derive the
desired result. O

Remark 4.3 Theorem 4.3 extends and improves Ceng et al.’s hierarchical fixed point
problem (1.7) for a nonexpansive mapping (see [32], Theorem 3.2) and Jung’s hierarchi-
cal fixed point problem (1.10) for a strict pseudocontraction (see [1], Theorem 3.3) to the
hierarchical fixed point problem (4.5) with the constraint of SVI (1.13).

Corollary 4.2 Let {x,} be the sequence generated by the explicit scheme (4.4). Assume that
the sequences {o,} and {B,} satisfy the conditions (C1) and (C2) in Theorem 4.3. If {x,} is
asymptotically regular (i.e., x,.1 — %, — 0), then {x,} converges strongly to a point x € §2,
which is the unique solution of the VIP (4.5).

Putting u =2, F = %1, and y =1 in Theorem 4.3, we obtain the following.

Corollary 4.3 Let {x,} be generated by the following iterative scheme:

Vn = 0, Vi, + (1 — ) AN Gy,
X = Pcl - ﬂnA)A;\[Gxn + ,Bnyn]r Vn=>0.

Assume that the sequences {o,} and {B,} satisfy the conditions (Cl) and (C2) in Theo-
rem 4.3. If {x,} is weakly asymptotically regular (i.e., x,.1 — x, — 0), then {x,} converges
strongly to a point x € §2, which is the unique solution of the VIP (4.5).

Putting o, = 0, Vi > 0 in Corollary 4.3, we get the following.

Corollary 4.4 Let {x,} be generated by the following iterative scheme:
%ua1 = Pc[(I - Bu(A - 1)) AY Gx,,], V¥n=o0.

Assume that the sequence {B,} satisfies the conditions (C1) and (C2) in Theorem 4.3 with
a, =0,Vn > 0. If {x,} is weakly asymptotically regular (i.e., x,,1 — x, — 0), then {x,} con-
verges strongly to a point X € §2, which is the unique solution of the VIP (4.5).

Remark 4.4 If {«,}, {B,} in Corollary 4.2 and {ri,n}ﬁ . in Aﬁ[ satisfy conditions (C2) and

(C3) Yo7 ot — | <00 and 3202 |t = Bul < 00; or
(C4) D020 lotnen — atyl < 00 and lim,,— o % = 1; or, equivalently, lim,,_ % =0

and lim,,_, o % =0; or,

(C5) Yop o1 — | < 00 and [ Bus1 = Bul < 0(Bus1) + G Y pcg O < 00 (the perturbed
control condition);
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(C6) Y 2 IFims1 — Finl <00 foreachi=1,...,N,
then the sequence {x,} generated by (4.4) is asymptotically regular. Now we give only the
proof in the case when {«,}, {8,}, and {r,;n}f\:[l satisfy the conditions (C2), (C5), and (C6).
Indeed, in Remark 3.1, we put ©®; =0, 9; =0, &, =P, =0,T=1,1=0, A, =1- T}, and

n; = I_Tk‘ for each i =1,...,N. Utilizing Remark 3.1, we derive the claim.

In view of Remark 4.4, we have the following.

Corollary 4.5 Let {x,} be the sequence generated by the explicit scheme (4.4), where the
sequences {a,}, {Bn), and {ri,}N, satisfy Remark 4.4(C1), (C2), (C5), and (C6) (or Re-
mark 4.4(C1), (C2), (C3), and (C6), or Remark 4.4(C1), (C2), (C4), and (C6)). Then {x,}
converges strongly to a point x € §2, which is the unique solution of the VIP (4.5).

Remark 4.5 Corollary 4.5 extends and improves Jung’s hierarchical fixed point problem
(1.10) for a strict pseudocontraction (see [1], Corollary 4.5) to the hierarchical fixed point
problem (4.5) with the constraint of SVI (1.13).

5 Concluding remarks

We introduced and analyzed one composite implicit relaxed extragradient-like scheme
and another composite explicit relaxed extragradient-like scheme for finding a common
solution of a finite family of generalized mixed equilibrium problems (GMEPs) with the
constraints of a system of generalized equilibrium problems (SGEP) and the hierarchical
fixed point problem (HFPP) for a strictly pseudocontractive mapping by virtue of the gen-
eral composite implicit and explicit schemes for a nonexpansive mapping 7: H — H (see
[32]) and the general composite implicit and explicit ones for a strict pseudocontraction
T :H — H (see [1]). Our Theorems 3.1-3.3 and Corollary 3.5 improve, extend, supple-
ment, and develop Theorems 3.1 and 3.2 of [32], Theorems 3.1-3.3 and Corollary 3.5 of [1]
and Theorem 3.1 of [23] in the following aspects.

(i) Ceng et al.’s general composite implicit scheme for a nonexpansive mapping T : H —
H (see (3.1) in [32]) and Jung’s general composite implicit one for a strict pseudocon-
traction T : H — H (see (3.1) in [1]) extends to developing the composite implicit relaxed
extragradient-like scheme (3.1) for a finite family of GMEPs with constraints of SGEP (1.12)
and the HFPP for a strict pseudocontraction. Moreover, Ceng et al.’s general composite ex-
plicit scheme for a nonexpansive mapping 7 : H — H (see (3.5) in [32]) and Jung’s general
composite explicit one for a strict pseudocontraction (see (3.3) in [1]) extends to develop-
ing the composite explicit relaxed extragradient-like one (3.3) for a finite family of GMEPs
with constraints of SGEP (1.12) and the HFPP for a strict pseudocontraction.

(ii) The argument techniques in our Theorems 3.1-3.3 and Corollary 3.5 are very differ-
ent from those techniques in [32] Theorems 3.1-3.2 and [1] Theorems 3.1-3.3 and Corol-
lary 3.5 because we make use of the properties of the resolvent T!®%) (see, e.g., Proposi-
tion 2.2 and the argument of (3.9), (3.14), (3.16), and (3.20)), the ones of the strong pos-
itive bounded linear operators (see Lemma 2.9), the ones of the Banach limit LIM (see
Lemma 2.10), the equivalence of the fixed point equation x* = Tf:l (I-wFy) Tf;z (I —vyFp)x*
to the SGEP (1.12) for ¢;-inverse strongly monotone mappings F;: C — H, j = 1,2 (see
Proposition 2.3) and the contractive coefficient estimates for the contractions T* associ-
ating with nonexpansive mappings (see Lemma 2.7).
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(iii) The problem of finding a common solution % € ﬂf\il GMEP(6;, p;, A;) NFix(T)N &
of SGEP (1.12), the fixed point problem of a k-strict pseudocontraction T and a finite
family of GMEPs in our Theorems 3.1-3.3 and Corollary 3.5 is more general and more
flexible than the one of finding a fixed point of a nonexpansive mapping 7' : H — H in
[32] Theorems 3.1 and 3.2, the one of finding a fixed point of a strictly pseudocontractive
mapping T : H — H in [1] Theorems 3.1-3.3 and Corollary 3.5, and the one of finding a
common solution of GMEP (1.11), SGEP (1.12), and the fixed point problem of a k-strict
pseudocontraction 7" in [17] Theorem 3.1. It is worth pointing out that the problem of
finding x € (ﬁf\i1 GMEP(6;, ¢;, A;)) NFix(T) N & extends the fixed point problems in [1,
32] from the domain H of the mapping T to the domain C for the one of finding x €
(ﬂfil GMEP(0;, ¢;, A;)) NFix(T) N E and generalizes the fixed point problems in [1, 32]
to the setting of SGEP (1.12) and a finite family of GMEPs. In the meantime, the problem
of finding ¥ € (ﬂfil GMEP(0©;, ¢;, A;)) N Fix(T) N & extends the problem of finding X €
GMEP(®, ¢, A) NFix(T) N E in [23] from one GMEP to a finite family of GMEPs.

(iv) Our Theorems 3.1-3.3 and Corollary 3.5 generalize [32] Theorems 3.1 and 3.2 from
a nonexpansive mapping 7 : H — H to a k-strict pseudocontraction 7 : C — C and ex-
tend [32] Theorems 3.1 and 3.2 to the setting of SGEP (1.12) and a finite family of GMEPs.
Moreover, Theorems 3.1-3.3 and Corollary 3.5 generalize Theorems 3.1-3.3 and Corol-
lary 3.5 of [1] from a strict pseudocontraction T : H — H to the setting of SGEP (1.12) and
a finite family of GMEPs. In the meantime, the operators T} in the implicit scheme (3.1)
of Jung [1] are replaced by the composite ones SANG in our implicit scheme (3.1) and the
operators T, in the explicit scheme (3.3) of Jung [1] are replaced by the composite ones
SANG in our explicit scheme (3.3).
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