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1 Introduction
In this paper, we investigate the existence and non-existence of global weak solutions to

the following porous medium equations:

(ui)t:(u;ni) ) i:112;~~;31x>0,0<t<T (1'1)

XX

coupled via nonlinear boundary flux

=) ,0,8) =" (0, 0)uf}1(0,8), i=1,2,...,5,  Ugai=wm, O0<t<T, (1.2)
with continuous, nonnegative initial data

u;(x,0) = up;(x), i=12,...,5x>0 (1.3)

compactly supported in R,, where s >2,0<m; <1, p; >0,q; >0 (i=1,2,...,s) are pa-
rameters.

The particular feature of equations (1.1) is their gradient-dependent diffusivity. Such
equations can be used to provide a model for nonlinear heat propagation, they also appear
in several branches of applied mathematics such as plasma physics, population dynamics,
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chemical reactions, and so on. At the same time, these equations are also called the New-
tonian filtration equations, which have been intensively studied since the last century (see
[1, 2] and the references therein). In addition, for the case s > 2, system (1.1)-(1.3) sug-
gests that equations (1.1) are linked by the influx of energy input at the boundary x = 0.
For instance, in the heat transfer process, —(u;"")x represents the heat flux, and hence the
boundary conditions represent a nonlinear radiation law at the boundary. These kinds of
boundary conditions appear also in combustion problem when the reaction happens only
at the boundary of the container, for example, because of the presence of a solid catalyzer,
see [3] for justification.

In general, system (1.1)-(1.3) does not possess classical solutions. This is due to the fact
that the equations in (1.1) are parabolic only where u;, > 0, but degenerate where u;, =
0. However, local in time existence of weak solution (i, uy, ..., u;) to problem (1.1)-(1.3),
defined in the usual integral way, as well as a comparison principle can be easily established
as, for instance, in [2, 4, 5]. Let T be the maximal existence time of a solution (1, u», .. ., Ug),
which may be finite or infinite. If T < oo, then |[u;]oo + l|#2lloc + -+ + |[#4s]lcc becomes
unbounded in finite time and we say that the solution blows up; while if 7' = oo, we say that
the solution is global. In particular, the problem of determining critical Fujita exponents
is very interesting for various nonlinear parabolic equations of mathematical physics. See
the book [6] and the surveys [7, 8], where a full list of references can be found. Here, we
recall some known results on system (1.1)-(1.3)

In 2001, Quirds and Rossi [9] considered the following degenerate equations coupled
via variational nonlinear boundary flux (s = 2):

Uy = (Mm)xx: Ve = (Vn)xx’ x>0,t>0,
—(u"),(0,1) = v?(0,£), —(v").(0,8) = u1(0,t), t>0, (1.4)
u(x,0) = ug(x), v(x, 0) = vo(x), x>0

with 1,7 > 1 and notations

l+n+2p 1+m+2q
M= (1 +m)(1+n)-4pq’ "= (1+m)(1+n)—4pq’
pim—-1-29)+(1+n)m qn—1-2p)+ (1 +m)n
b s m-apg ~ T T 0 —4pg

They obtained that the critical global existence curve of (1.4) is pq = (“T”‘)(“T”) and the
critical Fujita type curve is min{e; + B1, a3 + B2} = 0. Besides, it was Zheng et al. who dealt
with the general system (1.1)-(1.3) for s = 2 with my,m5 > 1 in [10], in which the authors

proved that for p; < ™2, p, < ©2, the critical global existence curve is q1q, = (X2 -
101)(—“;”2 — p») and the critical Fujita curve is min{}; — ki, l, — k»} = 0, while if p; > 1+2m1 or

P> “;"2 , then the solutions may blow up in a finite time.

To our knowledge, however, there are few works in the literature dealing with the heat
conduction systems such as (1.1)-(1.3). Motivated by the above mentioned works, in this
paper we have a purpose to extend the results of the slow diffusion case [10] to the fast
diffusion case and s components, and the aim is twofold. Firstly, we construct the self-
similar super-solution and sub-solution to obtain the critical global existence curve of
system (1.1)-(1.3). Secondly, the critical curve of Fujita type is conjectured with the aid of
some new results. A very interesting feature of our results is that the critical curves are
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determined by a matrix and a linear algebraic system. The fact that we are dealing with
a general system instead of a single equation and with nonlinear diffusion forces us to
develop some new techniques.

In order to state our results, we introduce some useful symbols and a lemma. Denote by

1+W11—2p1 —2q1 0 0 0
0 1+m2—2p2 —2[]2 0 0
A= (1.5)
0 0 0 - l+me—2p —2¢5
—2q; 0 0 0 1+ ms—2p;
and let
Mgy i= M, Ps+i = Pis qs+i = qi» ks+i = ki, ls+i = ll'-

A series of standard computations yields

N
detA = 1_[(1 +m;—2pi) = 2°q1qs -+ - G-

i=1

Next, we shall see that detA = 0 is the critical global existence curve. In addition, we give
the following lemma which comes from linear algebra, and its proof is obtained by using
the Cramer theorem.

Lemma 1 For the matrix A which is defined by (1.5) and any constant gy, according to the
Cramer principle, if det A # 0, then the following linear system

A(OlbOlz,m,Ols—hOls)T = (80r80,..-,80,80)T (1.6)

has a unique solution (o, s, . .., s 1,0) . which is given by

s—1

€0

o = (1 +myyj = 2piy))
[T+ m;=2p) = 2q142 - - g (E[ b

s—2 j s—1 s—1
+ <l_[(2%‘+j11) H A +myy, — 2Pz’+j2)> + H(Z%‘ﬂ'ﬂ) 1.7)
j=L \jr=1 ja=j+1 j=1
and Zinli+1 + &)= (1 +m; — Zpi)di, Ogy1 = 0, i= 1,2, ey S

Now we state the main results of this paper.

Theorem 1 Assume 2p; <1+ m; (i=1,2,...,s). If [, + m; = 2p;) > 2°quqa - - - g5, L€,
detA > 0, then every nonnegative solution of system (1.1)-(1.3) is global in time.

Theorem 2 Assume 2p; <1+ m; (i =1,2,...,8). If [[_,(1 + m; — 2p;) < 2°quqa -+ - g, L.e.,
detA < 0, then system (1.1)-(1.3) has a nonnegative solution blowing up in a finite time.

Remark 1 From Theorems 1 and 2, we see that the critical global existence curve for
system (1.1)-(1.3) is [ ., (1 + m; — 2p;) = 2°q1q2 - - - g5, i.e., det A = 0.
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Let (ki, ka, ..., k) denote the unique positive solution of linear system (1.6) with constant
&0 = -1, that is,

Alky, ko, ks, k)T = (<1,-1,..., -1, -1)T (18)
and define
1+k(1=m;
1,,=M, i=1,2,...,s. (L9)

Then we have the following.

Theorem 3 Assume 2p; <1+ m; (i=1,2,...,8) and [[};(1 + m; — 2p;) < 2°quqa - - - g, i.e.,
detA < 0.
(1) Ifmin{{; — k;} > 0, there exist nonnegative solutions with blow-up and nonnegative
solutions that are global.
(2) Ifmax{l; — k;} <0, then every nonnegative, nontrivial solution of system (1.1)-(1.3)
blows up in a finite time.

Remark 2 From Theorem 3, we conjecture that the critical curve of Fujita type is min,{/; —
ki}=0if2p; <1+m; (i=1,2,...,5).

For the case 2p; > 1+ m or ... or 2ps > 1 + m,, we have the following.

Theorem 4 [fthere existsi=1,2,...,s such that 2p; > 1 + m;, then every nonnegative solu-
tion of (1.1)-(1.3) will blow up in a finite time.

Remark 3 By Theorem 4, it is seen that the critical global existence curve for system (1.1)-
13)is2p;=1+m; (i=1,2,...,8) if 2°quqa - - - g5 = [ [}.; (1 + m; — 2py).

The rest of this paper is organized as follows. In Section 2, we consider a critical global
existence curve and prove Theorems 1 and 2. The proofs of Theorems 3 and 4 are given
in Section 3.

2 Critical global existence curve
In this section, we characterize when all solutions to problem (1.1)-(1.3) are global in time
or they blow up. Motivated by [10, 11], we base our methods on the construction of self-
similar solutions and on the comparison arguments.

Throughout this paper, we always assume (uf)”f )'(x)>0,i=1,2,...,s. Now, let us prove
Theorem 1 first.

Proofof Theorem 1 In order to prove that the solution (uy, uy, ..., us) of (1.1)-(1.3) is global,
we look for a globally defined in time strict super-solution of self-similar form

K;(1-m;)t 1
wi(x,t) = (M +et™ 7 ), x>0,6>0,i=12,...,5, (2.1)

where M > max{||#oillco + 1} and K, L; > O are to be determined. It is easy to see that

wi(x,0) > ug;(x), x>0,i=1,2,...,s.
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By a direct computation, we obtain

Ky (1—m)t 1
(i), = KoV (M +e7Pee 2y

Ki(Q-mp)t 1 Ky (1-m)t
_ KL -m) g, (M4 ehoe S Kot e
2}’1/11
Ky (-m)t
Note that the function Z; (x) = xe™f1%¢ 2 reaches its maximum Z(xg) = =—e~
[25]
. 1 _ K a-my)t
at the pointxg = —~e~ 2z . Then we have

Ly
1 K- 1-my
(i) > Ky Mm — Mejw(l +M) e
2erm

At the same time,

Ky (1-mp)t

m _

74 ‘) = L2l e < 2N
XX

Thus u; is a super-solution of Eq. (1.1) if

(1 —mmy)
ey

1 1-m
I(I(Mm_l - a +M)m_11> > 12,

Similarly,

1 (l-my 1o
Ki<M’”i _ L= g )sz, i=2,...s
enm;

Therefore, we can first take M large enough so that

G (l-m oy
ami = L) G S S0, ie12,. s,

12
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K1 (-m)t
2

(2.2)

(2.3)

(2.4)

(2.6)

On the other hand, it remains to verify the boundary conditions (1.2), a simple compu-

tation yields

Ky (+my)t

P9
~(@™M) 0. =Lie” T, B0, (0,1) = PKIENKI (L 4 Ay

Then we have —(i1/"),(0,) > i}* (0, £)ud' (0, 2), if we impose

K1 t P41
Lie ™ > KKy 4 ppyir

Similarly,

Kij(L+m;)t KCora K Pi, 49 ,
Lie 2 > PilKiraikdtq g ppymi“mia, =2,

Let

pi, 4i
Li=0+M)mi ™M, [=1,2,...,s.

(2.7)

(2.8)
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Hence, from (2.7) and (2.8) we get

K;i(L+m;)t e .,
e 2 >ewiKiraKit j_q 9 g (2.9)

Next, we divide the proof into two cases.
Case (i). If [;.;(1 + m; — 2p;) > 2°q1qa - - - g, then we choose that (K, Ko, ..., K;) de-
notes the unique solution (o, ay,...,q;) of the linear system (1.6), i.e., (K1,Ky,...,K;) =

(o1, 03, ... ., o) With

{ Ly ([T (L + my = 2p) = 2°q1q2 - 45) }

&0 = max N Ty )
BiM ™ — S (L + M) ™)

where

s—1 s—2 j s—1 s—1
Bi= l_[(l + My — 2Piy) + Z (l_[(zqi+j1—l) l_[ (1 +my, - 2pi+j2)> + l_[(zth—l)'

Jj=1 J=1 \i=1 J2=j+1 Jj=1

Thus, these constants K; and &y can ensure that inequalities (2.4), (2.5) and (2.9) hold.
Therefore, we have proved that (i1, iy, ..., i) is a global super-solution of system (1.1)-
(1.3).

Case (ii). If [T}, (1 + m; — 2p;) = 2°quqs - - - g, the linear system (1.6) with gy = 0 has non-

zero positive solutions. Let (K3, Ky, . .., K;) be such a positive solution of (1.6) and satisfy

L2
K; > ! i=12,...,s,

1-m;

1 i
e 1-m; T
Mmi — Tt(l +M) i

which imply that (2.4), (2.5) and (2.9) hold. Thus, we have proved that (i1, 4y, ..., 4;) is a
global super-solution of system (1.1)-(1.3).
Combining Cases (i) and (ii), the solutions of system (1.1)-(1.3) exist globally by compar-

ison principle. The proof is complete. d
Proofof Theorem 2 To prove the non-existence of global solutions, we construct a blow-up

self-similar sub-solution of system (1.1)-(1.3). Let k; and /; satisfy (1.8) and (1.9), respec-

tively. Then we have
mik; + I; = pik; + qikiy,  i=1,2,...,s. (2.10)
Consider the functions
i, t) = (T - ) fi(&), &=a(T-0)7"i=1,2,...,5 (2.11)
with a positive constant 7" and compactly supported functions

2

Sil6) = (A + Bi&) ™, i=1,2,...,s, (2.12)
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where A;, B; are positive constants to be determined. By a direct calculation, we have

(@) = (T = 7 fil&) + Lf (€),

(") = (T = )2

(@")(0,0) = (T = £y "k £ 0),

(0, )l (0,) = (T = ) A1 (O)f 0).

i+1

Thus, (441, %y, . . ., Us) is a sub-solution of (1.1) and (1.2) provided that

kfi&) + LES E) < (F™) ' €), i=12,...,s (2.13)
and

—(F") () <fO)10), =120, furi=fi (2.14)
Clearly,

N 2 i 1 B2 2
()@ = =0 (77_2)2) LA, + B,

2 ZIB

Kfi(E:) + LES (E) = ki(A; + Bit) (A + BE) T < k(A + B

Hence, inequalities (2.13) are satisfied if we choose the constants By, ..., Bs such that

L m;)?

P =

— i=1,2,...,s. 2.15
2m;(1 + m;) s 215)

On the other hand, the boundary conditions in (2.14) are satisfied provided that

2m' 1+m;=2p; 2q;
- LBi<A, AT Aggi=Ay, i=1,2,..,s (2.16)

Substituting (2.15) into (2.16), we obtain

2k m 2(11_:,,’:{”21[,,) 2q; 1-mjy

24l i 72 1- .

(#> A< AT 21,2, (217)
1+ m;

Fori=1,2,...,s, [[5.;(1 + m; — 2p;) < 2°q1q> - - - g5 implies that

2qi S ﬁ 1+ Wll’ﬂ' - 2pi+j
1+m;—2p; e 2gisj

At the same time, by (2.17) we get

_1 WMy j=2pjj

1+m,q 2p; n/ 1 2qjyj
AT < CAL, : (2.18)
where
s-1 1-mjyq 1 WMisj 2Py AT
T l_[jsl 2q; Zk‘ml' 2(L+m;=2p;)
C _ 8_1 6 i+j+1 i+j1 8 _ 12 8 8
i =0 ( i+j )r i = TVVIL ’ S+i i

Jj=1
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Therefore, there exists A;,; small enough such that inequality (2.18) is valid. Thus, if the

initial data uo; (%), 402 (%), . . ., uos(x) are large enough so that
ﬁi(xxo)fuoi(x): i=1,2,...,S,

then (i1, uy,...,4;) is a sub-solution of system (1.1)-(1.3) by the comparison principle,
which implies that the solutions of system (1.1)-(1.3) with large initial data blow up in a

finite time. The proof is complete. d

3 Critical curve of Fujita type
Now we turn out attention to the results of Fujita type. This is, we shall show when all so-
lutions of system (1.1)-(1.3) blow up in a finite time or both global and non-global solutions

exist.

Proof of Theorem 3 (1) In order to prove the conclusion, we only need to show that the
solutions of system (1.1)-(1.3) with small enough initial data have global existence, which

will be proved by constructing kinds of self-similar global super-solutions
wixt) = (T +t)5ig&), E=x(x+t)i=1,2,...,s (3.1)
where 7 > 0 is a positive constant, k; and /; are defined by (1.8) and (1.9), respectively.
A direct computation together with (1.9) and (2.10), the function (i, ..., i) is a super-
solution of system (1.1)-(1.3) provided that the nonnegative functions g(£1), ..., gs(&;) sat-

isfy

(gl‘mi)”(éi) + llslg:(él) + klgl(&) =< O’ i= 11 2; e Sy (3'2)
—(g")(0) =" (0)gf1(0), i=12,....5, guii=g. (3.3)

We claim that (3.2) and (3.3) admit a solution of the form
1
(&) =Di(d?a} + (& +a)*)™T, i=12,...,s (3.4)
Next, we will show that there exist suitable positive constants D;, d;, a; (i =1,2,...,s)

such that inequalities (3.2) and (3.3) are satisfied. In fact, for i = 1,2,...,s, substituting g;
and g/ into (3.2), we have

2m; D™ 4m; D" 26;D;
(% N kiDi> (a2 + (& + a;)?) + (;lei—ll)z(a +a) + p— léi(&' +a;) <0.
That is,
2m; D!
) (% ) ’“‘) (da} + (€ + a:)?)
2(8; + a; 2m;D{"”!
_ 7@ +a) <(li il e B >(§z +a;) - li(li) <0. (35)
1-m; 1-m;
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Therefore, according to that k; < /;, we may first take the constant D; such that

2m;D}
k,‘<l—l<ll'.
1—Wli

Secondly, setting y; = §; + a;, then the inequality in (3.5) can be written as

2m; D"
l—Wl,‘

(2m,-(1 +m;)

Dm’ - 1)y +2Lay; — (1- ml-)< - ki)diza? <0.
1- m;

For simplicity, we define the function /; as

2m;(1 + m; 2m;D}"
hi%h(Msz _1)yl+2za,y, (1_mi)<7’” : k)df,,
1-my 1-m;

And then /;(y;) reaches its maximum at the point

m;—1
lidi o 2m,~Di !

*_4 =
Yi= 1-y,(1+m;) vi 1-m;

Hence, we only need that /;(y}) < 0, it follows from the following:

di = (1= m) (v — ki) (1 - (1 + mi))’i))i%

Page 9 of 11

(3.6)

Yi = a;.

On the other hand, for the above constants D;, d; (i =1,2,...,s), the boundary conditions

(3.3) are satisfied if we have

1+m;=2p; 1-m;
2q; T-mjq .
a, ' =Ra;;", i=12,..,s
where
Zle pi Lm 2 2 IL_I
R; = DHf 7) % (d +1)2<1 st (d; +1) %,

Dy, :=Dy, dsyl i= a1, ds+1 = dl'

Similar to the analysis of the proof in Theorem 2, for i = 1,2,...,s, ]_[le(l +m; —

25q1q> - - - g5 implies that

s-1

1+ m; — Zp, < l—[ Zq,‘_,./‘
24, L+ mi; —2pi

j=1

In addition, by (3.7), there exists a positive constant C; as

- 51 1:,:”1 H;:l:l 1+m.2?i+_j%p, -
Cj - R l_[(Rl‘+j i+j i+j1 TPitjy ), Rii:=R;
j=1
such that
e T v
C N <G, TN i21,2,.,s

(3.7)

2p;) <

(3.8)

Thus, we can choose a3, 4y, ..., as large enough for the above inequalities (3.8) to hold.
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Therefore, it follows from the comparison principle that (i, uy, ..., %) given by (3.1)
is a super-solution of system (1.1)-(1.3) with #;(x,0) > uo1(%), ..., #(x,0) > ugs(x), which
means that the solutions of (1.1)-(1.3) with small initial data have global existence.

(2) We construct the self-similar sub-solution of Eq. (1.1) in the following form:
1 1
wix,t) = (v +1) "i7g(&), E=x(r+t) "T,i=12,..,s (3.9)
with
5 oy lo
gi(6) = Di(c* + €)™ T,
where positive constants t and c are to be determined. If we take

l—mi

1
;-1
Dj=| ———— , i=12,...,s,
2m,«(m,«+1)

then it is easy to check that g; satisfies

m; 4 1 1
GiE) + ——giE)=0,  g(0)=0, i=12..s 1
(&"(E) + . —FE@(E) + o —=a() =0, g(0)=0, i s (310)
which implies that
(I,’\ll')t = (i’\l;ni)xx, X > 0) t> 0;

) i=12,...,s
_(i'\t:nl )x(o, t) = 01 t> 0)

Since u;(x, £) (i = 1,2,...,s) are nonnegative, nontrivial functions, we see that (0, %) > 0
for some to > 0. It is well known that z;(x, ) >0 (i = 1,2, ...,s) are continuous (see [2, 4]).
Then we can choose 7 and ¢ large enough so that

ui(x, to) > (%, t0), x>0,i=12,...,s.

Thus, the self-similar solution (i1, i, . .., i) is a sub-solution of (1.1)-(1.3) in (0,00) x
(to, T). The comparison principle follows

ui(x, ) > wi(x, t), x>0,t>1ty,i=1,2,...,s.

Recalling that max;{l; — k;} < 0, we see for large T that T% <« T (i=1,2,...,s). So there
exists t* > ty such that

1
Th & (t+t)" T < TH, i=1,2,...,s. (3.11)

Let u;(x,t) be defined by (2.11) and (2.12) in the proof of Theorem 2, for any x > 0, the
inequalities (3.11) imply that

(%, 0) < i1 (%, %) < i, £%).
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By the comparison principle again, every nonnegative and nontrivial solution (uy,us,

..., Us) of system (1.1)-(1.3) blows up in a finite time. The proof is complete. O

Proof of Theorem 4 Without loss of generality, we may assume that 2p; > 1 + m; and
(ug;")” >0((=12,...,8). Then uy, us,...,ug > 0 for x > 0, £ > 0 (see [9, 10]). Further-
more, we have 1/ (0,£)u' (0,£) > 4" (0, £)ul,(0). Consider the following single-equation

problem:
wi = (W), x>0,0<t<T,
—(w™)x(0,2) = w” (0, )ug5(0), 0<t<T, (312)
w(x, 0) = ue (x), x>0.

It is easy to verify that (w, ugy, ..., Uos) is a sub-solution of system (1.1)-(1.3). According to

the results of [11], we know that the solutions of (3.12) with large initial data blow up in a

finite time, and so the solutions of (1.1)-(1.3) do too. The proof is complete. O
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