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Abstract

We present asymptotic expansion of function involving the ratio of gamma functions
and provide a recurrence relation for determining the coefficients of the asymptotic
expansion. As a consequence, we obtain asymptotic expansion of the Wallis
sequence. Also, we establish sharp inequalities for the Wallis sequence.
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1 Introduction
The Wallis sequence to which the title refers is

— . 4/(2 N._
W =] oo "eN=23.) (1.1)
k=1

Wallis (1616-1703) discovered that

ﬁ 4k* 2244668  x

- - == — 12
k:14k2_1 1335577 2 12

(see [1], p.68). Several elementary proofs of (1.2) can be found (see, for example, [2—4]).
An interesting geometric construction produces (1.2) [5]. Many formulas exist for the rep-
resentation of 7, and a collection of these formulas is listed [6, 7]. For more history of &
see [1, 8-10].

Some inequalities and asymptotic formulas associated with the Wallis sequence W, can
be found (see, for example, [11-24]). Hirschhorn [13] proved that for n € N,

b4 1 b4 1
—<1——7)<Wn<—<1——8). (1.3)
2 dn+ 3 2 dn+3
Also in [13], Hirschhorn pointed out that if the ¢; are given by

x o x Y+
tanh<1> = FZOCj(z—j)!, (1.4)
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then, as n — o0,

T 1 -1 i 4 1 - > j
W, ~ 5 (1 + §> HeXp(,,,Zj+1) ) (1 + ﬂ) exp (Z gl (1.5)

jz0 j=0

Ny}

Very recently, Lin et al. [17] found that

(2%*2 —1)Byjin

=2 e Ny = NU{0), 1.
9= prigrrngen NN 1.6)

where B, (n € Ny) are the Bernoulli numbers defined by the following generating function:

z i z"
— = ZBn—, lz| < 27.
n=0 :

e? n!

Also in [17], Lin et al. derived

3
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The gamma function is defined for x > 0 by
I(x) = / Flet de.
0

The logarithmic derivative of I'(x), denoted by ¥ (x) = I'"(x)/I'(x), is called psi (or

digamma) function, and ¥ (x) (k € N) are called polygamma functions. These functions

play an important role in various branches of mathematics as well as in physics and engi-

neering. For the various properties of these functions, please refer to [25], pp.255-260.
Define the function W (x) by

-1 2
W(x)z%(l 1) j—c[r(’”l)] (1.8)

to 1
2x Cx+3)

It is easy to see that
W, = W(n).

The first aim of present paper is to establish sharp inequalities for W,. More precisely,

we determine the best possible constants «, 8, A, and p such that the double inequalities

b4 1 b4 1
—(1- <W,<—[1-
2 dn+a 2 dn+ B

and
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hold for all # € N. The second aim of present paper is to develop the formula (1.7) to pro-
duce a complete asymptotic expansion. More precisely, we provide a recurrence relation
for determining the coefficients r; (j € No) such that

7 1 LK
W)~ 1~ = , x— 00.

4x+5

2 Lemmas
The following lemmas are required in our present investigation.

Lemma 1 ([26], Corollary 1) Let m,n € N. Then for x > 0,

22’”:(1 1 )2sz (2 +n-2)!
- _2 Y 2j+n-1
= 2% ) ()0 «¥

e (1) () l >> (n-1)!
<(-1) (w (x+1) -y (x+2 t o

2m-1
1\ 2By (2f -2)!
< Z <1 > ) w, (2.1)
j=1

S22 )2 Ayl
where B,, are the Bernoulli numbers.

It follows from (2.1) that, for x > 0,

1 1 1 1 o -y 1 1 1 1 (2.2)
—_— ——— <Y +D) -V x4+ =)< ——-—+ .
2x  8x2  64x* 128x° 2 2x  8x2  64xt
and
1 1 1 V1) -y 1 1 1 1 3 (2.3)
——t— ——— <Y (x+1) - X+ —|<——+—-——+ . .
2x%  4x3  16x° 2 2x%  4x3 16x° 64«7
Lemma?2 Forallx>1,
rx+1)71* 1 3 17 45 443
| < Tz taa ik = (2.4)
Cx+3) x 4x*  32x°> 128x* 2,048«

Proof We consider the function G(x) defined by

Gx)=2InT'(x +1) —2|:lnF<x+ %) +ln<x+ %)i|

1 3 17 45 443
-In(--—+ - + .
x  4x2  32x3 128x*  2,048x°

From the asymptotic expansion ([25], p.257):

pal (X +a) ~ (@a-=b)a+b-1)

I'(x+b) i 2x

1 /a-b 9 1
+ﬁ( ) )(S(a+b—1) —a+b—1);+m as x — 00, (2.5)
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we conclude that
lim G(x) = 0.
X—>00

Differentiating and applying the first inequality in (2.2) yield, for x > 1,

G'(x) = Z[w(x+1) —w(x+ %)]

4,096x° — 2,048x* + 8964% — 38442 + 222x — 2,215
x(2x +1)(2,048x* —1,536x3 + 1,088x2 — 720x + 44:3)

5 1 1 1 1
>2l ———+ -—
2x  8x2  64x* 128x°
4,096x° — 2,048x* + 8964° — 38442 + 222x — 2,215
x(2x +1)(2,048x% —1,536x3 + 1,088x2 — 720x + 443)
= (158,193 + 797,514(x — 1) + 1,606,106(x — 1)* + 1,619,020 (x — 1)

+816,432(x — 1)* + 164,640(x — 1)°)/(64x° (2x + 1)(1,323 + 5,040(x — 1)
+8,768(x —1)” + 6,656(x — 1)* + 2,048(x — 1)*))

> 0.

This leads to

Fx+1) 7 1 3 17 45 443
—In + - +
x  4x?  32x3  128x* 2,048«

l"(x+%) x  da?

Gx) = ln[

< lim G(x)=0, x>1.
Fandes)
The proof of Lemma 2 is complete. O

By (2.2), we obtain

1 1 1 1
(2x+1)|:1/f(x+1)—1/f<x+ 5)] -1< (2x+1)<£—@ + 64x4> -1
1 1 1 1

- + + .
dx  8x% 32x% 64xt
By (2.4), we get
I\[T(x+1) 7> 1\/1 3 17 45 443
1-{x+= 3 >I—-(x+= ) -—--—+ - +
2)Tx+3) 2)\x 4x®  32x3 128x* 2,048x°
1 5 11 83 443
- (2.7)

— - + - - .
4x  32x%  128x3  2,048x*  4,096x°

The proof of Theorem 1 makes use of (2.6) and (2.7).

Lemma 3 ([27]) Let—oco <a< b < oo.Letf and g be differentiable functions on an interval
(a,b). Assume that either g’ > 0 everywhere on (a, b) or g’ < 0 on (a, b). Suppose that f (a+) =
gla+)=0orf(b-)=g(b-)=0.Then
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1) zfé—: is increasing on (a, b), then (é)’ >0 on (a, b);
(2) zfg: is decreasing on (a, b), then (i—i)’ <0 on(a,b).

3 Sharp inequalities
Theorem 1 ForallneN,

b4 1 b4 1
—(1- <W,<—[1-
2 dn+a 2 dn+ B

with the best possible constants

5 32-97
a=— and B=
2 3r -8

=2.614909986....

Equality in (3.1) occurs for n = 1.
Proof The inequality (3.1) can be written as
o <F(n)<pB,

where

1

F(x): 1—1‘(x+1) —4x.

_ [ ]2
x+1/2 LT (x+1/2)

Using (2.5), we conclude that
5

lim F(x) = —.

im F(x) 5

X—> 00

Differentiating F(x) and applying (2.4), (2.6), and (2.7) yield, for x > 6,
r 2\ 2
(1— (x+ l>|: (x+1):| ) F'(x)
1 F'x+1) 72
= {(2x+1)|:1/f(x+1)—1ﬁ(x+ §)i| _1}|:F(x+ %)]
(-(3)[Fers])
—4l1-(x+ =
2/ Tx+ %)

i L 1 1 1 i 17 45 443

“\ax 7822 " 320 T 64wt J\x 42 T 328 T 128x% | 2,048%

1 5 11 83 443 \?
_4 - + — —
4x  32x2  128x3 2,048x* 4,096x°

1
- (248,771,713 + 769,183,956 (x — 6) + 510,154,660(x — 6)
4,194,304x1

+149,038,464(x - 6)° + 22,221,824 (x - 6)*
+1,658,880(x — 6)° +49,152(x — 6)°)

<0.

Page 5 of 11
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Straightforward calculation produces

32— 97
F(l) = = 2.6149...,
37 -8
3157 +1,024
F@)= 22010722 95704
457 —128
_1,9257 + 6,144
F@3)= 22O 95526,
1757 — 512
1653757 + 524,288
F(4) = ~25412...,
11,0257 — 32,768
~829,52177 + 2,621,440
F5) = - 2.5338...,
43,6597 — 131,072
15,954,9397 + 50,331,648
F(6) = = 2.5286....

693,693 — 2,097,152

Thus, the sequence (F(n)),cn is strictly decreasing. This leads to

32 -9
37 -8

g < lim F(@) < F(n) < F(1) =

The proof of Theorem 1 is complete.

’

Page 6 of 11

O

Remark 1 In fact, Elezovi¢ et al. [12] have previously shown that g is the best possible

constant for a lower bound of W), of the type 7 (1 -

out that

Theorem 2 Foralln e N,

T 1 » T 1
“(1-——=) <Wy<T(1-
2 dn + 5 2 4n +

with the best possible constants

_ In(37/8)
r= In(13/11)

A=1 and
Equality in (3.2) occurs for n = 1.
Proof Inequality (3.2) can be written as

A> Xy > [y

where the sequence (x,),cn is defined by

1 (T(n+l) 2
1n(n+%(r(n+%)) )

Xp=——1
In(1 - poes )

=0.98112316....

)- Moreover, the authors pointed

(3.2)
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We are now in a position to show that the sequence (x,),cn is strictly increasing. To this
end, we consider the function f(x) defined by

2InT(x+1)—2InT(x + %)—1n(x+ %) _hlx)

e In(i - 1) A@'

where

filx) =21nF(x+1)—21nF(x+ %) —ln<x+ %)

and

1
folx) = 1n<1— o §>.

2

We conclude from the asymptotic formula of InI"(z) ([25], p.257) that
fi(oo0) = xlirgloﬁ(x) =0.

Elementary calculations show that

i{{(f)) = (64x* + 64w +15) [w(x +1) -y (x ' %) - } =:f3(x).
2

By using inequalities (2.2) and (2.3), we obtain, for x > 2,

+ (64x” + 64x +15) [1/f’(x +1) - w’(x ¥ %) 2 }

+ S
(2x +1)2

1 1 1 1 1
> (128x +64)| — - — + - -
2% 8x%  64x* 128x° 2x+1

(644> + 64x +15) Lt ! 2
+ X" + 64w + ——t -t
222 4o 16x°  (2x+1)2

202 +4,881(x - 2) +7,860(x — 2)> + 4,896(x — 2)° +1,368(x — 2)* + 144(x - 2)°
- 16x°(2x + 1)2

> 0.

Hence, f3(x) and % are both strictly increasing for x > 2. By Lemma 3, the function
2

AR A -fi(oo)

Fo) =20 = Ao —hoo)

is strictly increasing for x > 2. Therefore, the sequence (x,) is strictly increasing for n > 2.
Direct computation would yield

In(37/8) -7In2+2In3 +Inxz +1n5
=————=0.9811..., Xy = =0.9927....
In(13/11) —In19 +In3 +1In7

X1
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Consequently, the sequence (x,),cn is strictly increasing. This leads to

In(37/8
lim x, >x,, > % n(37/8)

= —-— f Na
n—00 In(13/11) orne

It remains to prove that

lim x, =1. (3.3)

n—00

We conclude from the asymptotic formula of InT'(z) ([25], p.257) that

1+O0@™
flx) = 71:()&_1; —1 asx— oo,
which implies (3.3). This completes the proof of Theorem 2. O

4 Asymptotic expansion
Theorem 3 The function W (x), defined by (1.8), has the following asymptotic expansion:

T 1\ DR

Wx)~—(1- ,  X— 00, (4.1)

5
2 dx + b

with the coefficients r; given by the recurrence relation

j-1
ro=1, =4 Z regj-ks1 —4pjs,  JEN, (4.2)
k=0
where
. 1 2(-1y" - (27 -1))Bja
=1y 1(—f+ - . jeN (43)
b j2 jG+1)
and

Jj-1 . j—k-1
1 j-1 5 ,
o - _2 , , 4.4
! §<k+n.wﬂ--k-1)< 8) Jen )

Here, B, are the Bernoulli numbers.

Proof Write (4.1) as

In(2 W (x 2.7
(”7(1))'\«22, X — 00. (4.5)
In(l- —=) <~

4x+3 j=0

The logarithm of gamma function has asymptotic expansion (see [28], p.32):

1 1 > (-1)"1B,1(2) 1
1nF(x+t)~(x+t—§)lnx—x+§1n(2n)+;%g (4.6)
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as x — oo, where B, (t) denotes the Bernoulli polynomials defined by the following gener-
ating function:

xe® & x"
1 = ZBn(t);'
n=0
From (4.6), we obtain, as x — 00,

(L] g $ 5t 1) w)

t_S/'=1 jG+1) X

Setting (s, t) = (%, 1) in (4.7) and noting that

1
BA0) = (-1V'B,() = B, and Bn(5)=(zl-"-1)3,, for 1€ N

(see [25], p-805), we obtain, as x — oo,

[ F(x+1) ]2 < roxp (i 2(1- (-1)*'(27 - 1)Bj 1), (4.8)

Tx+1) T JjG+1) v

By using the Maclaurin expansion of In(1 + ¢£),

o (-
ln(1+t):Z ~ ¢ for-1<t<1,

j=1
we obtain
1\" = (-1 1

(1+£> ~exp<IZl: (]7)1;) as x — 00. (4.9)
Applying (4.8) and (4.9) yields

ln<zW(x)) Ni& x— 00 (4.10)

i = v’ '
with
af 10 21" - (27 -1)Bia
= (-1) 1(—f + — , jeN. (4.11)
b 7 jGi +1) !

The Maclaurin expansion of In(1 + £) with ¢ = —ﬁ, yields
3
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Gl P k+j—-1\ 5%
L (e
oo j-1 1 i-1 5\/ k11
That is,
1 o g,
ln(l— x+%)~jzzlj
with

j-1 , j—k-1
1 j-1 5\ ,
q’__kX():(k+1)-4’<+1</—k—1)<_§) > JEN.

It follows from (4.5) that

Z;fl pix’ - i

b
o0 i i

; x
YharT A

o0 P o0 j-1 1
1 ~ . J—
2 -3 (Eran)
j=1 j=1 \k=0
We then obtain
j-1
pj= Z ik, JEN,
k=0
=2
pji= Z TkGj—k + g, j=2.
k=0

Noting that ¢; = —i, we obtain

Jj-2

=4 g —4p, j=2,
k=0

and an empty sum (as usual) is understood to be nil. Noting that p; = —i, we then obtain
the recurrence relation
j-1
ro=1,  r;=4) g —4p, jEN

k=0

The proof of Theorem 3 is complete. d
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Here, from (4.1), we give the following explicit asymptotic expansion:

W, ==

1.3 .3 2 1 ..
T 1 64n2 " 64n3  1,024n% 51245
2 1-— , n— 00, (4.12)

- 5
4l’l+§

which develops the formula (1.7) to produce a complete asymptotic expansion.
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