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Abstract

For a function ¢ satisfying some suitable growth conditions, consider the general
dispersive equation defined by {f&y“gfﬁﬁf:g@?”ew “® (%) In the present paper, we
give some global L? estimate for the maximal operator Sj;), which is defined by

S;f(x) = SUPgerer 1Staf X, x € R, where S 1 is a formal solution of the equation (x).
Especially, the estimates obtained in this paper can be applied to discuss the
properties of solutions of the fractional Schrédinger equation, the fourth-order
Schrédinger equation and the beam equation.
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1 Introduction and main results
Suppose f € S(R"), the Schwartz class on R”, denote

eix~§+it\§|2f(§) dt,

n

Sf@) = (2m) / (8) €R" X R,

where f &)= fR,, e~ %%f(x) dx. It is well known that u(x, t) := S;f(x) is the solution of the
Schrodinger equation

iu—Au=0, (xt)eR”" xR, (L)
u(x,0) =f(x). ’
In 1979, Carleson [1] proposed a problem: if f € H*(R”) for which s does
tliné u(x,t)=f(x), aexeR" (1.2)

where H*(R"”) (s € R) denotes the non-homogeneous Sobolev space, which is defined by

H'(R") = {feS’: I lls = </Rn(1 + |s|2)sms>\2dé)m < oo}.

Carleson first studied this problem for dimension # =1 in [1]. He proved that the con-
vergence (1.2) holds for f € H*(R) with s > %. This result is sharp, which was shown
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Table 1 Convergence (1.2) holds for f € H5(R")

Dim Range of s Authors

n=1 5> % Carleson [1]in 1979

n>2 s> % Sjolin [3]in 1987 and Vega [4] in 1988, independently
n=2 forsomes< % Bourgain [5] in 1992

n=2 s>kwith2 <k <2  Moyua Vargas and Vega [6] in 1996

n=2 s>2 Tao and Vargas [7] in 2000

n=2 s>% Tao [8] in 2003

n=2 s>3 Lee [9] in 2006

n>3 s> %—41—” Bourgain [10] in 2013

by Dahlberg and Kenig [2]. See Table 1 for the results on the convergence (1.2) when
f e H{(R").

Moreover, the convergence (1.2) fails if s < % (see [2] for n = 1and [4] for n > 2). Recently,
Bourgain [10] showed that the necessary condition of convergence (1.2) is s > 1 — % when
n>4.

It is well known that the pointwise convergence (1.2) is related closely to the local esti-
mate of the local maximal operator S* defined by

, xeR"

S*f(x) = sup \Stf(x)

O<t<1

Naturally, the maximal estimates have been well studied associated with the following
oscillatory integral:

Staf (%) / e f(E)dE, teRanda>0,
Rn

T @y

which is the solution of the fractional Schrédinger equation:

1.3)

B+ (-A)Pu=0, (1t eR"xR,
u(x,0) = f(x).

Define the local maximal operator associated with the family of operators {S; ;}o<;<1 by

, xeR"

Sif(x) = sup }Smf €3]

O<t<1

Obviously, the following estimate (1.4) can be applied to discuss the pointwise convergence
problem on the solution of Schrédinger equation (1.3):

125 1| 2y < CI s, (1.4)

which is called the global L* estimate of the maximal operator S’ sometimes. These esti-
mates have also independent interest since they reveal global regularity properties of the
corresponding oscillatory integrals. Table 2 shows some main results in studying (1.4).

On the other hand, in 1990, Prestini [16] proved that, if f € H*(R") (n > 2) is a radial
function, then the local maximal estimate

1 |11 gy < nllf s (15)
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Table 2 Global L2 estimate (1.4) for f € H5(R")

Dim. Ran.ofa Ran.ofs Authors

n>=1 a>0 s>9 Cowling [11]in 1983 and Carbery [12] in 1985, independently
n=1 a=?2 s>9 Kenig, Ponce and Vega [13]in 1991

n=1 a>1 5>% Sjolin [14]in 1994

n= 0<a<1 s>9 Walther [15] in 2002

holds ifand only if s > i. In 1997, Sjélin [17] proved (1.4) holds for a >1and s > . In 2012,
Walther [18] showed (1.4) holds for 0 <a <1and s > §.

In the present paper, we will discuss some global L? maximal estimates like (1.4) for a
local maximal operator Sj associated with the operator family {S;}.cr. Let us first give
some definitions as follows: Suppose the function ¢ : R* — R satisfies:

(K1) there exists /; > 0 such that |¢(r)] < 4 forall0 < r < 1;

(K2) there exists m; € R such that |¢(r)] < ™ for all » > 1;

(K3) there exists m1; € R such that |¢'(r)| < 27! forall ¥ > 1;

(K4) there exists m3 € R such that |¢"(r)| ~ r"~2 for all r > 1;

(K5) there exists m4 € R such that |¢®) (r)| < 77473 for all r > 1.

The operator family {S; 4 };cr is defined by

Stof (x) = (2)™" /R ) e EHEDf(g) dg, xR, (1.6)

where f € S(R”) and the local maximal operator S associated with {S;}cr is defined by

, xeR"

Syf (x) = sup |St,¢f(x)

O<t<1

Now we state our main results in this paper as follows.

Theorem 1.1 For n =1 and ¢ satisfies (K1)-(K5) with; > 0, m; e R (1 <i <4), and m; =
m3 > my. If f € H'(R) with s > 22 for my > 0 or s > =52 for my < 0, then

|S3f @) 2@y < Cf N 1.7)

Theorem 1.2 For n > 2 and ¢ satisfying (K1)-(K5) with , > 0, m; e R (1 <i < 4), and
my =m3z > my. Iff € H(R") is radial with s > 72 for my > 0 or s > =52 for my < 0, then

”S;;,f(x)HLZ(Rn) S C”_f”HS(]Rﬂ). (18)

Now let us turn to the other result obtained in the present paper, which involves the
functions class formed by the radial function and the functions in <%, the set of all solid
spherical harmonics of degree k. It is well known (see [19], p.151) that there exists a direct

sum decomposition
oo
L? (Rn) = Z DDy
k=0

The subspace Dy is the space of all finite linear combinations of functions of the form
f(l%])P(x), where f ranges over the radial functions and P over 2% such that f(| - [)P(-) €
L*(R™).
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Fix k > 0 and let P,, Py, ..., P, denote an orthonormal basis in 7. Every element in Dy

can be written in the following form:

ak

S =Y fi(lxl)Pix) (1.9)

j=1

and

2 _ - > g 2 n+2k-1
/Rn[f(x)| dx—;/o ()] 2 dr.

Denote by Ho(R") the class of all radial functions in S(R”), and Hy (k € N) the set of
functions defined by (1.9) with f; € Ho(R”) and P; € @ for j =1,2,...,ax. Sjolin obtained
the following result (see [20], p.397).

Theorem A Suppose that n > 2, a>1, and f € Hy (k > 0). If s > { then (1.4) holds.
We give the global L? estimate of the maximal operator S} for f € Hj.

Theorem 1.3 For n > 2 and ¢ satisfies (K1)-(K5) with [, > 0, m; e R (1 <i < 4), and
my =m3 > my. If f € Hy (k = 0) with s > 2 for my >0 or s > =5 for my < 0, then (1.8)
holds.

Note that
(i, ) = €9V (x) = (27) " / CEEHED () dE = S, .f (x)
RVI

gives a formal solution of the following general dispersive equation with initial data func-

tion f:

B+ d(V-Au=0, (xt)eR"xR, (1.10)
u(x,0) = f(x). )

Hence, the inequalities (1.7) and (1.8) imply the convergence almost everywhere of the
solution of (1.10) in one dimension and higher dimension, respectively.
The proofs of Theorems 1.1-1.3 are given in Sections 2-4, respectively. In the last section,

we will give some examples of (1.10).

2 Proof of Theorem 1.1

2.1 Proof of Theorem 1.1 based on Lemma 2.2

In this subsection, we give the proof of Theorem 1.1 by using Lemma 2.2, which will be
proved in the next subsection.

Choose a nonnegative function ¢ € Ci°(R) such that suppy C {¢: % < |&] <2} and

oo

Y e(2Fg) =1 £7o0.

k=—00
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Set po(€) =1-Y 12, p(27* &) and ¥ (&) = 3 32, 9(27%€). It follows that ¢y € CS°(R). Rewrite
Suaf @) = @)™ [ 637 e) ds
R

+ @) Z [ erna(a e e as

e Supf @+ 3 Sy (2.1)
k=1
Denote
Spof (%) = 05281|St’¢'(1f x)], xeR
and
Syuf ( xeR.
Therefore, by (2.1), we obtain
S0 = S5l W)+ 33 (2:2)
k=1

By (2.2) and Minkowski’s inequality, we get

”S;f”LZ(R) = ”S;;,OfHLZ(]R) + Z”S:;,kf”Lz(]R)' (2.3)
k=1

Now let us recall a result which will be used in our proof of Theorem 1.1.

Lemma 2.1 (see [18]) Assume that the functions w, and w, belong to L*(R) and that the
function m satisfies the following assumption: there is a number C independent of (t, &) such
that

|m(t,&)| < Can(0), ‘a(m(t )| _

< C(an(t) + 2 (0)[€]"), a>0.

Then there is a number C independent of f such that

2 1/2
( [ swl [ esmeerieras dx) < Clf ey suppf € €161 <2).
R” 0<t< n
We first prove that if s > 22 for my >0 or s > =22 for my <0, then
130/ | 2@ = CWf llseo- (2.4)

For g € S(R) and suppg C {&,1&| <2}, s> %2 for my >0 or s > =52 for my <0and 0 < £ <1,
let

Rosg(x) = (2)"" /R ¥ D (1 1 |£2)23(8) dE = / m(t, £)3(€) de,
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where m(t, &) = (2) 15D (1 + |£]2)7/2. Define the maximal operator R} by

Rig(x) = sup |R0,tg(x) , x€R.
0<t<1

On the one hand, it is obvious that |m(¢,£)| < x(,1)(¢) for £ e R and 0 < £ < 1. On the other

hand, by
d(m(t, &) i it (|£]) 2\ —s/2
R R % 1 ,
S = e g jgl) (1+ ¢ )
it follows that

xon(®)|#(1E)| foré eRand0<t<1. (2.5)

‘a(mu,s)) 3
at -

By the condition (K1), |¢(|&])| < Cmax{|¢(1)|,1} < C for 0 < |§| < 1. By (K2), we have, for
€1 >1,

C|§|m1’ m; >0,
o(1&1)] = {C|§|m1 <C, m<=0.

Hence, combining with (2.5) we get, for § € R,

‘ d(m(t, &) - Clxon®) + xon®)IE™), w1 >0,
ot | Clxon@®) + xop@®IED,  mi <0,

where C is independent of (¢, &). It follows that m(z, &) satisfies the assumptions of Lem-
ma 2.1. Therefore, when s > %2 for m, > 0 or s > =2 for m, < 0, we obtain

|Rag] 2 < Cliglzge- (2.6)
We have
Ss0f ) = Rou(F 1 (go()(1+ - 1) 2£())) ), 2.7)

where F~! denotes the Fourier inverse transform. Note that
suppo()(1+ |- 7)1 () € {&5181 < 2.
Thus, by (2.7) and (2.6), we have
15 0f 2y = I1RS (F (oYL 41+ 1) 7O | 2
< C|F o +1- ) FO) | 2y < CW e,

which is just (2.4). Now we define the operator Ry by

Ryf(x)=N"* / e EHRPED (%)](s) ds, N=>2, (2.8)

R

where £(x) is a measurable function in R with 0 < #(x) < 1.
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Lemma 2.2 Suppose that ¢ satisfies the conditions in Theorem 1.1. If s > 2 for my > 0 or
s> =52 for my < 0, then there exist § > 0 and C > 0, such that, for all N > 2,

IRNF Nl 2y < CN°IIf Il 2 my)- (2.9)

The proof of Lemma 2.2 will be given in the next subsection. Now we finish the proof of
Theorem 1.1 by using Lemma 2.2. By linearizing the maximal operator, we have, for some
real-valued function £(x),

* 1 ix-E+it(x s 7
S0 = 5| [ ey (£ )ierae

1

o Rk (F7 (e ek 25F)) ()] (2.10)

By (2.9) and (2.10), for k > 1, we have
15 | 2y =< R (F! (X2t crereatny 27)) |2
< C27F | F 7 (Xk1 et 25F) | ey
From this we get
157 | 12y < €27 I Nesscey- (2.11)

Summing up the estimates of (2.3), (2.4), and (2.11), we have

o0
”Szf”mk) = ”S;,JHH(R) + Z”S;,kfuﬁ(m
=

o0
< Cllflles@ + €D 2P f sy
k=1

= Clf s w)-
Therefore, to finish the proof of Theorem 1.1, it remains to show Lemma 2.2.

2.2 The proof of Lemma 2.2
Write

Rnf ) = /R ¢ p(x, EF(E)dE, N =2,

where f € S(R) and pn(x, &) = e"t(")qs('é')go(%)N‘s. Take the function p € C§°(R) such that
o(x) =1if |x| <1, and p(x) = 0 if |x| > 2, and set ¥/ =1 — p. Denote

X

M)I’N(x,‘i:), M>1

M &) = P(
and

PN E) = I//<é>PN,M(x,$), O<e<l.

&
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For N > 2, M >1,and 0 < ¢ <1, the corresponding operators Ry 5 and Ry s, are defined
by

Ruadf () = fR ¢ ot ) (8)
and
Ryt (®) = fR €% pry e (6, E)F (8) .

Obviously, both of the operators Ry and Ry e are bounded on L%*(R). On the other
hand, it is easy to see that the adjoint operator Ry ;;, of Ry, is given by

Runet®) = [[ €49 onians 6, Elg) s
and it follows that
gi_rf(l) Ry 11.8®) = Ry yg(x), g€ SR), (2.12)

where R}, ,; denotes the adjoint operator of Ry,. Since

|R§W\,L8g(x)|2 dx = lim |R}\,P,\,I’Eg(x)|2 dx (2.13)
L
=00 Jixl<L

and

/ Ry 31, 8@)|* dx = / Ry 0o 8@ORY 800 dx
|x|<L

|x|<L
/H L([/ ) s)g@)dyds>
X (// el npy i . (z,1)g(2) dzdn) dx. (2.14)

By (2.13), (2.14), and a similar calculation as [3], p.708, we have
/ | Ry 01,68 (x)|2dx
=27 // </ i(z-y) Sonae () -‘E)PNMp(z,S)dg)g(y)g(z)dydz

gy f/ (/ ei(zyﬁp(%)p(%)lﬁ(%)MPN(Z,é)dS)

x g(9)g(z) dy dz. (2.15)
Therefore, invoking (2.12) and by Fatou’s lemma, we obtain
/ 2
/|RN,Mg(x)| dx

§limi(§1f/|R;VMEg(x)|2dx
e— e
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=2 gg%//(/ ei(z‘”gp(;—4),0(%)W(%)m@»@pz\z(z,@ﬁ)

x g(y)g(2) dy dz

-C / / ‘ / ei[(zy)s+<t<z)r(y))¢><s|)]¢2( % ) AEN

It is easy to check that the constant C is independent of N and M. Now define

lg»)||g(2)| dy dz. (2.16)

In(x, @) =N / el +ed (D] ;2 <%) dé forxeR,-1<w<1,N>2

and

Jn(®) = sup|Iy(x, )|, x€R.

|w|<1
We have the following conclusion.

Lemma 2.3 Let Jy be defined as above, ¢ satisfies the conditions in Theorem 1.1. If s > 72

formy >0 ors> _Tmzfor my < 0, then there exist §,C > 0, such that, for all N > 2,
Un ey < CN™. (2.17)
Below we first finish the proof of Lemma 2.2 by applying Lemma 2.3, whose proof will be

given in the next subsection. By (2.16) and (2.17), invoking Hé6lder’s inequality and Young’s

inequality, we have

f Ry pg@)| dx < C / lIn(z -y, t(2) - 1) | |g )| |g(2) | dy dz
<C / InGz-9)|gw)||g(2)| dydz

- c/(JN +1¢g1)(2)|g(2)| dz

< C|Jn =gl llgll2
< Clnliligl3 < CN~||gll3.

From this we get
| Ry g, < CNllglla.

Thus, || Ry mgll2 < CN7?||g|l2 by duality, where C is independent of N and M. Letting M —
00, we obtain

IRngll2 < CNIIglla.

It follows that (2.9) holds, and we complete the proof of Lemma 2.2 based on Lemma 2.3.
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2.3 The proof of Lemma 2.3
Now we verify the estimate (2.17). We need the following results.

Lemma 2.4 (Van der Corput’s lemma; see [21], p.309) Let ¥ € C°(R) and ¢ € C*(R)
satisfy |¢”(§)| > A > 0 on the support of . Then

’/ew(sn/,(g)dg <1002 lloo + 9],

Lemma 2.5 ([22]) Let I denote an open integral in R. For g € C5°(I) and the real-valued
function F € C®°(I) with F' #0, if k € N, then

/ eTWg(x) dx = f O (x) dx,

1 1

where hy is a linear combination of functions of the form
r
g9( F,),k,, 1—[ FUa)
q=1

with0<s<k,0<r<k,and2<j,<k+1.

We now return to the proof of Lemma 2.3. Recall that
In(x,0) =N / ei[x'5+w¢(|‘§‘)]¢2 <%) dé, xeR,-1<w<1,N>2.
Performing a change of variable, we have
(o) = N2 / NS00 NIED) G(£) e,

wherex e R, -1 <w <1, N > 2,and G(£) = ¢*(£). It is obvious that, forallx e R, -1 < w < 1,
and N > 2,

[In(x,0)| < CN'7%. (2.18)

Below we give more estimates of |Iy(x, ®)|.

Step 1: The other estimates of Iy (x, ®).

By the condition (K3), there exist m, € R and C; > 0 such that |¢'(r)| < C;r™7L forr > 1.
Denote

C,= max {|§/™7'} and C;=max{CC,,1}.

Now we give the following estimates of Iy (x,w) forx € R, -1 <w <1,and N > 2:

277125 Nix|
CINIx)TNTF, ol < 555 (2.19)

~Lan-2 N
CINIx)INYE, o] = 5250

[In(x, )| <
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Let F(&§) = Nx& + wp(N|&]). We have

F'(§) = Nx + N sgn(§)wg¢’ (N£]),
F'(¢) = N*w¢” (NE])

and
FO(€) = N sgn(§)wp™ (N[5]).
Noting N|§| >1by N > 2 and % <|&] <2, by (K3) we get

IN'sgn(§)wg’ (NI£])| < CiNIw|(N1E)™ ™ < CICN"2 0] < CN™ o],

When |w]| < ZCI:I‘\’[‘LZ (equivalently, CsN"?|w| < %N|x|), we have

[N 'sgn(€)wg’ (N])| < %Nm.
Therefore,

[F/©)] = Nix| - [N sen(&)oog' (NIg]) | > NIl (220)
Since ¢ satisfies (K4) and (K5) with m4 < m3 = m,, we have

|FO(€)| < CN™|w| forj=2,3. (2.21)

By the fact Nzlz’lrjl < ﬁ and Lemma 2.5 for k = 2 and (2.20), (2.21), we get

] / efF@)G(s)ds‘

1 |F" ()] (|F”<§)|)2 |F<3>(s)|>
C 1 d
= f%qm |F/(s>|2< “Ee T Eer) e )
2

< C(NRx)” Z(N;TLT)' )

r=0

< C(Nlxl) >,

from which follows the first estimate in (2.19). On the other hand, since ¢ satisfies (K4)
with m3 = m,, we get, for % <&l <2,

|F"(£)] > CN*|o|(N£])"™ 7 > CN™2|w| > 0.

Note that ||G||s < C and ||G’||; < C on the support of ¢. By Lemma 2.4 and noting that

Nix|
|0l = 52,8

(equivalently, CsN"?|w| > %N |x]), we have

[In(x, w)| < C(Nm2|a)|)_% (IGlleo + |G| )N < C(N|x|)_%N1’2S.

This is just the second estimate in (2.19).
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Step 2: Proof of Lemma 2.3 for s > 22 (my > 0).

write

/|]N(x)‘dx = /0

We now prove (2.17) for the case s > % (my > 0). Since m5 >0, N > 2,and 2C; > 1, we

X {]N(x)| dx+/1

Un(%)| dax

k=g N <lx=2CsN™27
+ / |]N(x)| dx
|x|>2C3N™2-1
=: E1 + E2 + Eg.

see that

E < Cf
O<|x|<

As for E,, we first prove that if % < x| <2C3N™71 then

The estimate of E, is simple. Since |Iy(x, )| < CN'2 by (2.18), by the definition of ], we

N2 dx < CN™%. (2.22)
1
N

Jn(%) < C(NJal) N1, (2.23)

By the definition of Jy, to prove (2.23) it suffices to show that, if ]iv < x| <2C3N™ ! and
|w| <1, then

[In(x, )| < C(N|x|)’%N1*25.

(2.24)
n fact, if |w| < T the first estimate in (2. an x| > 1, then
In fact, if |o| Zcf‘;;‘z by the fi i in (2.19) and N|x| > 1, th

v (x, )| < C(N|xl) °N*> < C(N|x|)_%N1’2S.

If |o| > ZCI:%, by the second estimate in (2.19), we obtain

(6, )] < C(Nal) 2NV2,

Thus (2.24) holds and so (2.23). Hence, by (2.23), we get

1 m
E<C / (NIxl) 2N ¥ dx <CN 7%, (2.25)
x| <2C3N"™21

Finally, we consider E3. We first show that if |x| > 2C3N"27L, then
Un®)| < C(NIxl) N2,

(2.26)

In fact, if |x| > 2C3N"27! and || < 1, then |x| > 2CsN"2!|w|. Equivalently, |o| < =~

2CN"2
Thus, by the first inequality in (2.19), we obtain

| In(x,0)| < C(NI2l) °N2,
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and (2.26) follows from this. By (2.26), we obtain
E;<C / (NIxl) °N*> dx < CN"™7%, (227)
|x|>2C3N™2-1

Since m; > 0, by (2.22), (2.25), and (2.27), we have
Un@)| < CNF > =:CN2,
where 28 = 25 — 2 > 0 since s > %2 and 1, > 0.

Step 3: Proof of Lemma 2.3 for s > =32 (m3 < 0).
First we consider the case where 2C3;N"271 > % Write

[inelds= [ ptwlass | e
O<lx|=< 5 & <lx|=2C3N™2-1

+ / ! ]N(x)‘ dx
|x[>2C3N™2-1

=: El + E2 + Eg.
Since my < 0, by (2.22), (2.25), and (2.27), we have
Un()| < CNT"2% = CN™%,

where 28 = 25 + m, > 0 since s > =52 and m, < 0. On the other hand, if 2C;N™ 1 < %, we

have
/ ()| dx < f ()| dx + f ()| dx
0<lxl< & lx[>2CgN"™271
=: El + Eg.
Since my < 0, by (2.22) and (2.27), we have
Un(@)| < CN~"27% = CN7%,
where 28 = 25+ m, > 0 by s > =32 and m, < 0. Thus, we complete the proof of Lemma 2.3.

3 The proof of Theorem 1.2
Assume 7 > 2. Let f be radial and belong to S(R"); we need to show that

”S:;f”LZ(R”) < Cllf sy (3.1)

holds for s > 22 if my > 0 or s > =52 if m, < 0.

Let £(x) is a measurable radial function with 0 < £(x) < 1. Denote

Tf (%) = (27)™" /R NN () d.
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Recall the Bessel function J,,(r) is defined by

GF P i
Jmn(r) = 71/ "(1-2)""%dt, m>-—.
Tm+Hm2 Ja 2

Since f is radial,

Fer=miie [ o7y a(siest ds
Therefore,

Tf(u) = (27)3 "2 / ]g_l(m)e”(”)“’(’)f(r)r% dr, u>0. (3.2)

0

Here Tf(u) = Tf (x) if u = |x| andf(r) :f(&) if r = |&]. By linearizing the maximal operator
and using polar coordinates, to prove (3.1) it suffices to prove that

00 1/2 o 1/2
(/o |Tf(u)|2l,t”_1 du) < (/o [f(r)|2(1 + rz)sr"_l dr) . (3.3)

Denote

Nl

g(r) =f‘(r)(1 + r2) rnT_l, r>0. (3.4)

By (3.2) and (3.4), it follows that

Tf(u)uan1 = (271)_%14% Iy L) 0D F () dr
0
n 1 o ; _5 1
=(27) 2u? / ]%_l(ru)e”(”m(’)g(r) (1 + r2) Yr2dr.
0
Let
Pg(u) = us / ]g,l(ru)eit(u)‘f’(’)g(r)(l + rz)_%r% dr.
0
Thus, we have
Tf(w)u'? = 2n)"% Pa(u). (3.5)

By (3.5), to prove (3.3) it suffices to prove that

00 1/2 00 1/2
(/0 |Pg(u)|2du> 5(7(/0 |g(r)|2dr> (3.6)

holds for s > %2 (my > 0) or s > =52 (my < 0). Let us recall a well-known estimate of J,,,.

Lemma 3.1 ([19], p.158) J,,(r) =,/ % cos(r — 5% = 1) + O(r‘%) as r — o0o. In particular,

Jm(r) = O(r‘%) asr — oo.



Ding and Niu Journal of Inequalities and Applications (2015) 2015:199 Page 15 of 20

By Lemma 3.1, we may get
1 it —it . 1
t2]%_1(t)=ble + bye™ + O min 1,; , t>0, (3.7)

where b; and b, are the constants depending on #. In fact, by Lemma 3.1, as t — oo, we
have

It follows that, as ¢ — 0o, we have

t%]g_l(t) = \/gcos(n(n; D) cost + ; sin(n(n4_ U) sint +O(t™)

= (b1 + by)cost +i(by — by)sint + O(t’l)

=bie" + b+ O(t™),

1 /2 m(n-1) . (m(n-1)
by =—,/—| cos +isin
2V 4 4
1 /2 w(n-1) o (m(n-1)
by=—,/—|cos —isin .
2V 4 4

It follows that, when ¢ > 1, we have

and

635 1(0) - (bie® + bye™)| < Ce L (3.8)

On the other hand, by the definition of the Bessel function

t\m 1 ) 1 1
Ll/ e’ts(l—sz)m 2ds, m>-——,
C(m+ w2 Ja 2

]m(t) =

we have |J,,,(t)| < Ct" form > —% and ¢ > 0. Thus, |,,(8)| < Ct™> whenm > —% and0 <t <1.
Since n > 2, so |]g,1(t)| < Ct‘% for 0 < ¢ < 1. Therefore, when 0 < ¢ < 1, we have

6275 1(0) — (bre” + bae™)| < |25, (0)] + |bre”| + [bae ™|
< CE3 Y 4+ |by| + |by| < C. (3.9)
It follows from (3.8) and (3.9) that (3.7) holds. Invoking (3.7), we have

* S
Pg(u) = b1/ eir”eit(u)tb(r)g(r) (1 + r2)—7 dr
0

oo S
+by / e‘i’”eit(”)"’(’)g(r)(l +7%) 2 dr+ E(u) + F(u)
0

=: b1D1 (1) + byDy(u) + E(ut) + F(u), (3.10)



Ding and Niu Journal of Inequalities and Applications (2015) 2015:199 Page 16 of 20

where

1

Fl=c [

g(r) | dr
and

1 [*1
P <C / e dr.

From [17], pp.59-61, we have

00 1/2
( / \E(u)\zdu) < Cllgl2(0.00) (3.11)
0

and
00 ) 1/2
(/ ()| du) < Clglzom- (3.12)
0

Thus, to prove (3.6), it remains to estimate D; and D,. Denote }At(r) =g(r)1+ )3 X(0,00)5
and we get

0 S
Di(u) = / et g(r)(1+17) 2 dr = / e WP fy(r) dr
0 R

and
o N
Do(u) = f e e g(r) (1 +1%) 2 dr = / e e W0 (1) dr.
0 R

Therefore, we have

|Di(w)| < Sjh(u) fori=1,2. (3.13)
Since ¢ satisfies the conditions in Theorem 1.1, by the results of Theorem 1.1, when s > 72
(my > 0) or s > =52 (my < 0), we have

”S:ﬁh”H(R) < Cllhll g mw)- (3.14)

Since u > 0 and by (3.13) and (3.14), for i = 1,2, we have
I1Dill 220,00y < I Dill 2y < C||S;h||L2(R) < Cllhall s
0 9 1/2
= C</ le| (1+72) "1+ r2)sdr>
0
= C||g||L2(o,oo)- (3.15)

Thus, (3.6) follows from (3.10), (3.11), (3.12), and (3.15). We hence complete the proof of
Theorem 1.2.
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4 The proof of Theorem 1.3
In this case k = 0, Theorem 1.3 follows from Theorem 1.2. Hence we only give the proof

of Theorem 1.3 for k > 1. We first recall a well-known result.

Lemma 4.1 ([19], p.158) Suppose n > 2 and f € L*(R") N LY(R") has the form f(x) =
fo(lx)P(x), where P(x) is a solid spherical harmonic of degree k, then f has the form

~

f(x) = Fo(|x|)P(x), where
For) = (2m)2i 27k / OOfo(S)/ 1 e (r)s2tK ds,
0

where ], denotes the Bessel function.

Let us return to the proof of Theorem 1.3. First we show that, for f € Hy (k > 1),

% oo 12
IVf sy = (Z/ |F,»(r)|2(1 +17) et dr) . (4.1)
j=1 70

In fact, f(x) = Zlafl Ji(lx])P;(x) where f; are radial functions in S(R”) and {P/}f" is an or-

thonormal basis in .2%. By Lemma 4.1 we get

fe) =" F(lxl)Py(x), (4.2)
j=1
where

Ei(r) = ()3 i kp1 8 /0 * a5t s, 750,
By (4.2) and noting that {Py, Py,..., P, } is an orthonormal basis in <%, we have
/Rn(l + 1) F@) a8
[T e ae ) o ryear
) fooo (/51 (}25(”3(@/)) (2%@) do (g’)) (L4 2t dr
- fooo (iﬂ”j(r) Iz)er (1+72) ' dr
1
- i /0 c>O|F;(r)|2(1 +r?) el gy,
=

which is just (4.1). On the other hand, by (4.2), we have

St,¢f(x) - Qr)™ An eixfeit(b(lé\)j?(g)dé _ Z(zﬂ,)—n /ﬂ;n P (eit¢(\él)lsj(|§|)pj(g)) dg.
j=1
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Applying Lemma 4.1, we get

[ e e ) de
= (" VE(I - 1)Py(-)" )
= (2n)%rksl-%-k< / T3 sa (rs)e O F (ryra dr)m—x),
0

where s = |x| > 0. Therefore, we have

ak
Suaf @) = 3 m) " [ e (0 (g))pye) e
j=1 o
ak
=Y @m)y 2kt
j=1

X (/ ]g”(,l(r|x|)e"t“"(r)1-"j(r)r%+k dr)Pj(—x). (4.3)
0

Denote by .%, the Fourier transform in R”. Then F; = i‘kﬁmzkf,’. Note that for a radial
function / € S(R"*2X), its Fourier transform is

o0
Fsaih(x) = (20) 8 [l =57 f )y i (rll) 2 dr.
0

Now we define the operator S”+2k on the set of all radial function in S(R"*?}) by

Spsh(x) = (2) K / ™4 ED 7, ok (|E]) dE.

R1+2k

Obviously, SZ:;,ZI‘ h is still a radial function. Then

SZ(—;Z/( 1(|x|) — ik(2n)‘”_2k/ B eixf (eitq}(lé\)l:j(%.)) dé"
Rn+
— ik(zn)—%—2k|x|1—%—k
o : n
x/ ]%Jrk,l(r|x|)e‘t¢(r)l-"j(r)r7*k dr. (4.4)
0
By (4.3) and (4.4), we have

St¢f(x)—z‘2k(2n)2kZS’”2k (Ix]) - Pi(~x), xeR", (4.5)

where we may see S"+2k (l%]) as a function on R”, since S’“Zk ‘f; is a radial function. Denote

R™2k or y € R". (4.6)

Se (1) = sup A ()] v e
Then by (4.5) and (4.6), we obtain

Saf @) < Cuk Y (S5 fi(1x1) ) bl (4.7)
j
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Using the notation v = |x| and r = |§|, by (4.7), we have

ak
% o2 . 2
IS3f lagn <C D / SR £ ) [V . (4-8)
. R”
j=1
Using the representation of polar coordinates and noting (4.6), we obtain

/ |SZ+2k,*ﬁ(v)|2V2kdx
R~

[o¢]
=W, / |S;+2k,*ﬁ(v) |2Vn+2k—1 dV
0

Wy-1

/R L Jses) | dx, (4.9)

Wy 42k-1

where w,_; and w,,;2r_1 denote the area of the unit sphere in R” and R 2k respectively.
Applying Theorem 1.2, when s > 2 2 (my>0)ors> VZ"Z (m, < 0), we have

/R +2k|s’“2k* v dx < CIlfj 113 s gonroy- (4.10)

Note that Z,,,.o1f; = iij, and we get

T — / E (NP1 + 1£1)° d
= w,ﬁzk_l/ |F/(r | (1+r )S e (4.11)
0

Therefore, by (4.8), (4.9), (4.10), (4.11), and (4.1), we obtain

1S3 2y < CZ / 21+ 72 P dr = ClIf ey (4.12)

Thus, we complete the proof of Theorem 1.3.

5 Some applications
We now give some examples to show that (1.10) includes some well-known equations.

Example 1 Let ¢(r) = r2, then (1.10) is the classical Schridinger equation (1.1).

Example 2 Let ¢(r) =r* (a > 0, a # 1), then (1.10) is the fractional Schrodinger equation
(1.3). In this case, ¢(r) satisfies (K1)-(K5) with [} = w1y = my = m3 = my = a.

Example 3 Let ¢(r) = r2 + r%, then (1.10) is the fourth-order Schridinger equation:

D+ A’u—Au=0, (xt)eR"xR,

51
u(x,0) = f(x). (1)

In this case, ¢(r) satisfies (K1) with /; =2 > 0, (K2)-(K5) with m1; = my = m3 =my =4 > 0.
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Example 4 Recall the definition of the beam equation:

duu+ A’ u+u=0, (xt)eR"xR,
0:u(x,0) = 0.

Note that the solution of (5.2) can be formally written as the real part of

u(x, 1) = VB () = ) / e st/ 1 e g d.
]Rn

Thus, taking ¢(r) = v/1 + r#, we see that ¢(r) satisfies (K1) with /; = 0 > 0, (K2)-(K5), with
my = my = m3 = my =2 > 0, and the solution of (5.2) is the real part of

Suaf )= )" [ e .
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