Yao et al. Journal of Inequalities and Applications (2015) 2015:198 ® Journal of Inequalities and Applications

DOI 10.1186/513660-015-0720-6

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Strong convergence theorems for fixed
point problems, variational inequality
problems, and equilibrium problems

Zhangsong Yao', Yeong-Cheng Liou?*", Li-Jun Zhu*, Ching-Hua Lo? and Chen-Chang Wu?

"Correspondence:
simplex_liou@hotmail.com
?Department of Information
Management, Cheng Shiu
University, Kaohsiung, 833, Taiwan
3Center for General Education,
Kaohsiung Medical University,
Kaohsiung, 807, Taiwan

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we first introduce an iterative algorithm for finding a common element
of the set of fixed points of a nonexpansive mapping, the set of solutions of an
equilibrium problem, and the solution set of the variational inequality problem for a
monotone mapping in a real Hilbert space. Furthermore, we prove that the proposed
iterative algorithm converges strongly to a common element of the above three sets
under some mild conditions.
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1 Introduction

Equilibrium problems theory provides us a natural, novel and unified framework to study
a wide class of problems arising in economics, finance, transportation, network and struc-
tural analysis, elasticity and optimization. The ideas and techniques of this theory are be-
ing used in a variety of diverse areas and proved to be productive and innovative. It has
been shown by Blum and Oettli [1] and Noor and Oettli [2] that variational inequalities and
mathematical programming problems can be viewed as special realization of the abstract
equilibrium problems. Equilibrium problems have numerous applications, including but
not limited to problems in economics, game theory, finance, traffic analysis, circuit net-
work analysis, and mechanics.

There are a substantial number of numerical methods including projection technique
and its variant forms, Wiener-Hopf equations, the auxiliary principle technique, and re-
solvent equations methods for solving variational inequalities. However, it is well known
that projection, Wiener-Hopf equations, and proximal and resolvent equations techniques
cannot be extended and generalized to suggest and analyze similar iterative methods for
solving equilibrium problems. This fact has motivated us to use the auxiliary principle
technique for solving the equilibrium problems. MA Noor and KI Noor [3] and MA Noor
[4] used this technique to suggest implicit and explicit iterative methods for solving equi-
librium problems. Related to this problem, much attention has been given to finding the
fixed point of nonexpansive and contraction mappings. It is natural to combine these two
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different problems and study the problem of finding the equilibrium problem coupled with
fixed point problem. In this direction, Combettes and Hirstoaga [5] introduced an iterative
scheme for finding the best approximation to the initial data of the equilibrium problem
and proved a strong convergence result. See also [6-16] and the references therein for
more details. It is our purpose in this paper that we introduce an iterative algorithm for
finding a common element of the set of fixed points of a nonexpansive mapping, the set
of solutions of an equilibrium problem, and the solution set of the variational inequality
problem. We show the proposed algorithm has strong convergence.

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, and let C be a
closed convex subset of H. A mapping A of C into H is called monotone if

(Au —Av,u—v) >0, Vu,veC.

A :C — H is called a-inverse-strongly-monotone if there exists a positive real number «
such that

(Au—Av,u —v) > a||Au—Av||®>, Vu,veC

(see Browder and Petryshyn [17]; Liu and Nashed [18]). It is obvious that any «a-inverse-
strongly monotone mapping A is monotone and é-Lipschitz continuous. A mapping S :
C — H is said to be nonexpansive if

ISz~ Syll <llx-yl, VayeC.

We denote by Fix(S) the set of fixed points of S.
Recall that the classical variational inequality, denoted by VI(4, C), is to find * € C such
that

(Ax*,v—x*) >0 forallveC.

The variational inequalities have been widely studied in the literature; see, e.g., [19-25]
and the references therein.

For finding an element of Fix(S) N VI(4, C) under the assumption that a mapping A
of C into H is a-inverse-strongly-monotone, Takahashi and Toyoda [26] introduced the
following iterative scheme:

Xn+l = OpXy + (1 - an)SPC(xn - )\nAxn)

for every n=0,1,2,..., where Pc is the metric projection of H onto C, xg =x € C, {«,} is
a sequence in (0,1), and {A,} is a sequence in (0,2«). On the other hand, for solving the
variational inequality problem in the finite-dimensional Euclidean space R”, Korpelevich
[27] introduced the following so-called extragradient method:

xo=x€C,
Yn = Pc(x, — LAx,),
Xp1 = Pel(w, — )\Ayn)
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for every n = 0,1,2,..., where A € (0,1/k). Recently, Nadezhkina and Takahashi [6] in-
troduced another extragradient method for finding a common element of the set of fixed
points of a nonexpansive mapping and the set of solutions of a variational inequality prob-
lem. They obtained the following result.

Theorem 1.1 ([6]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A : C — H be a monotone, k-Lipschitz continuous mapping, and let S : C — C be a nonex-
pansive mapping such that Fix(S) N VI(A, C) # 0. Let the sequences {x,}, {y.} be generated
by

Xo=x€H,
Yn = PC(xn - )‘nAxn)r (11)
Xa1 = Xy + (1 — @,)SPc(x, — AuAy,), VYn>0,

where {\,} C [a, b] for some a,b € (0,1/k) and {o,} C [c,d] for some c¢,d € (0,1). Then the
sequences {x,}, {yn} generated by (1.1) converge weakly to the same point Prix(s)nvi(a,c)(*o)-

The iterative scheme (1.1) in Theorem 1.1 has only weak convergence. In order to obtain
strong convergence theorem, very recently, Zeng and Yao [11] further introduced a new
extragradient method for finding a common element of the set of fixed points of a nonex-
pansive mapping and the set of solutions of a variational inequality problem. They proved

the following interesting result.

Theorem 1.2 ([11]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A : C — H be a monotone, k-Lipschitz continuous mapping, and let S : C — C be a nonex-
pansive mapping such that Fix(S) N VI(A, C) # 0. Let the sequences {x,}, {y,} be generated

by

xo=x€H,
Vn = Pc(%n = AuAxy), (1.2)
Xn+l = OpXo + (1 - an)SPC(xn - )\nAyn)¢ Vn > 0;

where {A,} and {«,} satisfy the conditions:

(@) {1k} C(0,1-3) forsome§ € (0,1);

(b) {an} C(0,1), >0 &t = 00, limy, 00ty = 0.
Then the sequences {x,} and {y,} converge strongly to the same point Prixs)nvi(a,c)(*o) pro-
vided

lim %41 — x4l = 0.
n—00
Now we concern ourselves with the following equilibrium problem: Find x € C such that
EP:F(x,y)>0 forallyeC, 1.3)
where F is an equilibrium bifunction of C x C into R. The set of solutions of (1.3) is denoted

by EP(F). Given a mapping T : C — H, let F(x,y) = (Tx,y — x) for all x,y € C. Then z €
EP(F) ifand only if (Tz,y —z) > 0 forall y € C.
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For solving equilibrium problem (1.1), Takahashi and Takahashi [9] introduced an it-
erative scheme by the viscosity approximation method for finding a common element of
the set of solutions of an equilibrium problem and the set of fixed points of a nonexpan-
sive mapping in a Hilbert space. Let S : C — H be a nonexpansive mapping. Starting with
arbitrary initial x; € H, define sequences {x,} and {u,} recursively by

FUn,9) + -y = thyythy = %,) 2 0, Vy€C,

(1.4)
Xps1 = f (%) + (1 — 00y) Sy, Y >0.

They proved that the sequences {x,} and {u,} converge strongly to z € Fix(S) NEP(F) with
the following restrictions on the algorithm parameters {,} and {r,}:

(i) lim,ooa, =0and > oo, = 00;

(ii) liminf,_ o 7, > 0;

(i) (AL): D070 latusr — ) < 005 and (R1): D02 o [r41 — 7| < 00.

Motivated and inspired by the work of Zeng and Yao [11], Takahashi and Takahashi [9],
in this paper, we first introduce an iterative algorithm for finding a common element of the
set of fixed points of a nonexpansive mapping, the set of solutions of an equilibrium prob-
lem, and the solution set of the variational inequality problem for a monotone mapping
in a real Hilbert space. Furthermore, we prove that the proposed iterative algorithm con-
verges strongly to a common element of the above three sets under some mild conditions.
Our result includes the result of Zeng and Yao [11] as a special case.

2 Preliminaries
Let C be a nonempty closed convex subset of a real Hilbert space H. It is well known that,
for any u € H, there exists a unique y, € C such that

lle — yoll = inf{|lu -yl :y € C}.

We denote yo by Pcu, where Pc is called the metric projection of H onto C. The metric
projection Pc of H onto C is characterized by the following properties:
(i) IPcx—Pcyll < llx -yl forall x,y € H,
(i) (x -y, Pcx — Pcy) > ||Pcx — Pcy||* for every x,y € H,
(i) (x—Pcx,y —Pcx) <0forallxe H,ye C,
(iv) [lx = y|I? > |lx = Pcx||® + ||y = Pcx||® forallx e H,y € C.
Let A be a monotone mapping of C into H. In the context of the variational inequality
problem, it is easy to see from (iv) that

ueVIA,C) & u=Pc(u—-rAu), VYA>O0.

A set-valued mapping B : H — 2/ is called monotoneif, forallx,y € H,f € Bxand g € By
imply (x — y,f — g) > 0. A monotone mapping B : H — 2/ is maximal if its graph G(B) is
not properly contained in the graph of any other monotone mapping. It is well known that
a monotone mapping B is maximal if and only if, for (x,f) € H x H, (x —y,f —g) > 0 for
every (y,€) € G(B) implies f € Bx. Let A be a monotone mapping of C into H, and let N¢v
be the normal coneto C atv e C; i.e,

Ncv = {weH: (v—u,w) ZO,VueC}.
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Define

BM!M+M%iHGC
d, ifveC.
Then B is maximal monotone and 0 € Bv if and only if v € VI(4, C).
In this paper, for solving the equilibrium problems for a bifunction F: C x C — R, we
assume that F satisfies the following conditions:
(H1) F(x,x)=0 forallx € C;
(H2) F is monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;
(H3) for each x,y,z € C, lim; o F(tz + (1 — t)x,y) < F(x,y);
(H4) for each x € C, y — F(x,y) is convex and lower semi-continuous.

In the sequel, we shall need the following lemmas for proving our main result.

Lemma 2.1 ([5]) Let C be a nonempty closed convex subset of H, and let F be a bifunction
of C x C into R satisfying conditions (H1)-(H4). Let r > 0 and x € C. Then there existsy € C
such that

1
F(y,z) + ;(z—y,y—x) >0 forallzeC.

Lemma 2.2 ([5]) Assume that F satisfies the same assumptions as in Lemma 2.1. Forr > 0
and x € C, define a mapping T, : H — C as follows:

1
T, (x) = {yeC:F(y,z)+ —(z—y,y—x) zO,VzeC}
r

forall y e H. Then the following hold.:
(1) T, is single-valued,;
(2) T, is firmly nonexpansive, i.e., for any x,y € H,

ITox = Toyll* < (T = Try,x = 9);

(3) Fix(T,) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2.3 ([28]) Assume {a,} is a sequence of nonnegative real numbers such that
ne1 < (1= V) + 8y,
where {y,} is a sequence in (0,1) and {8,} is a sequence such that
1) Ziil Vn = 005
(2) limsup,_, o 8u/yu <0 0r > o2 184 < 00.

Then lim,,_, o a, = 0.

3 Main results

In this section, we first introduce the following iterative algorithm.
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Algorithm 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F
be a bifunction from C x C — R.Let A : C — H be a nonlinear mapping, andletS: C — C
a mapping. For fixed u € C and given x( € C arbitrarily, suppose the sequences {x,}, {y,},
and {u,} are generated iteratively by

F(ty,y) + 7y =ty sty = %) 20, VyeC,
Yn = PC(un - )VnAun)7 (31)
Xp+l = Oy + lgnxn + (1 — Oy — ,Bn)SPC(un - )"nAyn)r

where {®,} and {8,} are two sequences in (0,1) and {A,} and {r,} are two sequence in
(0, 00).

Next we prove the strong convergence of Algorithm 3.1.

Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C — R satisfying (H1)-(H4). Let A be a monotone and k-Lipschitz
continuous mapping of C into H, and let S be a nonexpansive mapping of C into itself such
that Fix(S) N VI(A, C) N EP(F) # @. Assume that:

(a) {Ank} C (0,1-26) for some s € (0,1);

(b) lim,, 0y =0 and y -, oy = 00;

(c) limsup,,_, o Bn <1
Then the sequences {x,}, {y,}, and {u,} generated by (3.1) converge strongly to

Prixs)nviw,onepr) (1) if and only if lim,_, o [|%,1 — %, = 0.

Proof The necessity is obvious. Next we prove the sufficiency.
Let x* € Fix(S) N VI(A, C) N EP(F), and let {T,} be a sequence of mappings defined as
in Lemma 2.2. Then we have x* = Pc(x* — A,Ax*) = T}, x*.
Set z, = Pc(u,, — A,Ay,) for all n > 0. From the property (iv) of Pc, we have
* 2 €3 2 2
”Zn —X ” = ”un — AnAyy —x ” = ety = 2 Ay — 2z |
2
= futn = 2|7 = 22n{Ays 1 — &%) + A2 1| Ay 1?
—Nlttn = 2ull® + 220 (AY s ths — 20} = A2 Aya®
2
= Jotn = 2| = Nt = 2ull* + 20 {Ayps 6™ — 2,1)
2
= otn = 2| = Nt = 2ulI* + 204(Ay, — Ax*, 5" — y,)
+ ZAn(Ax*,x* —yn> + 200 {AY 5 Vi — 2Z)- (3.2)

Using the fact that A is monotonic and x* is a solution of the variational inequality problem
VI(4, C), we have

(A = Ax", %" —yn) <0 and (Ax*,x* —yn> <0. (3.3)
It follows from (3.2) and (3.3) that

||Zrl —-x" ”2 . ”un —x* H2 - ”un _Zn||2 + 2)Ln<Ayn:yn _Zn>

= (ot = &) * = N0 = 1> = 280 = Y Vs — 2}
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—lyu - Zn||2 + 200 (AY s Y — Zn)
12
= ”un_x “ _”un_ynnz+2(un_)\nAyn_ymZn_yn)

- ”yn - Zn”z' (3'4')
By using the property (iii) of P¢c, we have (i, — L, Ay, — yn, 24 — yu) < 0. Therefore, we get

(Un = 2nAYn = YnsZn = Yn) = (Un = AnAlly = Yy Zn = Yn)
+ M (Athy — AV 20 — Vi)
= Mn(Auty = AYns Zn = Yn)
< MnllAwy — Ayl 2 =yl

= Knk”un_yn””Zn _yn”- (3'5)

Combining (3.4) and (3.5), we obtain

|20 =2 < [Jttn = 2> = Nt = 3ll® = Ny = 2ull?
+ 2)\nk”un _yn” ”Zn _yn”
<t =% = ot = 3% = 1y = 2all?

+ 22K 1t = yull* + 120 =yl
= ot = 2% |+ (2K = 1) 1t = 31
< [un =’
= || T 00 = T°

< [l -7 (3.6)
From (3.1), we deduce that

[t =] = (=) + B o =) + L=ty = B)(S2 ) |
<o fums | + Bl =] + A =aty= )z =]

< apfu—x*| + (1 - o) |20 — 2] (3.7)

It follows from (3.7) and induction that

4, — pll <max{|u-x*|,|x-2*|}, n=o0.

Hence {x,} is bounded. It is clear that {y,}, {#,}, and {z,} are all bounded.
Next, we show ||y, — Sy,|l = 0. From %41 = a,u + B, + (1 — oty — B,)Szy, we have
I = Szull < lln = Xps1 | + %041 = Szl
< %n = X ll + o llue = Szl

+ Bullxn, — Sz, ll,
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0 = Szl = 7 = 5wl + 7= e = Sl
This together with ||x,,; — x,|| = 0 and «,, — 0 implies that
lim ||x, — Sz,|| = 0. (3.8)
n—00
Since T, is firmly nonexpansive, we have
s =1 = | Ton = To”|
<(Tyn = Tppt™ 20 — x%)
= <un —x, %, — x*)
1
P o P = - )
and hence
et =2 |* < (w2 = N1 = 10l (3.9)
By (3.1), we have

s =7 = (=) + By 5 =) + (1= = ) (20~ )
<anum [ o Bl -+ (=t~ B 520~

< auf|u—a |7+ Bull =7 |* + A= ctn — B) | 2n — 7| (3.10)

From (3.6) and (3.10), we have

[ er =27 < it = |2 4 Buoew = 2|7 + (@ = et = )] 1t —* |
+ (k> = 1) 4, = yull?]
e R A R (R A e b
+ (A = 1)l = yull*]
< o= P+ e =2+ (- = B)
X (Apk? = 1)t = yull*.

Then we derive

(U=t = B) (1= 1K)t = yll®
< [xn —&* ”2 — a1 = pI* + || — x* ||2

= (”xn _x* || + Hanrl _x* ”) X ||xn+1 _xn” +dy ”u _x* ”2 (311)
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It is clear that liminf,_, » (1 — &, — B,)(1 — A2k?) > 0. So, from (3.11), we have
lim {[s6, -yl = 0.
n—0o0
From (3.6), (3.9), and (3.10), we have
s =" | < ctnllue =" Bula = 27| + (U=t = B 20 =2
< apflu—a"|” + Balls =2 [* + (1 - s = Bo) |t — 7
< anHu—x*”Z +ﬂ,,||xn —x*”2 + 1 -, - B
x [t =) =l = 24 ]1%]
E anHM_x*HZ + Hxn _x*Hz - (1 — Oy — ﬁn)”xn - Mn||2r

that is,
(l_an _,Bn)”xn - Mn”2 =< an””_x*nz + ”xn _x*”2 - ||xn+1 _x*||2

< o= + (o =2 + Jotwr —°])

X ||xn+1 _xn”7
which implies that
lim ||x, —u,| = 0.
n—00
We have
”Syn _yn” = ”Syn —SZ,,” + ||SZ,, _xn” + ”xn - un” + ”Mn _yn”
< |yn = zall + 1820 = x|l + 1% = |l + 2t — il
= HPC(un — MAuy) — Pc(uy — )"nAyn)H + 1Sz, — x|
+ ”xn - Mn” + ”un _yn”

< MallAny — Ayl + 1820 = x|l + 120 — |l + Nt =yl

= ()\nk + 1)””;1 _yn” + ”Szn _an + ”xn - un”
This together with (3.8), (3.12), and (3.13) implies that
lim 11y, - yull = 0.
n—0oQ
Next we prove

lim sup(u — 2z, %, — z0) <0,

n—0o0
where zo = Prix(s)nvi,c)neper) (4). First, we show that

lim sup{u — zo, Sy, — z0) < 0.

n—0o0

Page 9 of 15

(3.12)

(3.13)
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To show this inequality, we can choose a subsequence i} of {y,} such that

lim (1 — %%, SYn; = x*) = limsup(u — x%, Sy, — x*).
J—00 n—00
Since {yy,} is bounded, there exists a subsequence (I} of ) which converges weakly
to w. Without loss of generality, we can assume that y,;, — w weakly. From Sy, - y.|l — 0,
we obtain Sy,, — w weakly.
First we show w € EP(F). By u,, = T}, x,, we have

1
F(up,y) + —(y —ty,uy, —x,) >0, VyeC.
,

n
From the monotonicity of F, we have

1
_(y_ Uy, Uy _xn) Z _F(umy) Z F(y) Mn)
Ty

and hence

Uy, — Xy,
nj W>ZF(}’,Mn,-)~
T,

7

<}’ - Mn/:

Un;—Xn;
Since ~/— — 0 and u,;, - w weakly, from the lower semi-continuity of F(x,y) on the

second variable y, we have
F(y,w) <0

forallye C.FortwithO<t<landyeC,lety,=ty+(1—t)w.Sincey € Cand w € C, we
have y; € C and hence F(y;, w) < 0. So, from the convexity of the equilibrium bifunction

F(x,y) on the second variable y, we have

0= F(yt,yt)
<tF(yuy) + (1 - )F(y, w)

f tF()’ny)
and hence F(y;,y) > 0. Then we have
F(w,9) =0

for all y € C and hence w € EP(F).
Second, we show that w € VI(4, C). Set

B Av+ Ncv, ifveC,
Y3 ifveC.

By

Then B is maximal monotone. Let (v, u) € G(B). Since u — Av € N¢v and y, € C, we have

(V=ynu—-Av) > 0.
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On the other hand, from y,, = Pc(u, — A,Au,), we have
(V — Yo Yn — (Wt — )LnAun» >0

and hence

<v — V> yn; o + Au,,> >0.
n

It follows that

(V=9upth) = (V= Yy, Av)

L —Uy.
- <v — V> yn‘k 5y Au,,l.>
nj

= <V — Yy Av — w —Auni>

nj

= (V=YnppAv = Ayp,) + (V=Y Ay, — Atty,)

J’ni - unl‘
- V_yni; 2

i

Vi, — U,
= <V_yni!Ayn,'_Auni>_ V—="Yn» Z)L =),

i

which implies that (v — w,u) > 0. We have w € B~1(0) and hence w € VI(4, C).

Thirdly, we prove that w € Fix(S). Assume that w ¢ Fix(S). Since Yny — wand w # Sw, by
Opial’s condition we have

liminf ||y, — w|| <liminf|y,, — Sw||
j—00 J j—00 U

< timinf(Lyy, ~ Sy 1 + 15y, ~ Swi)

< liminf [|y,; - wl|,
]—)OO

which is a contradiction. Then we get w € Fix(S). Hence, we deduce that w € Fix(S) N
VI(A, C) N EP(F). Therefore, from the property (iii) of P¢c, we have

lim sup(u — 2o, %, — zo) = limsup(u — 2o, Sy, — 2o)

n—0oQ n—00

= lim (1 — 2o, Sy, — 20)
J—> 00

=(u—2z9,w—129) <0. (3.14)

Finally, we show x,, — zg, where zg = PFix(S)ﬂVI(A,C)ﬂEP(F)(u)~
From (3.1), we have

1%+ = ZO”2 = ”an(u —20) + Bu(xn — 20) + (1 — 0ty — B)(Sz, — ZO)||2

< || Bul@n = 20) + (1 = @t = B)(Szs — 20) |
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+ 20{?1(” —Z20)Xn+l1 — ZO)
2
< [ = an = BISzs — 20l + Bull®n — 2oll]
+ 20, (U — 20, Xu11 — Z0)
2
< (L —0)” |l — 2ol + 20t (1t — 20, X1 — 20)

= (l_an)”xn _ZOH +2an<u_207~xn+l _Z0>~ (315)

Hence, by Lemma 2.3, (3.14), and (3.15), we conclude that the sequence x, converges
strongly to zo. Since |y, — x,|| — 0 and |u, — x,]||, we have y, — zo and u,, — zo. This
completes the proof. d

4 Applications
Taking B8, = 0 for all # > 0 in (3.1), we immediately obtain the following result.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C — R satisfying (H1)-(H4). Let A be a monotone and k-Lipschitz
continuous mapping of C into H, and let S be a nonexpansive mapping of C into itself such
that Fix(S) N VI(A, C) N EP(F) # @. Let {«,,} be a sequence in (0,1), and let {)\,} and {r,}
be two sequences in (0,00). For fixed u € C and given xo € C arbitrarily, let the sequences
{24}, {yu}), and {u,} be generated iteratively by

F(un’y)+i(y_umun_xn) ZO: VyGC,
Yn = Pc(uy — ApAuy), (4.1)
X1 = pth + (1 — oty — B,)SPc(u, — )LnAyn)'

Suppose the following conditions are satisfied:
(@) {1k} C(0,1-3) forsome§ € (0,1);
(b) lim,— o0y =0 and y - 0ty = 00.
Then the sequences {x,}, {y.}, and {u,} generated by (4.1) converge strongly to

Prixs)nvi,c)nepr) () if and only if limy,_ o |%y41 — %41l = 0.

In (3.1), we put F(x,y) = 0 for all x,y € C and r,, =1 for all n € N. Then we have u, =
Pcxy, = x,. Then we obtain the following theorem.

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be
a monotone and k-Lipschitz continuous mapping of C into H, and let S be a nonexpansive
mapping of C into itself such that Fix(S) N VI(A, C) # 0. Let {«,,} and {B,} be two sequences
in (0,1), and let {A,} be a sequence in (0,00). For fixed u € C and given x, € C arbitrarily,
let the sequences {x,} and {y,} be generated iteratively by

:yn = Pc(y — nAxy), (4.2)

Xpl = OylU + ﬂnxn + (1 -0y — ﬂn)SPC(xn - )\nAyn)

Suppose the following conditions are satisfied:
(@) {Ank} C(0,1-26) for some s € (0,1);
(b) lim, o, =0and -, a, =00;

(c) limsup,,_, o, Bn < 1.
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Then the sequences {x,} and {y,} generated by (4.2) converge strongly to Prixs)nvi,c)(#) if
and only if lim,_, o [|%,41 — %4 = 0.

In (4.2), we put B, = 0 for all n > 0. Then we obtain the following result.

Theorem 4.3 Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be
a monotone and k-Lipschitz continuous mapping of C into H, and let S be a nonexpansive
mapping of C into itself such that Fix(S) N VI(4, C) # @. Let {«,,} be a sequence in (0,1),
and let {),} be a sequence in (0,00). For fixed u € C and given xy € C arbitrarily, let the
sequences {x,} and {y,} be generated iteratively by

(4.3)

In = PC(xn - )‘-nAxn);
Xp+l = Oylh + (1 -0y — IBH)SPC(xn - )"nAyn)'

Suppose the following conditions are satisfied:

(a) {Ank} C(0,1-26) for some s € (0,1);

(b) lim,— o0y =0 and y - oty = 00.
Then the sequences {x,} and {y,} generated by (4.3) converge strongly to Prixs)nvia,c)(#) if
and only iflim,_ o ||%,+1 — %, ]| = 0.

Remark 4.4 Itis clear that Theorem 4.3 indicates the result in Zeng and Yao [11].

A mapping T': C — C is called strictly pseudocontractive if there exists k with 0 <k <1
such that

1T = Ty < = yI12 + k| (2 = T)e = (1 = Ty
forallx,y € C.Put A =1- T, then we have
[t - A= 1 - Ap|” = - yI> + kIl Ax - Ayl)”
On the other hand,
[ = A= 1= Ay|” = = y1> + 1A% = Ay]* = 2(x - y, Ax - Ay).
Hence we have
(x -y, Ax —Ay) > % lAx - Ay||* > 0.
This shows that if T is a strictly pseudocontractive mapping; then I — T is a monotone

and ﬁ—LipschitZ continuous mapping. Note that Fix(T) = VI(I — T, C). Hence it is easy
to obtain the following theorems.

Theorem 4.5 Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C x C — R satisfying (H1)-(H4). Let T be a k-strictly pseudocontractive
mapping of C into H, and let S be a nonexpansive mapping of C into itself such that Fix(S) N
Fix(T) NEP(F) # 0. Let {«,} and {B,} be two sequences in (0,1), and let {A,} and {r,} be
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two sequences in (0, 00). For fixed u € C and given xo € C arbitrarily, let the sequences {x,},
{yu}, and {u,} be generated iteratively by

F(ul’l’y)"'%(y_umun_xn) ZO; VyGC,
Yn = PC(un - )Ln(l - T)un): (44')
KXne1 = Cpth + By + (L -y — B)SPc(uty — (I - T)yn)~

Suppose the following conditions are satisfied:
(a) {Ank} C(0,1-26) for some s € (0,1);
(b) lim, o0y =0 and Y2 oty = 00;
(c) limsup,,_, ., B. <1
Then the sequences {x,}, {yn}, and {u,} generated by (4.4) converge strongly to

Prix(s)nrix(r)nep(r) (#) if and only if limy,_, o %41 — %4 = 0.

Theorem 4.6 Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be
a k-strictly pseudocontractive mapping of C into H, and let S be a nonexpansive mapping of
C into itself such that Fix(S) NFix(T) # @. Let {«,,} and {B,} be two sequences in (0,1), and
let {1} and {r,} be two sequences in (0,00). For fixed u € C and given xy € C arbitrarily,
let the sequences {x,} and {y,} be generated iteratively by

Vn =Pc(xn = Ay = T)xy), 45)
X1 = nth + By + (L= ay — B)SPc(x% — Ayl = T)yy).
Suppose the following conditions are satisfied:
(a) {Ank} C(0,1-26) for some s € (0,1);
(b) lim,— o0y =0 and y_ - oty = 00;
(c) limsup,,_, ., Bn<1.
Then the sequences {x,} and {y,} generated by (4.5) converge strongly to Prixs)nFix(r)(#4) if
and only iflim,_ o ||%,+1 — %, ]| = 0.
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