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Abstract

In this paper, we consider the degenerate poly-Bernoulli polynomials. We present
several explicit formulas and recurrence relations for these polynomials. Also, we
establish a connection between our polynomials and several known families of
polynomials.
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1 Introduction

The degenerate Bernoulli polynomials B,(x,x) (. # 0) were introduced by Carlitz [1] and
rediscovered by Ustinov [2] under the name Korobov polynomials of the second kind. They
are given by the generating function

1+ Ay =" Bula, x)

n>0

(1 )\t)ll}‘

When x = 0, B,(1) = B,(2,0) are called the degenerate Bernoulli numbers (see [3]). We
observe that lim; _, ¢ 8,(, x) = B, (x), where B, (x) is the nth ordinary Bernoulli polynomial
(see the references).

The poly-Bernoulli polynomials PBY (x) are defined by

le(l et Z PB (x)

n>0

where Lix(x) (k € Z) is the classical polylogarithm function given by Lix(x) = anl ’;—Z (see
[4-6]).

For 0 # » € C and k € Z, the degenerate poly-Bernoulli polynomials Pﬂﬁ,k)()»,x) are de-
fined by Kim and Kim to be

Liz(1—e™)

Qim0 2yt =" ppY ()\,x)% (see [5]). L)

n>0

When x =0, Pﬂ(k)(k) = Pﬁ,(,k) (A,0) are called degenerate poly-Bernoulli numbers. We ob-
serve that lim;_, ¢ P,B,(qk)(k,x) = PB(,,k) (x).
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The goal of this paper is to use umbral calculus to obtain several new and interesting
identities of degenerate poly-Bernoulli polynomials. To do that we recall the umbral cal-
culus as given in [7, 8]. We denote the algebra of polynomials in a single variable x over C
by IT and the vector space of all linear functionals on I by IT*. The action of a linear func-
tional L on a polynomial p(x) is denoted by (L | p(x)). We define the vector space structure
on [T* by (cL + ('L’ | p(x)) = ¢{L | p(x)) + ¢'{L" | p(x)), where ¢, ¢ € C. We define the algebra

of formal power series in a single variable ¢ to be
£k
=1f(t) = — Ct. 1.2
# {f() ;akm\ake } (12)

A power series f(t) € H defines a linear functional on IT by setting

(f(t) |x"> =a,, forallxn>0 (see[6,8-10]). (1.3)
By (1.2) and (1.3), we have

(tk | x”) =nd,x, forallm k>0, (1.4)

where §,,x is the Kronecker symbol. Let f;(£) = ano<L | %) ;—n, From (1.4), we have (f.(¢) |
x™) = (L | ™). So, the map L > f;(¢) is a vector space isomorphism from IT* onto H. Thus,
‘H is thought of as set of both formal power series and linear functionals. We call  the
umbral algebra. The umbral calculus is the study of umbral algebra.

The order O(f (¢)) of the non-zero power series f (¢£) € H is the smallest integer k for which
the coefficient of t* does not vanish. Suppose that f(¢),g(t) € H such that O(f(t)) = 1 and

O(g(#)) = 0, then there exists a unique sequence s,(x) of polynomials such that
k
&) | su(x)) = 18,1, (1.5)

where n,k > 0. The sequence s,(x) is called the Sheffer sequence for (g(¢),f(¢)), which is
denoted by s, (x) ~ (g(¢),f(¢)) (see [7, 8]). For f(¢) € H and p(x) € I1, we have (¢ | p(x)) =
p), {f()g(8) | px)) = (g(?) | f(¥)p(x)), and

FO=Y (012, p =Y ) (16)

n>0 n>0

(see [7, 8]). From (1.6), we obtain (¢¢ | p(x)) = p®(0) and (1| p®(x)) = p®)(0), where p¥)(0)
denotes the kth derivative of p(x) with respect to x at x = 0. So, we get t*p(x) = p©(x) =
%p(x), forall k > 0. Let s,,(x) ~ (g(£),f(¢)), then we have

L o _ ¢
g(f(t))ey gsn(y) — (1.7)

for all y € C, where _f (¢) is the compositional inverse of f(¢) (see [7, 8]). For s,(x) ~
(g(2),£(2)) and r,,(x) ~ (h(z), £(2)), let s,(x) = Y _;_ cuiT (%), then we have
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W) )z
s = o e (¢ (o)

4 1.8
2F) * > 8

(see [7, 8]).
From (1.1), we see that Pﬁﬁ,k)(k,x) is the Sheffer sequence for the pair

f_1 1
(g),f @) = (m : (eM - 1)) (1.9)

1

)»

In this paper, we will use umbral calculus in order to derive some properties, explicit
formulas, recurrence relations, and identities as regards the degenerate poly-Bernoulli

polynomials. Also, we establish a connection between our polynomials and several known
families of polynomials.

2 Explicit formulas

In this section we present several explicit formulas for the degenerate poly-Bernoulli poly-
nomials, namely P,Bﬁ,k)()n,x). To do so, we recall that Stirling numbers S;(#, k) of the first
kind can be defined by means of exponential generating functions as ZQ}. Si(e, j)% =
}—I log/(1 + £) and can be defined by means of ordinary generating functions as

@)=Y Simm)x" ~ (1,e' - 1), 1)

m=0
where (x),, = x(x—1)(x—=2) - - - (x—n+1) with (x)¢ = 1. Fork 7!0 wedefine (x | A), = A" (x/1),,.
Sometimes, for simplicity, we denote the function —%7—— by G ().

Lig(1—e A( -
First, we express the degenerate poly-Bernoulli polynomlals m terms of degenerate poly-

Bernoulli numbers.

Theorem 2.1 Foralln >0,

PAYGLx) =33 (Z)Sl(ﬂ,j)k“Pﬂﬁk_)e ()

j=0 €=

Proof By (1.5), for s,(x) ~ (g(£),f(t)) we have s,(x) = Z;'l:o jl!(g(f(t))‘lf_(t)j | #")/. Thus, in
the case of degenerate poly-Bernoulli polynomials (see (1.9)), we have

—(g(f(t>) @ 12")

<le(1 ) ( log(1+At))1

)

L+ )l —
Liy(1-e t) logj(1+kt) Y
Nae s P
Lix(1-e7") ‘ Alet
S8, ) x
<(1+At)1/* ; T

_ ¢ Lip(1- e‘t)
_e;(@)w 2 ’<(1+M)m_1 *
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i:( )51(4»/))»[_’<ZP,3 i xn—l>

L=j m=>0
—~ (n N l=ip (k)
> ( e)sl(e,;)x PB,2, (),
=
which completes the proof. O

Note that Stirling numbers S, (#, k) of the second kind can be defined by the exponential

generating functions as

n t_ 1)k
Y Sa(mk) = = 17 (2.2)

k!
n>k

Theorem 2.2 Foralln >0,

n m-j
PR (%) = Z(ZZ( )Slnmsz(m j O IPB ())'

j=0 \m=j £=0

Proof By (2.1), we have (x | 1), = Y, Si(n, m)A""x™ ~ (1, 1 (e - 1)), and by (1.9), we
have

Gr(O)PB (3, %) ~ (1, %(e“ - 1)>, (2.3)

which implies Gk(t)Pﬂ,(,k)(A,x) =3 o Si(n,m)A""x"™ . Thus,

n 1.t
Liz(1—e x" D
PIB}Elk)()\"x) = Z Si(n, m)A"™™ %xm

m=0

Lif(1-e™)

(1 + )\.V)I/)‘ -1 v=%(e)‘[—1)

= Xn: S1(m, m)A" "
m=0

At Vi
-3 s wﬁmu

m=0 (>0
ZZSl(n, mA" " PB(3) Y Sy, e)—x
m=0 (=0 j>t

"7) S1(1, m)S3.j, O)A"==T P ()T

-2 S5 () sitmmisatm 0 TppO g
m=0 £=0 j=0 J
e n mi m . .
- ( ( , )sl(n, m)Sy(m - j, Z)A”‘K"Pﬂék)(k))x’, (2.4)
j=0 \m=j £=0 /

which completes the proof. O
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Theorem 2.3 Foralln>1,

n n—j n—j—t
ppY Z( (n )(n : Z)A*““"Sz(n ~j=tmB,"P ,<5>(x))x"
=0

m=0

Proof Note that x” ~ (1, £). Thus, by (2.3) and transfer formula, we have

A\ At \"
(k) _ -1, _ n-1
Gr()PB,; ()L,x)_x<e“_1) XX _x<e“ 1) x

Al “n-1
_ (n) n-1 _ Lp(n) n-1-¢
—xE B, —Z!x =x ( ¢ ))\Bzx
> 0

Therefore, PBY (1, x) = " (”ZI)AEBEH)Gk(t)‘lx”‘Z, which, by (2.4), completes the proof.

O
Theorem 2.4 Foralln >0,
n ¢
(m +1)!
PEO () = ( (1t (”) D g tme 1)) Bt (05,
; ; £) (m+ 1% +1) > ¢
Proof By (2.3), we have
Liz(1-e™) Y
PBM (., y) = <(1+k)\7-‘w(1 + AP | % >
Liy(1-e™) t A n
< (1+M)m_1(1+)»t)y x>
le(l e t)
Be(%, y >
(=g
" (n 1 @-ety"y .,
= <£),34()~»)’)<227 x >
£=0 m>1
n n—{+1 m( —t m
_ (7)o ST ). 25)

=0 m=1

Thus, by (2.2), we obtain

nnln ( ) l(l’}’l+1 n—+1 )11 »
)‘y)_2§(g>ﬁf()"y) Tlg;lSz(l m+1) 7

e n (- 1)m+1(m+1)' (- 1)n—l+l(n_£)!
:gmzo (6),313()» )W&(ﬂ 2+1, m+1)W
:inzl n+ml<n>&s(”l—e+lm+l)ﬂ()\y)

=0 m=0 (m+ -+ 1) ’ R

which completes the proof. d
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Note that the above theorem has been obtained in Theorem 2.2 in [5].

Theorem 2.5 Foralln> 0,

PBY (., x) =

£=0 m=0
where (b1 b“Z b3) = Wﬂbg, is the multinomial coefficient.

Proof By (2.5), we have

n

pe ) =3 ()| S | PG )

=0
" (n
=Z<€)ﬁe(k y)<—\ZPﬁ >
=0 m=0
n n— Z
LR {2
£=0 m=0
Note that( L) gntomy = fol u't"dy = —1— Thus,
» n n-t n—0 » © ()\4 )
'B n—+{-— m+1<€>( ) P Be(oy

N

~OM

- 1 n\ (¢
- S PRYB, (2,
Z—m+1(€>(m> B Bt 23)
£=0 m=0

n

¢
1 n+1
_ E (k)
Tn+l (n —l,ml—m+ 1)Pﬂm But(%3),

£=0 m=0

which completes the proof.

1 e n+1
PEMB, (1),
n+IZZ(n—Z,m,E—m+1> P Pt %)
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O

Note that Liy(1 - ™) = [y F~dy = Yi-0Bi3 L[y dy= Z,>o 1(1+1 . For general k > 2, the

function Lix(1 — %) has the integral representation

Ty
Lig(1-¢™ / / / dy
-1/, -1 0 @—1

(k-2) times

which, by induction on k, implies
k-1 B.
Lig(l-et Pkl +
( Z Z 1_1[]i!(11+~~~+],-+1)

Az0  jk-120

Theorem 2.6 Foralln> 0 andk > 2,

- dydydy,

PEYGL2) = Y (n )usnmx( 2 Hm)
; 1

£=0 1+ +]k1€11]l

(2.6)
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Proof By (2.5), we have

PP (L) =) ( ) Be(n, x)<L‘k(ft) ’ xn—i>.

£=0

Thus, by (2.6), we obtain

P et T
P:Bn ()”’x) lzzoj e|'3£()\"x)< Z 1_[]1'(]1+ +] +1)>

J1+-Hgo1=n—L i=1

which completes the proof.

Page 7 of 13

O

Note that here we compute A = (Lix(1 — e7*) | x"*!) in several different ways. As for the

first way, we have

Ao Ly ) [ Btz
k 0 1-e

>0

(k-1)
Z (Pj-l— 1)'(tm+1 | xn+1> _ PBEqk_l)'

m=>0

As for the second way, we have

el -1 el —

ds‘xn+1>
‘Lixa(l-e” PBy V| [t

:</ i1 ( e )ds‘xn+1>zz </ " ds |
0 e -1 - m! 0

|

e <(et —1)Lix(1-e™) ’ x”+1> _ <Lik(1 —le’t) ‘ (et ~ 1)x"+1>

Lik(l—e*t)‘ 1 1 " (n+1\[Li(1
- 1W+ _ 4t —
< el -1 Ge+D) * ; m et
n
n+1l
zz< - )psﬁﬁ%

m=0
As for the third way, by (2.6), we have
=(n+1)! Z 1_[ —
Ji+etk1= “niz1/ Jitl - +]l+1)

Hence, we can state the following result.

Theorem 2.7 Foralln> 0,

PR - Zn: (”; 1)PB§,§) =(n+1)! Y H

m=0 J1t+e k1= i=1

JitG + -

—e™) ’ xm>
-1

+},+1)
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3 Recurrences

In this section, we present several recurrences for the degenerate poly-Bernoulli polyno-
mials, namely Pﬁ,(qk)()n,x). Note that, by (1.9) and the fact that (x | 1), ~ (1, ekj\’l ), we obtain
the following identity.

Proposition 3.1 Foralln >0, PR (A, x+y) = P (;’)Pﬂ].(k)()»,x)(y | Ay

Itis well known that if s,,(x) ~ (g(¢),f (¢)), then we have f(¢)s,,(x) = ns,_1(x). Thus, by (1.9),
we obtain £ "IPﬂ(k)(A,x) = nP,B,(lli)1 (A, ), which implies the following result.

Proposition 3.2 Foralln >0, P,B,(,k)()L,x +A)= P,B,Sk) (A, x) + nkP,Bfl]i)l(k,x).

Theorem 3.3 Foralln >0,

k
PBY, (0,x) = xPBP (1, x - 1)

m+1 m+1-i
=N ( , )A"“l =8, (m +1—i,€)(PBYBi(x) - PBLO(W)Bi(x + 1 - 1)).
=0 £=0
Proof By applying the fact that s,,1(x) = (x - ‘g((tt)) ) s 7S Su(x) for all s, (x) ~ (g(¢),f(¢t)) and

(1.9), we obtain

/ t t
Pﬂg?l()\qx): <x—‘ﬂ)e_“Pﬂ£,k)()»,X)=xPﬁ£lk)()»,x—)») —Atg( )Pﬁ ( )
g() &)
where
O _ 1og(et 1)~ log Lix (1 — e @)Y’
£~ g 1) - tog i1~ )
. _Ll(M
_ ¢ 1 Liga(l-en) 5, 1oy

e -1 Li(l-ei@D) 1_e @D

Thus, the expression A = e™* ‘%Pﬂ,ﬁk)(k,x) is given by

1-1)t
1<t: Gu(0) - %Gk1(t>‘1)Gk<t)PﬂL“<m)~

¢ J (@)

Note that, by (1.9), we have Gk(x)Pﬂ,(qk) (M%) =Y 0 o Si(n,m)A"""x™ . Therefore,

- 1 [ el .
A= 251(1’1, Wl))unmz( Gk(t) %( ) Gk l(t) )
m=0
" Si(m,m) ., [ te"V t 2\ e
= Z ! A ( p G (t) -1 Tkal(t) 1 X 1. (31)
m+1 el — exle -1

We remark that the expression in the parentheses in (3.1) has order at least one. Now, let
us simplify (3.1):
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te(l—)u)t
1 (t)—lxm+1
~ telMt Li(1—e™) ‘ ]
Toet—1 (L+As)A -
tell-Mt m+l © (e”—l )Z
— P A A xm+l
el -1 ; T

te(lf)‘)t m+1 m+1 m+1 ) .
> < , )Wsz(i,z)Pﬁé“(x)xm“—‘
l

=0 i=¢

Toet-1

m+1 m+1-i

+1 i A
3 01 (i (T SR

m+1 m+1-i
1 ,
-y (m " )Am+1-l-esz(m +1-5,00PBY()Bi(x +1- 1)
£=0

and

er@-1) _
_ t le,l(l—es) el
el -1 e —1 s—eki’]
m+1 (e —l)K
m+1 m+1

1
<m+ >)\‘l eSQ(l,Z)PB m+1—i

E 0 i=¢
m+1l m+1-i m+l ¢
33 ( , )xmﬂ-l-fsz(m+1—i,e)PB§f) P
i el -1
i=0 ¢=0
m+1 m+1-i m+l
=N ( ; )A”“l”sz(m +1-4,0)PBYB(x).
i=0 £=0

Hence, by (3.1)-(3.3), we complete the proof.

In the next result we express %P,Bﬁ,b(k,x) in terms of Pﬂ,sk) (A, x).

Proposition 3.4 Foralln >0, d‘iPﬁ(k)()\,x) ”'Zz o e, Pﬁe (A x).

Page 9 of 13

(3.2)

(3.3)

Proof Note that 4 Ssn(x) = i (){f(t) ~4)s¢(x) for all s,,(x) ~ (g(2),f(¢)). Thus, by (1.9),

we have

(F(e) | 27*) = G log(

n— 1 m-1ym x" n—
x E>ZXZ("D "2 (m—l)!<%‘x Z>

m>1

= (A" m--1),

which completes the proof.
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Theorem 3.5 Foralln>1,
PBP () —xPBY (A2 - 2)

- % 3 ( :q ) (PR (3, 2)By s — PBY (1% + 1= 1) Bum(V)).
m=0

Proof By (1.9), we have

PR (1) = <%(1 + Aty ‘ x”>
) <%%(l " | xn_l> (3.4)
+ <% %(1 + At x”1>. (3.5)
The term in (3.4) is given by
Liyl-e) o .
<m(1 1+ f)0-RI ’ X" 1> = yPBY, (b y = 3. (3.6)

For the term in (3.5), we observe that £ éfﬁ)‘l‘i)l = (A - B), where

t Li (1-et t Liy1-e™
ika(l—e )’ B= i1-e™) 1+ 2,
L+A)"* =1 (1 +2a)V* -1

Tet—1(1+ a0 -1

Note that the expression A — B has order of at least 1. Now, we are ready to compute the
term in (3.5). By (1.9), we have

< d Lif(l-e™)

a1t Ay ‘ xn_1>

= <%(A —B)(1 + At)™* ‘ x’“>

- Qa0 1) - La 2 )

Y )ZPﬁ(k‘l)(ky)ﬁx”
n\et -1 e " 7 ml

1 t t"
Sy (S S— PBY(Ly +1- 1) —x"
n<(1+)»t)1/’\—1‘r;) B oy + )m!x>
1< ¢
_ 2 Z <n>P}3$_l)()\»)’)< ‘xn—m>
n = \m et -1

1 (n t
= PBRGLy +1 - A) |
n%(m) P By )<(1+At)l“‘—1

n

xn—m>
1

==y (l’;) (PBY " a9) B = PR Oy + 1= 2)Bum()). (3.7)
=0

n
m
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Thus, if we replace (3.4) by (3.6) and (3.5) by (3.7), we obtain
PO\, x) — xPBY, (1, x — 1)

== Z ( ) PBY (M 2)By s — PBY (12 + 1= 1) Bue(R)),

as claimed. O

4 Connections with families of polynomials

In this section, we present a few examples on the connections with families of polynomials.
We start with the connection to Bernoulli polynomials B;; ) (%) of order s. Recall that the
Bernoullz polynomials BY (x) of order s are defined by the generating function (75)e* =
>0 BY (%) il! , equivalently,

BY(x) ~ ((ett_l)s,t> (4.1)

(see [11-13]). In the next result, we express our polynomials P,B,Sk)(k,x) in terms of

Bernoulli polynomials of order s. To do that, we recall that the Bernoulli numbers BY of
the second kind of order s are defined as

=y p¥ . (4.2)

Theorem 4.1 Foralln> 0,

n n n-€n—t-r j i Vll )
1,1 —r—, P
PR Z(Z > ’,ﬂ b, (8, j, z))35;><x),

m=0 \l=m r=0 j=0 i=0

where Cam(ls1,1,0) = S1(6,m)S1( + 5,] — i+ 8)So(j — i + S,S)b(s Pﬁ (A) and (

n—L—r—j

] b  is the multinomial coefficient.

Proof Let () = (12207 ys and PBR (A, %) = 3 g cumBS) (x). By (1.8), (1.9), and (4.1), we
have

m
m!A" cpm

[ Lig(l—e™) (@+20)"" -1V At s
_<(1+)Lt)1/* —1( t ) (log(1+kt)>

which, by (4.2), implies

(log(1 + At))mx”>,

n

m. n\ ., Lip(1-e™") At et
M Cm = Z (e)A Sl(g’m)<(1 + AVE - th(t)(log(l ¥ “)) ’ >

) n n\ ., L M * n—{
= Z <£>k 51(57””1)<(1 A — hs () ‘ (log 1 +M)) ¥ >

t=m
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n n-t
n\ (n—-1¢ Liy(1-e™)
_ )L€+r , (s) X
: 0<€>( r ) Sﬂe””h‘&1+xﬂﬂk—1h(”

n==0\_,., Lix(1-e™)
pesem (s

xn—(—r>

hs(t)x”e’>.

I

&~
=
=
S &
N
[ N
N~
TN

One can show that

log(1+At) s
ex 1
hs(t) = <f)

i

+35)!

#.

j
:s!ZZSl(j+s,j—i+s)52(]'—i+s,s)

jz0 i=0 G

Thus, by (1.9), we have
/ n\ (n-~¢
Cogm = Z 4 Z(S!(€> ( . )kl”’”‘Sl(E, m)bﬁs)Sl(j +8,j—i+5)

)

j ( 31y, 1 r_)
Z(%Mw S (0, m)S1(j +5,j — i +5)
]

X So(j—i+s, s)b Pﬂ(k) r_}-()»)>,

A Lix(1-e™)
(1+s 1 e_r)j<(1+kt)1/*—1

N
N

as required. d

Similar techniques as in the proof of the previous theorem, we can express our polyno-
mials P,Bi,k)()\,x) in terms of other families. Below we present three examples, where we
leave the proofs to the interested reader.

The first example is to express our polynomials Pﬁf,k)()»,x) in terms of Frobenius-Euler
polynomials. Note that the Frobenius-Euler polynomials H, () (x| m) of order s are defined
by the generating function (2 p” K )se” Zn>0H (x | ,u,) 7 (u #1), or equivalently, H, S)(x |

)%, £) (see [10, 14]).

M)(M

Theorem 4.2 Foralln> 0,

S LT b—m(_,, \s—i
P X;)(ZZ (”)( f) (j)%cnm(Z m)) (x| ),
m l=m r=0 i=

where Cum(0,7,1) = S(€,m)(i | M)uee—rPBO ().

If we express our polynomials PBY (%, %) in terms of “falling polynomials (x | 1),., then we
get the following result.

Theorem 4.3 Forall n >0, P (ALx) =" (;)Pﬂr(zk—)m(”(x [ A)m-
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Our last example is to express our polynomials Pﬁ,(qk)()\,x) in terms of degenerate
Bernoulli polynomials BY (1, x) of order s. Note that the degenerate Bernoulli polynomials
,3,(,3) (A, x) of order s are given by

4 * x/h _ (s) ﬁ
<(1+At)1“\—1> A+ 2y =3 B, Ry

n>0

Theorem 4.4 Foralln=> 0,

Mewm(ii) | BE (A, %),

n n-m j n—m
S o
0 s

m=0 j=0 i=0

where cpm(j,0) = S1(/+ 8,7 — i +8)S2(j— i+, s)Pﬂ(k) (A).

n—-m—j
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