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1 Introduction
In 1918 Steffensen proved the following inequality (see [1]).

Theorem 1.1 Suppose that f is nonincreasing and g is integrable on [a,b] with0 <g <1
and A = f: g(t) dt. Then we have

b b a+i
Ftyde < / Fog(t)de < / o). (11)
b-\ a a

The inequalities are reversed for f nondecreasing.

Since its appearance many papers have been devoted to generalizations and refinements
of Steffensen’s inequality and its connection to other important inequalities.

The following identities are the starting point for our generalizations of Steffensen’s in-
equality:

a+h b
/ f@)dt - f f(t)g(t)dt

a+th b
= / [F@)-fla+21)][1-g®)]de+ / A[f(z/z +1) = f(0)]g(e) dt (1.2)
and

b b
f f)g(t)dt - / f(t)dt
a b-)

b-x b
- / [ (&) = f (b= 2)]g(e) dt + /b x[f(za —2) —f@®)][1-g(8)] dt. (1.3)
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In [2] Mitrinovi¢ stated that the inequalities in (1.1) follow from identities (1.2) and (1.3).
Let us recall the well-known Taylor’s formula needed for our generalizations:

flx )—Zf f“( —a) + P f FO) - £y dt. (1.4)

Similarly, we have Taylor’s formula in point b, i.e.

—t)"tdr. (L5)

n=l () b
= 53100,
i=0 :

In this paper we generalize Steffensen’s inequality to n-convex functions using Taylor’s
formula. Further, we use inequalities for the Cebyéev functional to obtain bounds for iden-
tities related to generalizations of Steffensen’s inequality. We continue with Ostrowski-
type inequalities related to obtained generalizations, and we conclude the paper with an
application to Stolarsky-type means.

2 Generalizations via Taylor’s formula
We begin this section with the proof of some identities related to generalizations of Stef-
fensen’s inequality.

Theorem 2.1 Letf : [a,b] — R be such that f (n-1) jg absolutely continuous for some n > 2,
and let g : [a,b] — R be an integrable function such that 0 < g <1. Let } = fabg(t) dt and
let the function G, be defined by

X dt, , ,
Gulo) = fab(l g0)dt, xelaa+i] o
[, g dt, xela+bl.

Then

/ feydt- /f(t t)dt+zfl+l )f GI(%)(x - a)' dx

b b
=_ﬁ / ( f G1(x)(x—t)”2dx)f(”)(t)dt (2.2)

and

/ fde- / fOg®)de + Zf il / Gy (%) (x - b’ dx

a

b t
:ﬁ / ( / G1(x)(x—t)”2dx)f(”)(t)dt. (2.3)

Proof Applying Taylor’s formula (1.4) to the function f’ and replacing n with n—1 (1 > 2),

we have

n-2
, f(z+1 ; (x t)n 2
flx) = 20 (x— / F (¢ NPEEYTE dt. (2.4)
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Applying integration by parts and then using the definition of the function G, identity
(1.2) becomes

a+i b
f Fyde- f Foe(t)de

- / " ( f (1-g(®) dt) df (x) - / : ( / bg(t) dt) df (x)

b
=— / G (x)f" (x) dx.

Hence, using (2.4) we obtain

b n=2 r(iyl) b ‘
/ Gi(xX)f (%) dx = Zf p @ / Gi(x)(x —a)' dx
4 i=0 ’ a

! ’ iy n-2 £(n)
+ m’/a Gl(?d(l (x— t) f (t)dt) dx. (25)

After applying Fubini’s theorem to the last term in (2.5) we obtain (2.2).
Similarly, applying Taylor’s formula (1.5) to the function f” we obtain (2.3). d

Theorem 2.2 Letf : [a,b] — R be such that f"V is absolutely continuous for some n > 2,
and let g : [a,b] — R be an integrable function such that 0 < g <1. Let A = f:g(t) dt and
let the function G, be defined by

(2.6)

Then

b b n=2 r(i41) b
S a) i
/ﬂ F(t)g(t)dt - /b . Ft)dt + 20: / G(x)(x — a)' dx

i! a

b b
hﬁ / ( f Gz(x)(x—t)”zdx)f(")(t)dt (27)

and

n=2 r(i41) b ,
S [ - o as

- 1
i=0

b t
- (n_lz), f ( / Gz(x)(x—t)"-2dx)/<">(t)dt. 2.8)

Proof Similar to the proof of Theorem 2.1 applying integration by parts to identity (1.3)
and then using identity (2.4). O

b b
f Fl)g(®)d - f F@dt +
a b

In the following theorem we obtain generalizations of Steffensen’s inequality for n-

convex functions.
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Theorem 2.3 Let f : [a,b] — R be such that f"~V is absolutely continuous for somen > 2,
and let g: [a,b] > R be an integrable function such that 0 < g <1. Let ) = fﬂ g(t)dt and
let the function Gy be defined by (2.1).

(i) Iff is n-convex, then

/ F(Og(t)dt > / ) HU(“) / GI(%)(x — a)' d. (2.9)

(ii) Iff is n-convex and
/ Gix)x—)"2dx <0, telab], (2.10)

then

(i+1)
/ F(Og(t) dt > / () dt + Zf ®) / G1(%)(x — b)' dx. (2.11)

Proof If the function f is n-convex, without loss of generality we can assume that f is n-
times differentiable andf(”) > 0 (see [3], p-16 and p.293). Since 0 < g <1, the function G;
is nonnegative, and for every n > 2 we have

b
/ Gi®)(x-)"2dx>0, tela,b].

Hence, we can apply Theorem 2.1 to obtain (2.9) and (2.11) respectively. O

Theorem 2.4 Letf : [a,b] — R be such that f"~ is absolutely contmuousfor somen > 2,
andlet g:[a,b] - R be an integrable function such that 0 < g <1.Let A = fﬂ g(t)dt and
let the function G, be defined by (2.6).

(i) Iff is n-convex, then

/ f(t)gt)dt < / ft)dt - Zle @ / Gy(x)(x — a)’ dx. (2.12)
(i) Iff is n-convex and
/l Gy(®)(x—28)"2dx <0, telab], (2.13)

then

(i+1)
/ FOgt)dt < / f(t)dt—zf ') / Gy (x)(x — b) dx. (2.14)

a

Proof Similar as in the proof of Theorem 2.4, we can apply Theorem 2.2 to obtain (2.12)
and (2.14). Again, since 0 < g < 1, the function G is nonnegative and for every n > 2 we
have

b
/ Gy(x)x-8)"%dx>0, telab]. O
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Taking # = 2 in Theorems 2.3 and 2.4, we obtain the following special cases for convex

functions.

Corollary 2.1 Let f: [a,b] — R be such that f' is absolutely continuous, let g : [a,b] — R
be an integrable function such that 0 < g <1 and let 1 = fabg(t) dt.
(i) Iff is convex, then

b a+h b 5
/a f(t)g(t)dt > /ﬂ ft)dt +f'(a) </ﬂ tg(t)dt — ra - %)
(i) Iff is convex and

t N2
/(t—x)g(x)dxz ¢ Za) , tela,a+Al,

¢ 2
/ (t—x)g(x)dx > % +Mt—a-2A), tela+Ar,b],

then

b a+h b 9
Af(t)g(t)dtz/a f(t)dt+f’(b)</a tg(t)dt—ka—%),

Corollary 2.2 Letf:[a,b] — R be such that ' is absolutely continuous, let g : [a,b] — R
be an integrable function such that 0 < g <1 and let ). = fabg(t) dt.
(i) Iff is convex, then

b b )\2 b
/a F(tgt)dt < /b S0di-f'@ (bk -5 - / ta(t) dt).

(ii) Iff is convex and

/t(t —x)gx)dx <0, tela,b-2]

(b—1t)? -2
2

b
/ (b-x)glx)dx < +Mt-=b+1), te[b-\b],

then
b b , )\'2 b
[rogwars [ swa-reo (bx— 5[ o dt).

3 Bounds for identities related to generalizations of Steffensen’s inequality
In the paper the symbol L, [a, b] (1 < p < 00) denotes the space of p-power integrable func-

tions on the interval [, b] equipped with the norm

1, = ( / b[f(t)|pdt)%,
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and L [a, b] denotes the space of essentially bounded functions on [a, b] with the norm

[Iflloc = ess SUP[f(t)|

tela,b

For two Lebesgue integrable functions f, % : [, b] — R, we consider the Cebysev func-
tional

1 (? 1 f? 1 [?
T(f,h) = —/ f@©h(t)dt - —/ f(&)dt- —/ h(t) dt
b-al, b-al, b-al,
In [4] the authors proved the following theorems.

Theorem 3.1 Letf : [a,b] — R be a Lebesgue integrable function and h : [a,b] — R be an
absolutely continuous function with (- —a)(b—-)[/'|*> € L|a, b]. Then we have the inequality

|T(¢f, h)| < [T(ff)]% m</ﬂb(x—a)(b—x)[h/(x)]zdx>7. (3.1)

The constant m (3.1) is best possible.

Theorem 3.2 Assume that h : [a,b] — R is monotonic nondecreasing on [a,b] and f :
[a,b] — R is absolutely continuous with f' € Ly[a, b]. Then we have the inequality

|T(f,h)| <

b
sl [ =62 dho 59

The constant % in (3.2) is best possible.

In the sequel we use the above theorems to obtain generalizations of the results proved
in the previous section.

Firstly, let us denote
b
(1) = / G-ty 2dx, =12, (33)
t

and

Qi) = / tG,'(x)(x—t)”_de, i=1,2. (3.4)

a

We have that Cebysev functionals T(®;, ®;) and T(82;, ), i = 1,2, are given by:

1 b , 9 a+h ., )\'2n+1
S e ALY R AU e ]

1 b " )\n+1 2
_m([l gX)(x—a) dx_n+1) ’

~ 1 (b—a)b”l—(b—)»—(l)znﬂ b 5
1@ @)= (00w [ @n+ ' / v

b b
_g(l/ (b—t)”(b—k—t)”dt+/ (b— )" W(t)dt

n\nJ,
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b2,
- / b-r-0)"W(t) dt)]

n+l n+l b ?
1 <<b—x—a> —(b-a) +/g(x)(x—a>”dx>»

C (b-a)2(m-1)2n2 n+1

where W(t ft Yx — £)" L dx,

T(Ql’ Ql) =

1 (61 +A— b)2n+1 _ (LZ _ b)2n+1
(n-1)2(b-a) |: (2n + 1)n?

2 1 b n n b n
-;(Z/M(a-t) (@+r-1) dt+/ﬂ (a—t)"Y(e)dt

b
- / (@a+Ar-8)"Y () dt)]
a+i

n+ n+ b
1 ((u+)»—b) I _(a-b) 1+/’ g(x)(x—b)”dx)

 (b-a)2(n-1)2n2 n+l

b
+/ Y2(¢) dt

2

and

1 b ) 9 b ., A2+l
@) g [ 0= [ om0 |

1 b " (_)L)nﬂ 2
_m(f g =) dx+ )

where Y(¢) = [} g(x)(x - £)" " dx.

Theorem 3.3 Let f : [a,b] — R be such that f" is an absolutely continuous function for
somen > 2 with (- —a)(b - )[f 0012 ¢ L [a,b], and let g be an integrable function on [a, b)
such that 0 <g <1.Let A = fa g(t) dt and let the functions G, ®; and Q2 be defined by
(2.1), (3.3) and (3.4).

(i) Then
f t)dt - ff Hl(a)/ Gi(x)(x — a)’ dx

FU D) - f(a)
(b-a)(n-2)

<I>1(t) dt = H(f;a,b), (3.5)

where the remainder HY(f; a, b) satisfies the estimation

|H,\(f3a,b)| < fv(b z)‘[T(tbl, % / (t-a)b-)[f" V0] dt . (36)
(ii) Then

a+h b =2 ;1) b
f00) i
/a Jiore= / F(0)g(t)dt + 20: g / Gi(x)(x - b) dx

FOB) - f D (a)
T b-a)(n-2)

b
/ Qu(t) dt = HX(f;a,b), (3.7)
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where the remainder H2(f; a, b) satisfies the estimation

vb—a

m [T(Ql» Q1)] 2

b
|H2(f;a,b)| < / (t-a)b-D[f" V)] dt

Proof (i) If we apply Theorem 3.1 for f — ®; and & — f), we obtain

1 b 1t 1 ?
(n) (n)

1
2

1 b 2
[ (@1, ®1)]? f (t-a)b-O[f" V)] dt

1
= N

Therefore we have

b n 1) b n-1) b
7(%&”_2),/ di()de- /f (t)dt = (b_))(f )( )/ (1) dt.

Now if we add that to the both sides of identity (2.2), we obtain (3.5).
(ii) Similar to the first part. a

Theorem 3.4 Let f : [a,b] — R be such that f* is an absolutely continuous function for
some n > 2 with (- —a)(b - )[f (012 ¢ [ [a,b], and let g be an integrable function on [a, b)
such that 0 <g <1.Let A = fﬂ g(t )dt and let the functions Gy, Oy and Q2 be defined by
(2.6), (3.3) and (3.4).

(i) Then

z+1)
/f(t)g(t)dt—/ f(t)dt+zf )/ Gy (x)(x — a) dx

SV -V @)

(b-a)(n-2) <D2(t) dt=H2(f;a,b), (3.8)

where the remainder Hﬁ (f; a, b) satisfies the estimation

\H3(f;a,b)| < —— Vb-a /(t a)b- ” gt

Ty T@ 2] ]2 @) de

(ii) Then

n=2 f(i+1)(b)
1l

b b
fa Fong(0)de - /h FLIDS

f(n—l)(b) _f(n—l) (ﬂ)
C -am-2r

b
/ Gy(x)(x - b) dx

b
Q(t)dt = HE(f;a,b), (3.9)

where the remainder H(f;a, b) satisfies the estimation

1
2

e
V2(n-2)! 2)'

[T

b
|HA(fa,b)] < [T(2, )] / (t - a)b - O[f "D ()] de
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Proof Similar to the proof of Theorem 3.3. O
Taking n = 2 in Theorems 3.3 and 3.4, we obtain the following corollaries.

Corollary 3.1 Let f: [a,b] — R be such that " is an absolutely continuous function with

(-—a)(b-")[f"1? € Lla,b), let g be an integrable function on [a, b] such that 0 < g <1 and

let 3. = [ g(t) dt.
(i) Then

a+ b b
/a Af(t)dt—/af(t)g(t)dt+f’(a)</a tg(t)dt—)»oz—);)

"(b) — £ b 3
+%(/ﬂ g(t)(t—a)zdt—%> = Hy(f;a,b),

where the remainder H% (f; a, b) satisfies the estimation

Vb= L[ b 3
|Hy(f;a,b)| < %“[T(%@)]Z / (t—d)(b—t)[f’”(t)]th‘
and
b b 2 5
T(p1, 1) = bi_a[/a (./; g(x)(x—t)dx) dt + 2—0
a+i b
— / (a+xr—t)? (/ gx)(x—1) dx) dt]
1 b ) )\’3 2
T </; gx)(x—a) dx— §> .
(ii) Then

a+i b b 2
[ roa- | f(t)g(t)dt+f’(b)< [ tg(t)dt—m—%)

"(b) — f' b 3 _ b—a— 3 b
_f(2()b_fa()a)(( 2) (3 a=?) _/ g(t)(b—t)zdt>=H22(f;dyb),

where the remainder H% (f; a, b) satisfies the estimation

N = 1 b 2
|H3(f3a,b)| < %Q[T(wl,wl)]2 /a (t—a)(b—t)[f’”(t)]zdt‘
and
onoy - ] (@+r-b°—(a=by° 1/b (@@ h—DPds
A 20 2 )

b t
+ / (a-t)? </ gx)(x—1) dx) dt
b t
—/ (a+A—t)2</ g(x)(x—t)dx) dt)
a+h a
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b t 2
+/a </a g(x)(x—t)dx> dt]
_bB —(a=>b)3 b 2
_4(bia)2((a+)\, )3 (61 ) +/ g(x)(x—b)de) .

Corollary 3.2 Let f : [a,b] — R be such that f” is an absolutely continuous function with
(-—a)(b-")[f")? € Lla,b), let g be an integrable function on [a, b] such that 0 < g <1 and
let 3. = [ g(t) dt.

(i) Then

b b ’ A2 b
/; ft)g(t)dt - /bﬁ\f(t) dt+f'(a) (b)» iy —/a tg(t) dt)

+f/(b)—f/(a)((b—a)3 ~ b-a-1)> 1

b
2(b - a) 3 3 5/ g(")("‘“)zdx) = H;(f;a,b),

where the remainder H(f;a, b) satisfies the estimation

Jb=a
NG

e }
|\H; (f3a,b)| < [T(¢2.¢2)]? f (t—a)(b—t)[f’”(t)]zdt’

and

bh— S_b_ _ 4)5
T(¢2,¢2)=bia|:( «) 2(0 o)

1 b 2 2
_<5/a (b—t)2(b—A—t)dt

b b

+/ (b—t)2</ g(x)(x—t)dx)dt
b-n b

- (b—x—tf(/ g(x)(x—t)dx)dt)
b, b 2

+/ (/ g(x)(x—t)dx) dt:|

b—A— 3_ b— 3 b 2
_4(bia)2(( : ”)3 s +/g(x)(x—a)2dx),

(ii) Then

b b )»2 b
/ f()g(t)dt - f@)dt+f(b) (bk -5 —/ tg(t) dt)
a b-A a

"(h) = £ b 3
Lo L[ e -2 ae- 1) <t

where the remainder Hy (f;a, b) satisfies the estimation

Vb—-a
V2

e )
|HE (fra,b)] < [T(@s,2)]? / (t-a)b-Dlf" 0] de| |
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and

b t 2 5
T (w2, w2) = ﬁ[/ (/ g(x)(x—t)dx) dt + ;L_()
b ¢
- b-xr—-t)? (/ gx)(x—1) dx) dt]
b-\ a

1 b )\3 2
_W@ g(x)(x—b)zdx_§>'

Using Theorem 3.2 we obtain the following Griiss-type inequalities.

Theorem 3.5 Let f : [a,b] — R be such that f™ (n > 2) is an absolutely continuous func-
tion and f*V > 0 on [a,b). Let the functions ®; and Q;, i = 1,2, be defined by (3.3) and
(3.4).

(i) Then we have representation (3.5), and the remainder H\(f; a, b) satisfies the bound

|H,\(f;a,b)|

(n-1) (n-1) (n-2) _ f(n-2)
1 ” CD/I ”Oo {f (b) +f° (a) _f (b)-f (a) } (3.10)

<
~ (n=-2) 2 b-a

(ii) Then we have representation (3.7), and the remainder H2(f; a, b) satisfies the bound

H o “ {f(n—l)(b) +f(”‘1)(a) _f(n—Z)(b) —f(”_z)(d) }

2(f.
’Hn(f,a,b)|§ 1 5 4

1
(n=2)

(ili) Then we have representation (3.8), and the remainder H:(f;a, b) satisfies the bound

L g [0 @ ) - @)
e, { - |

3(f.
)] < ;

~ (n-2)

(iv) Then we have representation (3.9), and the remainder H:(f; a, b) satisfies the bound

|Hyy(f;a,b)| <

L oy [fUP@ @) ) -f P a)
Il {25 -l

(n-2)! B

Proof (i) Applying Theorem 3.2 for f — ®; and & — f*, we obtain

1 b 1t 1 b
(n) (n)

< o] f a0V de (311)
T 2b—a)! e ), ’ ’

Since
b b
/ t-a)b-t)f " V@) dt = / [2t - (@ + D))" (B dt
= b-a)f" @) + V@] - 2(" D) - [P @),

using representation (2.2) and inequality (3.11), we deduce (3.10).
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Similarly, we can prove the other parts. O
Taking 7 = 2 in the previous theorem, we obtain the following corollary.

Corollary 3.3 Let f: [a,b] — R be such that " is an absolutely continuous function and
f" >0 on [a,b]. Let g be an integrable function such that 0 <g <1, A = fabg(t) dt and let
the functions G;, i = 1,2, be defined by (2.1) and (2.6).

(i) Then we have

/ ft)dt—/f(t t)dt+f(oz)</b () dt - Aa—);)

JLJ”) f (x - a)Gi(x) dx = Hy(f;a,b),

and the remainder Hy(f;a, b) satisfies the bound

i) < oy LT LETAY

2 b-a

where

D(t) = —/ (1-g(x))dx

(ii) Then we have

a+ b b
/ Af(t)a't—/f(t)g(t,‘)dt+f/(b)(/ tg(t)dt—)\zz—);)

f%)f@/‘b@@mm H2(f;a,b),

and the remainder H(f; a, b) satisfies the bound

"(b ! b
|H§(f’”’b)|§||ginoo{f();f() f(; ];( },

where

b
Q;(t):f g(x) dx.

(iii) Then we have

b b 2 b
/f(t)g(t)dt—/ f@)dt +f/(a)<bk—%—/a tg(t)dt)

f%)fm/( 0)Gy(x) dx = H3(f; a,b),

and the remainder H; (f; a, b) satisfies the bound

(b ’ b) —
|H3(f3a,b)| < ||¢/2H00{f( );f 914 ;—{z(a) }’
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where
@0~ | ewdx.
(iv) Then we have
/abf(t)g(t)dt—/b f(t)dt+f/(b)(bk—g—/btg(t)dt>
G f(“)/ (b - %)G(x) dx = HA(f;a,b),

and the remainder Hy(f;a, b) satisfies the bound

/ '(b) +f(@) f(b)—f(a)
it < oo LSO O

where

b
Q) = f (1 —g(x)) dx

4 Ostrowski-type inequalities
In this section we give the Ostrowski-type inequalities related to generalizations of Stef-
fensen’s inequality obtained in Section 2.

Theorem 4.1 Suppose that all the assumptions of Theorem 2.1 hold. Assume that (p, q) is
a pair of conjugate exponents, that is,1 < p,q < o0, 1/p+1/q=1.Let f™ e Lyla, b for some
n > 2. Then we have:

(i)

(i+1)
fode - f ft)g(t)dnzf @ / G (x - a) d

G1 (xX)(x—t)" 2 dx

(4.1)
q

The constant on the right-hand side of (4.1) is sharp for 1 < p < oo and best possible
forp=1.
(i)

1+1) b )
/ @ de - / FOgt)dt + Zf / Gy (x)(x — b dx

a

1 )
P TLA

(4.2)

Gl ®)(x—1t)"2dx

q

The constant on the right-hand side of (4.2) is sharp for 1 < p < oo and best possible
forp=1.
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Proof (i) Let us denote

b
C@) = ﬁ/[ Gi(x)(x — )" 2 dx.

Since 0 < g <1, the function G; is nonnegative and for every n > 2 we have C(¢) > 0,
Vt € [a, b]. Using identity (2.2) and applying Holder’s inequality, we obtain

a+i b =2 (itl)(a) b )
[ roa-[ f(t)g(t)dt+;):f [ G-y

b
_ ‘_ [ cara dt‘ <[] lc@],

For the proof of the sharpness, we will find a function f for which the equality in (4.1) is
obtained.
For 1 < p < oo take f to be such that

F(t) = sgn C0)|C(0)] 7.

For p = 0o, take f"(t) = sgn C(t).
For p =1, we prove that

b
/ C(e)f"(¢) dt

a

b
= mayleo|( [/ ola) 43

is the best possible inequality. Suppose that |C(¢)| attains its maximum at ¢, € [a, b], and
we have C(t) > 0. For ¢ small enough, we define f;(¢) by

0, a=<t=<ty,

i) =1 Lt-t), to<t<to+e,

en!

L—t), tore<t<b.

Then, for ¢ small enough,

b
/ CE)f"(¢) dt‘ =

to+e 1 1 to+e
/ C(t)—dt‘ = —/ C(t)dt.
to & &

to

Now from inequality (4.3) we have

1 to+e to+e 1
—/ Ct)dt < C(to)/ —dt = C(t).
& to to &€

Since
to+e
lim ~ C(t) dt = C(to),
e—>0¢g t

the statement follows.
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(ii) Here, we denote C(t) = (n_lz)x f; G1(x)(x — £)""% dx. Thus we have one more case when

|C(2)| attains its maximum at ¢y € [a,b] and C(tp) < 0. In the case C(tp) < 0, we define f, (¢)
by

L-to-e), a<t=<t,

fe@)={-aat-to—e)", to<t<ty+e,
0, to+e<t<bh.
The rest of the proof is the same as above. d

For n = 2, we obtain the following result.

Corollary 4.1 Let f: [a,b] — R be such that f' is absolutely continuous, let g : [a,b] - R
be an integrable function such that 0 < g <1, and let A = f:g(t) dt. Assume that (p,q) is a
pair of conjugate exponents, that is, 1 < p,q < oo,1/p +1/q =1. Let f" € Ly[a, b]. Then we
have:

(i)
a+hi b b 2
/; f(t)dt—/ﬂ ft)g(e)dt +f’(a)</a‘ tg(t)dt — ha — %)‘

a+h t b 5 2
Sllf”llp<fa t/ﬂ g(x)d“/t xg(x)dx—ka—%_(t @)

2
. /bk /tbxg(x) dx— t/thg(x)dx

The constant on the right-hand side of (4.4) is sharp for 1 < p < 0o and best possible
forp=1.
(i)

q
dt

AN
dt) . (4.4)

a+h b b
/6; f@t)dt - /ﬂ f()g(t)de +f'(b) </a tg(t)dt — ra - %2)

., a+hi (t— )2
I,([ %

7 —
2

b A t
+fm —+A(t—a—k)—fa (t —x)g(x) dx

2

q
dt

/t(t —x)g(x)dx

1

q q
dt) . (4.5)

The constant on the right-hand side of (4.5) is sharp for 1 < p < 0o and best possible
forp=1.

Using identities (2.7) and (2.8) we obtain the following result.

Theorem 4.2 Suppose that all the assumptions of Theorem 2.2 hold. Assume (p,q) is a
pair of conjugate exponents, that is, 1 < p,q < 0o, 1/p+1/q =1. Let f" Ly[a, b] for some

n > 2. Then we have:
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(i)

z+1
[ rogai [ soas Zf D [ Gutoe -y

a

(4.6)

L,

G2 (x)(x— )" % dx

(n p

The constant on the right-hand side of (4.6) is sharp for 1 < p < 0o and best possible
forp=1.
(i)

fabf(t) )dt — /ft)dt me / 5 (%) (x — b)' dx
s LA

Gz(x (x—8)" 2 dx (4.7)

q

The constant on the right-hand side of (4.7) is sharp for 1 < p < oo and best possible for
p=1

Proof Similar to the proof of Theorem 4.1. g
Taking # = 2 in the previous theorem, we obtain the following corollary.

Corollary 4.2 Letf : [a,b] — R be such that f' is absolutely continuous, let g : [a,b] — R
be an mtegmblefunctlon such that 0 < g <1,and let ) = fa g(t) dt. Assume that (p,q) is a
pair of conjugate exponents, that is,1 < p,q <00, 1/p+1/q=1. Let f" € L,[a,b]. Then we
have:

(i)
b b 22 b
e di— | f@)dt+f @) <bk -5 - / ta(t) dt)‘
b-x a

b—A )\.2 t b q
< Hf””p(f; bk—g—t/a g(x)dx—/t xg(x) dx

b (b— q %
+/I;—A dt) . (4.8)

The constant on the right-hand side of (4.8) is sharp for 1 < p < 0o and best possible
forp=1.
(i)

dt

b
- / (x — t)g(x) dx

b / 52 b
(t)dt_/;,Af(t)dt +f (b)(bk— ) —/ﬂ tg(t)dt)‘
b-x| pt q
< “f” ”p(/ '/ (t —x)g(x) dx

/-b (b_t)z _)»2
+ _—
b-x

dt

0\
dt) . (4.9)

b
/ (b—x)g(x)dx —
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The constant on the right-hand side of (4.9) is sharp for 1 < p < oo and best possible
forp=1.

5 k-Exponential convexity and exponential convexity
In [5] Bernstein defined exponentially convex functions on an open interval / in the fol-

lowing way.
Definition 5.1 A function v : I — R is exponentially convex on I if it is continuous and
n
D EEY (i +x) =0
ij=1
for all » € N and all choices §; € R, i=1,...,n,such thatx; +x; € [,1 <i,j <n.

Proposition 5.1 Let ¢ : I — R. The following statements are equivalent:
(i) v is exponentially convex on I;
(if)  is continuous and

Sk (x” - ) >0 (5.1)

ij=1
forevery & e Randeveryx; €l,1<i<n.

Remark 5.1 From (5.1) we have the following properties of exponentially convex func-
tions:
(i) if ¥ is exponentially convex on I, then ¥ (x) > 0 for all x € I; for any ¢ > 0, ¢y is
again exponentially convex;
(ii) if ¥ and ¥, are exponentially convex on I, then v + ¥ is also exponentially
convex on [;
(iii) if v is an exponentially convex function, then for any d, ¢ € R, x — ¥ (dx) and

x — Y (x —t) are exponentially convex functions.
Using basic calculus we have the following corollary.

Corollary 5.1 Ifyr is exponentially convex on I, then the matrix

(7)),
2 ij=1

is positive semidefinite. Particularly,

xi+x\]"
det| v >0
2 ij=1

foreveryneN,x;el,i=1,...,n.

One of the most important properties of exponentially convex functions is their integral

representation.
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Theorem 5.1 The function v : I — R is exponentially convex on I if and only if

Y(x) = /Ooetxda(t), xel (5.2)

(o¢]

for some nondecreasing function o : R — R.
Proof See [6], p.211. d

The most obvious example of an exponentially convex function is x > ce**, where ¢ > 0
and o € R are constants. Other, less obvious, examples can be deduced using integral
representation (5.2) and some result from Laplace transformation (for details, see [7]).

For readers’ convenience we recall some other notions and definitions of some classes
of functions widely used in the literature which are related to the class of exponentially
convex functions.

Firstly, let us mention an important subclass of the class of exponentially convex func-

tions called completely monotonic functions. Let J C (0, 00) be an open interval.

Definition 5.2 The function f : ] — R is completely monotonic on J if
) fP@ =0, xelk=01,....

Theorem 5.2 The function f :] — R is completely monotonic on J if and only if

f(x):/ooe’”‘da(t), xe],
0

for some nondecreasing bounded function o : (0,00) — R.
Proof See [8], p.160. O
In [9] Bhatia uses the notion functions of positive type defined in the following way.

Definition 5.3 A complex-valued function ¢ on [0, 00) is said to be of positive type if for
every positive integer 7, we have

> i+ x)EE >0
i1

for every choice of x; € [0,00) and §; € C,i=1,...,n.

Remark 5.2 As noted in [9], functions of positive type are characterized as being com-

pletely monotonic.

Another widely used term is positive definite functions. Survey of positive definite func-
tions is given in [10] and [11].
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Definition 5.4 A complex-valued function ¢ on R is said to be positive definite if for every

positive integer #, we have

Z p(xi - x)&& > 0,

ij=1

n

for every choice of x; e Rand §; € C,i=1,...,n; thatis, ifevery square matrix [¢(x; —xj)]i,}-=1

is positive semidefinite.
Positive definite functions satisfy the following characterization (see [12]).

Theorem 5.3 (Bochner) A continuous function ¢ : R — C is positive definite if and only

if it is the Fourier transform of a finite positive measure u on R, that is,

¢m=/ ¢ duo).

o0

The class of positive definite functions and the class of exponentially convex functions
are not necessarily equivalent. However, in the following theorem we give a bijection be-

tween exponentially convex and entire positive definite functions.

Theorem 5.4 Ifafunction ¢ : R — R is an exponentially convex function, then it is entire,
and ¢(t) = Y (it), t € R is a positive definite function. Conversely, if ¢ : R — C is an entire
positive definite function, then ¥ (t) = ¢(—it), t € R is an exponentially convex function.

Proof See [13]. O

Remark 5.3
(i) Recall that ¢ : R — C is entire if it can be extended to a necessarily unique analytic
function ¢ : C — C.
(ii) Conclusions of Theorem 5.4 can be extended to exponentially convex functions
defined on any open interval (see [13]).
(iii) The key application of Theorem 5.4 lies in the explicit construction of

exponentially convex functions from positive definite functions.

The notion of exponential convexity is, for the sake of applications, refined in [14] in the

following way.

Definition 5.5 A function v : I — R is k-exponentially convex in the Jensen sense on I if

K X+ Xj
§:a§¢( 5 >20

ij=1

holds for all choices &i,...,& € R and all choices xy,...,x; € I. A function ¢ : I — R is
k-exponentially convex if it is k-exponentially convex in the Jensen sense and continuous

onl.
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Remark 5.4 A function v : I — R is exponentially convex in the Jensen sense on [ if it is
k-exponentially convex in the Jensen sense for all k € N.

A function ¥ : I — R is exponentially convex if it is exponentially convex in the Jensen
sense and continuous.

Remark 5.5 It is known that ¢ : I — R is a log-convex in the Jensen sense if and only if

1/f(x)+201ﬂ1/f< >+ﬂ V() =0

holds for every «, 8 € R and x, y € I. It follows that a positive function is log-convex in the
Jensen sense if and only if it is 2-exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

Motivated by inequalities (2.9), (2.11), (2.12) and (2.14), under the assumptions of The-
orems 2.3 and 2.4, we define the following linear functionals:

hm—/ﬂ%mm f.thEyWI‘fGMM—WM, 53)
Lg(f)-/f t)dt—/ F(t)dt - Zflm(b)/ Gy(%)(x — b)! dx, (5.4)
L(f) = / F(@)dt - f F(Og(e) de - Zf ") / G () (x — a)f dx, (5.5)
L4(f)=[bbkf(t)dt—/ubf(t)g(t)dt—gf(it:(b) /ab Gy (x)(x — b)* dx. (5.6)

Remark 5.6 Under the assumptions of Theorems 2.3 and 2.4, it holds L;(f) > 0, i =
1,...,4, for all n-convex functions f.

Lagrange- and Cauchy-type mean value theorems related to defined functionals are
given in the following theorems. Similar results were proved in [15], so we omit the proof.

Theorem 5.5 Letf : [a,b] — R besuch thatf € C"[a, b]. If the inequalities in (2.10) (i = 2)
and (2.13) (i = 4) hold, then there exist &; € |a, b] such that

Li(f) =fE)Lilw), i=1,...,4,
where ¢(x) = f,—? and L;,i=1,...,4, are defined by (5.3)-(5.6).

Theorem 5.6 Letff ] — Rbesuch thatff € C"[a,b] andf(”) # 0. If the inequalities
in (2.10) (i=2) and (2.13) (l =4) hold, then there exist &; € [a, b] such that

Li(f) :f(")(fi)
Li(f)  fo(&)

where L;,i=1,...,4, are defined by (5.3)-(5.6).

i=1,...,4

Page 20 of 25
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Now we produce k-exponentially and exponentially convex functions applying defined
functionals. We use an idea from [14]. In the sequel I and J will be intervals in R.

Theorem 5.7 Let A = {f, : p € J}, where ] is an interval in R, be a family of functions
defined on an interval I in R such that the function p = [xo,...,%u;f,] is k-exponentially
convex in the Jensen sense on J for every (n+1) mutually different points x, ..., x, € I. Let L;,
i=1,...,4, belinear functionals defined by (5.3)-(5.6). Then p — Li(f,) is a k-exponentially
convex function in the Jensen sense on J.

If the function p — L;(f,) is continuous on ], then it is k-exponentially convex on J.

Proof For§;eRandp;jeJ,j=1,...,k we define the function

k
h@w) =Y Eifom ().

ji=1

Using the assumption that the function p = [0, ...,%,;f,] is k-exponentially convex in the

Jensen sense, we have

k
[0y s s ] = D EiEilxo, i frim ] 2 0,

jil=1

which in turn implies that % is an n-convex function on /, so L;(h) > 0,i=1,...,4. Hence

k
> EELlform) 2 0.

jil=1

We conclude that the function p — L;(f,) is k-exponentially convex on J in the Jensen
sense.

If the function p — L;(f,) is also continuous on J, then p — L;(f,) is k-exponentially
convex by definition. O

The following corollary is an immediate consequence of the above theorem.

Corollary 5.2 Let A = {f, : p € J}, where ] is an interval in R, be a family of functions
defined on an interval I in R such that the function p — [Xo,...,%u;f,] is exponentially
convex in the Jensen sense on ] for every (n+1) mutually different points xo, ..., x, € I. Let L;,
i=1,...,4, be linear functionals defined by (5.3)-(5.6). Then p — Li(f,) is an exponentially
convex function in the Jensen sense on J. If the function p — Li(f,) is continuous on J, then
it is exponentially convex on J.

Now, we prove corollary of Theorem 5.7 which will be used in the next section to obtain
new Stolarsky-type means.

Corollary 5.3 Let A = {f, : p € ]}, where ] is an interval in R, be a family of functions
defined on an interval I in R such that the function p — [xo,...,%u;f,] is 2-exponentially
convex in the Jensen sense on J for every (n + 1) mutually different points xo,...,x, € I. Let
L, i=1,...,4, be linear functionals defined by (5.3)-(5.6). Then the following statements
hold:
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(i) If the function p — Li(f,) is continuous on J, then it is a 2-exponentially convex
Sunction on J. If p — Li(f,) is additionally strictly positive, then it is also log-convex
on J. Furthermore, the following inequality holds true:

[Lp)] ™ < [Lap] L], i=L...4,
for every choice r,s,t € ] such thatr <s<t.

(i) If the function p — Li(f,) is strictly positive and differentiable on ], then for every

p-q,u,v €J, such that p < u and q < v, we have

/’Lp,q(Ll'r A) S MM,V(LiJ A)r (57)
where

L L

B, pia,
L1ilh)

exp( ) ped

Mp,q(Lir A) = (5.8)

Jor fu.fq € A

Proof (i) This is an immediate consequence of Theorem 5.7 and Remark 5.5.
(ii) Since p — L;(f,) is positive and continuous, by (i) we have that p — L;(f,) is log-
convex on J, that is, the function p = log L;(f,) is convex on J. Hence we get

log Li(f,) — log L;(f;) - log L;(f,,) — log L;(f,)

= (5.9)
P—q u-v
forp <u,q <v,p+#q, u#v.So, we conclude that
Mp,q(Li; A) < /’Lu,v(Lh A).
Cases p = g and u = v follow from (5.9) as limit cases. d

6 Stolarsky-type means
In this section, we present several families of functions which fulfill the conditions of The-
orem 5.7, Corollary 5.2 and Corollary 5.3. This enables us to construct a large family of
functions which are exponentially convex. Explicit form of these functions is obtained af-
ter calculating an explicit action of functionals on a given family.

Firstly, let us recall Stolarsky means (see [16] and [17]).

Let p,q € R and let 0 <x <y < 0o. The Stolarsky mean E, ,(x,y) is defined by

_xP)\ L
(D=7, palp-q) #0,

(e )i, p=0,q40
a(log y—log x) q, pz 7q ’
Ep,q(x,y)z q(i g y—logx)

14 1
e q(’y‘%)xq-ﬂ, r=q970,

JxY, p=9=0.
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Stolarsky in [16] and then Leach and Sholander in [18] showed that the function E,, ;(, y)

is increasing in both parameters p and g, i.e. for p <r and g < s, we have
Ep,q(x¢y) = Er,s(x;y)-
Example 6.1 Let us consider a family of functions

AM={,:R—>R:peR}

defined by
epx
o p?‘/(),
S =17
= p=0.

Since iﬁ’ (x) = e”* > 0, the function f, is n-convex on R for every p € R and p ‘;Zf (x)
is exponentially convex by definition. Using analogous arguing as in the proof of Theo-
rem 5.7, we also have that p > [xo,...,%,;f,] is exponentially convex (and so exponen-
tially convex in the Jensen sense). Now, using Corollary 5.2 we conclude that p — L;(f,),
i=1,...,4, are exponentially convex in the Jensen sense. It is easy to verify that these map-
pings are continuous (although the mapping p  f, is not continuous for p = 0), so they

are exponentially convex. For this family of functions, p,4(L;, A1), i =1,...,4, from (5.8),

becomes
L; L
()7, p#4
. - Liidfy) _n _
'quq(L“ SV exp( L) » P=4 70,

L;(id-
exp( i), p=g=0,

where id is the identity function. By Corollary 5.3, ptp,4(Li, A1), i =1,...,4, are monotonic
functions in parameters p and q.

Since

o
dx" _
(W) (log x) =X,

dx"

using Theorem 5.6 it follows that

My (Li, Ay) =log pupg(Liy A, i=1,...,4,
satisfy

A<My (L,A)<b, i=1,..,4

So, M, (L;, A1),i=1,...,4, are monotonic means.
Pq
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Example 6.2 Let us consider a family of functions
Az—{gp (0,00) > R: peR}
defined by

m pe¢f{0,1,...,n-1},

¥ logx
(D" n-1-))

&%) =
p=j€{0,1,...,n—1}.

. ar _ . . a .
Since S (x) = #*™" > 0, the function gy is n-convex for x > 0, and p — £ (x) is exponen-

dx" dx"
tially convex by definition. Arguing as in Example 6.1 we get that the mappings p — L;(g,),
i =1,...,4, are exponentially convex. Hence, for this family of functions w,,(L;, As),

i=1,...,4, from (5.8), is equal to

Li(gp) \ 7z
(T P74
L n
[pg(Lis Ag) =  exp((=1)""(n 1)} f@f’; o) P=ae(0L..,n-1},
exp((=1)"1(n - 1)135‘5;5’ -l kL), p=qel0l,...,n-1}.

Again, using Theorem 5.6 we conclude that

i
(L(g” ),, <b, i=1,...,4
Li(gy)

So, Upqg(Lis As), i=1,...,4, are means and by (5.7) they are monotonic.
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