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Abstract

Let X, Xy, X5,... be a standardized Gaussian sequence. The universal results in almost
sure central limit theorems for the maxima M,, and partial sums and maxima

(Sp/o, M) are established, respectively, where S, = Z/L X, aﬁ =Var§,, and

Mp =max <i<p X;.

MSC: 60F15

Keywords: standardized Gaussian sequence; maxima; partial sums and maxima;
almost sure central limit theorem

1 Introduction

Starting with Brosamler [1] and Schatte [2], in the last two decades several authors inves-
tigated the almost sure central limit theorem (ASCLT) dealing mostly with partial sums
of random variables. Some ASCLT results for partial sums were obtained by Ibragimov
and Lifshits [3], Miao [4], Berkes and Cséki [5], Hormann [6], Wu [7-9], and Wu and
Chen [10]. The concept has already started to have applications in many areas. Fahrner
and Stadtmiiller [11] and Nadarajah and Mitov [12] investigated ASCLT for the maxima of
ii.d. random variables. The ASCLT of Gaussian sequences has experienced new develop-
ments in the recent past years. Significant recent contributions can be found in Cséaki and
Gonchigdanzan [13], Chen and Lin [14], Tan et al. [15], and Tan and Peng [16], extending
this principle by proving ASCLT for the maxima of a Gaussian sequence. Further, Peng
et al. [17-19], Zhao et al. [20], and Tan and Wang [21] studied the maximum and partial
sums of a standardized nonstationary Gaussian sequence.

A standardized Gaussian sequence {X,;# > 1} is a sequence of standard normal ran-
dom variables, and for any choice of #, ij,...,i,, the joint distribution of Xj,...,X;, is
an z-dimensional normal distribution. Throughout this paper we assume {X,;n > 1} is
a standardized Gaussian sequence with covariance r;; := Cov(X;, Xj). For each n > 1, let
S, = Z:’zl X, 03 = VarS,, M,, = maxj<;<, X;. The symbols S,/0, and M, denote partial
sums and maxima, respectively. Let ®(-) and ¢(-) denote the standard normal distribution
function and its density function, respectively, and / denote an indicator function. A, ~ B,
denotes lim,,_, . A,/B,, = 1,and A,, < B,, means that there exists a constant ¢ > 0 such that
A, < cB, for sufficiently large #n. The symbol ¢ stands for a generic positive constant which
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may differ from one place to another. The normalizing constants a, and b,, are defined by

a, =2 lnn)l/z, b, =a, - M

)

2a,

Chen and Lin [14] obtained the following almost sure limit theorem for the maximum
of a standardized nonstationary Gaussian sequence.

Theorem A Let {X,;; n > 1} be a standardized nonstationary Gaussian sequence such that

1
Inn(Inlnn)l+e

quence {u,;1 < i <n,n>1} be such that n(1 — ®(,,)) is bounded and A, = minj<;<, 1,; >

|| < pjij for i #j where p, <1 for all n > 1 and p, < . Let the numerical se-

cIn'? n for some c>0.If Y | (1 — ®(u,;)) — T as n — oo for some T > 0, then

k

. 1 1
nlggo nn Z %I(H(Xz < uk,»)> =exp(-t) a.s.

i=1
Zhao et al. [20] obtained the following almost sure limit theorem for maximum and

partial sums of standardized nonstationary Gaussian sequence.

Theorem B Let {X,;;n > 1} be a standardized nonstationary Gaussian sequence. Suppose
that there exists a numerical sequence {u,;;1 < i < n,n > 1} such that Z?zl(l - O(uy) >t
forsome0 < T < coand n(1-®(1,)) is bounded, where X,, = min;<;<, i If sup,;ryl =8 <1,

n

j-1
DY irgl = o(m), 2)

j=2 =1
n ln1/2n
» R 0, 3
sig);|r]| < Il for some ¢ > (3)
then
1 X S
lim — Y I (G <u), = <y | =exp(-0)®() as. forallyeR (4)
n—oo Inn = k - Ok
and
lim iill ar(My —bp) <x Sk <y)=exp(-e*)®(y) as. forallx,ycR. (5)
n—oo Inn k=1k k k k= ’(Tk_y P - g4 ’

By the terminology of summation procedures (see e.g. Chandrasekharan and Minak-
shisundaram [22], p.35) one shows that the larger the weight sequence in ASCLT is, the
stronger the relation becomes. Based on this view, one should also expect to get stronger
results if one uses larger weights. Moreover, it would be of considerable interest to deter-
mine the optimal weights.

The purpose of this paper is to give substantial improvements for weight sequences and
to weaken greatly conditions (2) and (3) in Theorem B obtained by Zhao et al. [20]. We
will study and establish the ASCLT for maximum M,, and maximum and partial sums of
the standardized Gaussian sequences, and we will show that the ASCLT holds under a
fairly general growth condition on di = k™' exp(In® k), 0 < @ < 1/2.
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2 Main results
Set

In® k ‘
= %, D, :de for0 <« <1/2. (6)

k=1

di

Our theorems are formulated in a more general setting.

Theorem 2.1 Let {X,;n > 1} be a standardized Gaussian sequence. Let the numerical se-
quence {u,;;1 <i < n,n> 1} be such that y (1 — ®(u,)) — 7 _for some 0 < T < 00 and
n(l—®(x,)) is bounded, where A, = min<;<, u,;. Suppose that p, < 1 for all n > 1 such that

lryl < piizy  fori#j, Pn K D) for some & > 0. 7)
Then
1 n k
S O (gL 0
n—oQ
" k=1 i=1
and
1 n
nlingo D_n kXZI: dkl(ak(Mk —by) < x) = exp(—e‘x) a.s. for any x € R, 9)

where a,, and b, are defined by (1).

Theorem 2.2 Let {X,;;n > 1} be a standardized Gaussian sequence. Let the numerical se-
quence {uy;1 < i < n,n> 1} be such that (1 — ®(u,;)) — © _for some 0 < T < 00 and
n(1-®(r,)) is bounded, where A, = mini<;<, u,;. Suppose that sup; 4 || = 8 <1, there exists
a constant 0 < ¢ < 1/2 such that

Z rij| < cnm, (10)
1<i<j<nm
n 1n1/2 n
’ n 1
g@%lml« D, (11)
Then
1 ¢ k S,
lim — >l [ (X < u), = <y ) =exp(-1)®() as. foranyyeR 12)
n=o0 Dy k=1 i=1 Ok

and

1 ¢ S
lim — dkf(dk(Mk —b)<x X < )’>
n—00 Dn P O
= exp(—e”‘)@(y) a.s. for any x,y € R, (13)

where a, and b, are defined by (1).
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Taking uy; = uy for 1 < i < k in Theorems 2.1 and 2.2, we can immediately obtain the
following corollaries.

Corollary 2.3 Let {X,;n > 1} be a standardized Gaussian sequence. Let the numerical
sequence {u,;n > 1} be such that n(1 — ®(u,)) — 1 for some 0 < t < 00. Suppose that con-
dition (7) is satisfied. Then (9) and

1 n
nlig)lo Fn ;a’kl(Mk <u) =exp(-1) a.s.

hold.

Corollary 2.4 Let {X,;n > 1} be a standardized Gaussian sequence. Let the numerical
sequence {u,;n > 1} be such that n(1 — ®(u,)) — v for some 0 < v < 0o. Suppose that
sup;; [yl =8 <1, there exists a constant 0 < ¢ < 1/2 such that conditions (10) and (11) are
satisfied. Then (13) and

1 « S
lim — del(Mk < uy, 2K < y> =exp(-t)®P(y) a.s. foranyyeR
n=>00 Dy k=1 Ok

hold.

By the terminology of summation procedures (see e.g. Chandrasekharan and Minak-
shisundaram [22], p.35), we have the following corollary.

Corollary 2.5 Theorems 2.1 and 2.2, Corollaries 2.3 and 2.4 remain valid if we replace the
weight sequence {di;n > 1} by any {d;; n > 1} such that 0 < dif < d, Z;ﬁl df = oo.

Remark 2.6 Obviously, the condition (10) is significantly weaker than the condition (2),
and in particular taking « = 0, i.e., the weight dy = e/k, we have D, ~ elnn and InD,, ~
Inln, in this case, the condition (11) is significantly weaker than the condition (3), and
the conclusions (12) and (13) become (4) and (5), respectively. Therefore, our Theorem 2.2
not only gives substantial improvements for the weight but also has greatly weakened re-
strictions on the covariance r;; in Theorem B obtained by Zhao et al. [20].

Remark 2.7 Theorem A obtained by Chen and Lin [14] is a special case of Theorem 2.1
when o = 0. When {X,; n > 1} is stationary, u,; = u,, 1 <i <n,and o = 0, Theorem 2.1 is
Corollary 2.2 obtained by Cséki and Gonchigdanzan [13].

Remark 2.8 Whether (8), (9), (12), and (13) work also for some 1/2 < « < 1 remains an
open question.

3 Proofs

The proof of our results follows a well-known scheme of the proof of an a.s. limit theo-
rem, e.g. Berkes and Cséki [5], Chuprunov and Fazekas [23, 24], and Fazekas and Rychlik
[25]. We will point out that the weight from di = 1/k is extended to dj = exp(In® k)/k,
0 < a < 1/2, and relaxed restrictions on the covariance r; encountered great difficulties
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and challenges; to overcome the difficulties and challenges the following five lemmas play
an important role. The proofs of Lemmas 3.2 to 3.4 are given in the Appendix.

Lemma 3.1 (Normal comparison lemma, Theorem 4.2.1 in Leadbetter et al. [26]) Suppose
£,...,&, are standard normal variables with covariance matrix A' = (A}j), and ni,..., My
similarly with covariance matrix A° = (Ag.), and let p; = max(lA}/|, |A2|), max,; p; =8 < 1.

Further, let uy, ..., u, be real numbers. Then
’]P’(é,- Sujforj=1,...,n) = P(n; < ujforj= 1,...,n)|

u2+bt2
1 0 i ]
<K Z |Ai/ - Ai/'| eXp<_2(T,0ij))

1<i<j<n
for some constant K, depending only on §.

Lemma 3.2 Suppose that the conditions of Theorem 2.1 hold, then there exists a constant
y > 0 such that

ug; + uj 1 1
i‘i‘iz;,;l " eXp( i |>) AN w
! I X
E 1<D(Xi < Mli)) (lgl(Xl < Mh)) <37 Jorl<k<l, (15)

forl<k<l, (16)

1
—_— 4t —
(1HD1)1+8

COV( (ﬂ(x < g ) <D+1(X <uy ))

where ¢ is defined by (7).

Lemma 3.3 Suppose that the conditions of Theorem 2.2 hold, then there exists a constant
y > 0 such that

E

k Y
<<<l) forl<k<l, (17)

! !
1<m(Xi§Mli)r§j fy) (m X <uy), — <J’>
—k+1

i=1

k 1
S S
Cov|1I m(Xi < u), 2k <y).I m (Xi < uy), 2t <y
i=1 Tk i=k+1 o

k 14 k1/2(1n 1)1/2 l
- —_ 1<k<—. 18
<<<z) tirmp, P k< 8)

The following weak convergence results are the extended versions of Theorem 4.5.2 of
Leadbetter et al. [26] to the nonstationary normal random variables.

Lemma 3.4 Suppose that the conditions of Theorem 2.1 hold, then

nliﬁn&)]P’(ﬂ(Xi < um)> =e. (19)

i=1
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Suppose that the conditions of Theorem 2.2 hold, then
lim P(ﬂ(Xl < Uy), — <y> =e " d(y). (20)
n—0o0
i=1
Lemma 3.5 Let {§,;n > 1} be a sequence of uniformly bounded random variables. If
n D2
\V d _—n_
ar(kXﬂ: kSk) < (lnDn)lJrs

for some ¢ >0, then

hm—de(sk—Esk) 0 as,

ﬂ—)OO

where d,, and D,, are defined by (6).
Proof Similarly to the proof of Lemma 2.2 in Wu [9], we can prove Lemma 3.5. g

Proof of Theorem 2.1 Using Lemma 3.4, P(("; (X; < u,;)) — exp(-7), and hence by the

Toeplitz lemma,
nlinc}o - de]P <ﬂ(Xl < ukl)) = exp( t)
k=1 i=1
Therefore, in order to prove (8), it suffices to prove that
k
lim — de< (ﬂ X; < uki)) - ]P’(ﬂ(X,» < uki))> =0 a.s,
Dy i=1 i=1
which will be done by showing that

2

DVI
Var(Z dil (Q X; < M/(i))) < W (21)

for some ¢ > 0 from Lemma 3.5. Let & := I(ﬂl 1(Xi < u)) - ]P’(ﬂl 1(Xi <uyy)). Then E& =
0 and |&| <1 forall k > 1. Hence

Var(Z dkf(ﬂ = uk,»))) =Y GEE+2 Y didE(EE)
i=1

k=1 1<k<l<n

= T1 + Tz. (22)

Since |&| <1 and exp(2In” x) = exp 2[1 ln” du) B <1, is a slowly varying function at
infinity, from Seneta [27], it follows that
DZ

exp(2ln k) -
T < Z =C < op e (23)
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By Lemma 3.2, for 1 < k </,

k
|E&&)| < |Cov (I(H(Xi < uki)>,1(ﬂ(X <uy ) ( () G < uy ))'
i=1 i=1 i=k+1
+ Cov( (m(X < uy ) (m (Xi < uy ))
i=k+1
l /
< E 1<m()(i < uli)) - 1( m Xi < Mli)) ’
i=1 i=k+1

k I
+ Cov([(ﬂ(Xi < uy ),I( m X < uy ))‘
i=1 i=k+1

(K, L
“\7) *mpy=

for y; = min(1, y) > 0. Hence,

n

n 1 K\ i 1
T2 < Zded[<7> +l=zlgdkdlm

=1 k=1
= T21 + T22. (24)

By (11) in Wu [9],

1
D,~=In"%n exp(lna n), InD,, ~ In% n,
o
o aD, (25)
exp(In®n) ~ ———— fora >0.
(InD,) "«

From this, combined with the fact that flx lt(; dt ~ —ﬂﬂ as x — oo for B <1 and I(x) is

a slowly varying function at infinity (see Proposition 1.5.8 in Bingham et al. [28]), we get

exp(In® k) d; N
Ty < Z " Z =N Z " — " exp(ln l)

D? 0
< D,exp(In® n) « i 2>0,
n» o= 0
D2
= @D, (26)

for 0 <& < (1-2a)/a.
Now, we estimate T5;. For o > 0, by (25)

- d " exp(21In® J)(In [)}-2e-oe
Ty = —— D
22 [=Zl (1nDl)1+s l < Z l

/‘ " exp(2 In® x)(In x)1-2%-¢
. x

=1

Inn
dx — / exp(zya)yl—ZDt—ozs dy
1
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Inn 2-3a—ae
~ /1 (exp(zy“ )yl—Za—aE + o exp (2ya)y13aaa> dy

Inn
- / (2a) exp(29%)y* %) dy
1

< exp(21n* 1) (In n)>~>~¢
DZ

[ — 27
< D) (27)

For o = 0, noting the fact that D, ~ In#, similarly we get

n

In/ " Inx
Toy ~ —~ —d
> ; [(Inln [)1+¢ /3 x(Inlnx)l+e *

Inn 2 2
y In“n D,
= d ~ . 28
/ms iy Y Ganm= ~ (0D, 28)

Equations (22)-(24), (26)-(28) together establish (21), which concludes the proof of (8).
Next, take u,; = u, = x/a, +b,. Then we see that ), (1 - ®(u,;)) = n(1 - P(u,,)) — exp(—x)
as n — 0o (see Theorem 1.5.3 in Leadbetter et al. [26]) and hence (9) immediately follows
from (8) with u,; = x/a, + b,,.

This completes the proof of Theorem 2.1. O

Proof of Theorem 2.2 Using Lemma 3.4, P(".,(X; < uu),Sp/on < y) = e 7P(y), and

hence by the Toeplitz lemma,
o k S .
Jim D, ;dk]P(D(Xi < ugi), o S)’) =e " P(y).
Therefore, in order to prove (12), it suffices to prove that
N Y - Sk . Sk
n11>nc}o D, /gl:dk <I<Q(Xi < ug), o < y) - P(Q(Xi < ug), - < )’)) =0 as,
which will be done by showing that
Var(g dil (é()@ < Mki)rj_l; =< y)) < ﬁ (29)
Sk

for some ¢ > 0 from Lemma 3.5. Let n; := I(Hle(Xi < Ui, o = y) — IP’(ﬂL(Xi < Uk),
i—’; <y). By Lemma 3.3, for 1 <k <{/Inl,

|E(nem)| <
i=1 i=

! S
—1<m(Xi§uli):;j SJ’))‘

i=k+1

k !
Sk Sl
Cov| I Xi <wupi),— <y, 1 Xi <uy),— <
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i=k+1

!
(ﬂ(X < uy), i <y) (m Xi <uy), — <J’>
i=1 i=k+1

!
+ COV( (m(Xl < Mkl) — <y> (m (Xl < M[l‘),? Sy))‘
i=1 !

i=k+1
k 14 k1/2ln1/21
< (7) BT

k l
S
C = i)y > ul),— =
+ 0V< <O(X < Uyi), <y> (m(X < uy) Gl<y>>‘

Hence,

Var(z dkl(ﬂ(X < up), — <y)>
k=1 i=1

=Y diEnp+2 > dediB(nen) < Y didiE(nen)
k=1 1<k<l<n 1<k<l<n

n

12 1,1/2
<<Z Z dkdz(k) Z Z dkdlk In"= 1

[21n D,
I=1 1<k<lI/Inl I=1 1<k<lI/Inl
n
+ Z Z dkd[
I=1 l/Inl<k<l

= T3 + Ty + T5, (30)

By the proof of (26),

2

T3 K m for0<e; < (1-2a)la. (31)

Now, we estimate T,. For @ > 0, by (25)

d;In*? [ exp(In* k) ", d;In"?| 12 o
Ty = Z [21n D, Z o < Z 12 lnDll exp(In“/)
k=1 =1

n 21n% x)(1 12—« Inn
N/‘ exp(2In® x)(In x) dx:f exp(2)°)y2 dy
o x 1

Inn _
~ / (exp(zya)yl/Z—a + 3 1 4o exp(zya)yl/Z—Za) dy
1 o

Inn
= / ((20{)’1 exp (Zy“)ya/z’zo‘)/ dy
1

D2
w 3/2-20
< exp(2In® n)(Inn) < m
D;
(InD,)t+e >

for0<ey <1/2a) - 1.
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Fora =0,

1

" "%l 1 ", In'?!

T E v _— - °

1< B321nln! k12 < /Inln/
1=3 k=1 1=3

n (] 1/2 Inn ,1/2
N/ (Inx) dx:/ Y4y
3 xInlnx m3 Iny

(11‘1}’1)3/2 N Dilz

, 33
Inln#x (InD,,) (33)
n 1 n
Ts < Zdl exp(In“ /) Z T < Zdl exp(In®/) InIn/
I=1 Inl<ksl I=1
&« Dyexp(In® n)Inlnn
D2InlnDy
« | mpyramr >0
D, InD,, a=0
D2
<" 34
~ (InD,)+a (34)

Equations (30)-(34) together establish (29) for ¢ = min(ey, &;) > 0, which concludes the
proof of (12). Next, take u,; = u, = x/a, + b,. Then we see that Y .- (1 — ®(u,)) = n(l -
®(u,)) — exp(—x) as n — 0o (see Theorem 1.5.3 in Leadbetter et al. [26]) and hence (13)
immediately follows from (12) with u,; = x/a, + b,.

This completes the proof of Theorem 2.2. d

Appendix

Proof of Lemma 3.2 By assumption (7), we have § := sup, ; |rj| < 1. Define 4 such that 0 <
A<2/0+8)-1,forl<k<]|

i i " ( up; + u?} )
il exp| - ———
2 L TP\ Ty |7;1)
k 2 2
- Z Z |,,,|exp<_M>
- )
’ 201+ |ry)

i=l jy1<j<ilj-i<I*
k 2 2
Y (gt
A TR
i=1 iv1<j<lj-isP (L+ Iy

= H1 +H2. (35)

Since n(1 — ®(1,)) is bounded, where A, is the same as defined in Theorem 2.1, there
exists a constant ¢ > 0 such that #n(1 - ®(%,))) < c. v, is defined to satisfy n(1 — ®(v,)) = ¢;
then clearly v, < A,,.

Since 1 — ®(x) ~ ¢(x)/x as x — 00, we have

Vn

2
exp(—;")'vc;, vy ~+2Inn. (36)
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By (7) and (36),

k
VitV VitV
=2 X p"‘"“"( 1+8)) Z 2 o ( 1+8))
i=l jy1<j<lj-i<I* i=l 1<s</*
(ln k)1/2(1+b‘) (ln 1)1/2(1+b‘) (ln 1)1/(1+8)
<

< kl*
- kl/(1+6) ll/(1+6) - ZZ/(1+8)—1—}\.

=

(37)

2|~

forO<y <2/(1+68)—-1-A.
Setting oj = sup;.; p;, by (7) and (25),

1 1 1
O O O i D) Il (In D) Inl(In Dy

and

1
opviv K W foralll <k <l

This, combined with (36), shows
k 2, .2
VitV )
< Pj-i€Xp\ =57 ———~
X 2o p( 2(1+ pj-1)

i=1 jy1<j<lj-is[*
2 2 42
Vv op\v, +Vv
I ) eXp(M)
2
1
< klalA L=

k l (InDy)t+e’

k 2
= Z Z ,OseXp(_Vk+

i=1 [h<s<]

This, together with (35) and (37) implies that (14) holds.
It is well known that P(B) — P(AB) < P(A) for any sets A and B, then using the condition
that n(1 — ®(1,)) is bounded, for 1 < k </, we get

E

! I
1<m(Xi < Mli)) - 1( m X < Mli)) ’
i=1

i=k+1

! !
= ]P( m X; < Mﬁ)) - P(ﬂ(Xi < Mﬁ))
i=k+1

i=1
k
<P(X;>u;forsomel<i<k)< ZIF’(Xi > uy;)

i=1
<k(l-o®))= /;(1 D(As))

< k
R

Hence, (15) holds.
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Now we prove (16). By (14), applying the normal comparison lemma, Lemma 3.1, for

1<k<l,

COV< (ﬂ(X = ) (,QI(XZ = >>'

= [POG < it Xk < i Xicor < st - Xt < 1r)

~POG < iy Xie < wig)PXiesr < st -, Xi < ug)|

”kz+”1;
< Z Z '”"exp( 2+ 1y |)>

i=1 j=k+1

1 1

<7 inD)re

Hence, (16) holds.

Proof of Lemma 3.3 Notice, for 1 < k </,

1 Sl 1 Sl
E 1<Q(Xi < uy), ;l = J’) - 1(!;1()(,» < uy), ;1 < y)
!
( ﬂ (Xi =< ), — <y) (ﬂ(Xz <wy), — <y)
i=k+1 i=1
= (ﬂ(Xl = wi), — <J’> (ﬂ(Xi < uu)>]P’(;l Sy)
i=1 i=1 !
l S
(ﬂ(X < i), —<y> (ﬂ(XiSuu))P<—l§y
i=k+1 imk+l )
S ! !
+ ]P’(— <y) <1P’< (&< uﬁ)) (ﬂ(xl < u,,)>>
i=k+1 i=1
= Hs + Hy + Hs.

)

(38)

Using [ — 2| Zlfkjsl ril <of <1+2] lekjsl r;| and (10), there exist constants ¢; > 0,

i =1,2, such that
al < 0,2 <yl

Hence, using (11), for1 <i<l<n,

l

S; 1 "2
COV(Xi, ;1)‘ < ;1 Z [yl < m

j=1

and

k1
1 k1/2 (ln l)1/2
s—> D Inl< g5 D

0x0y <

(39)

(40)

(41)



Wu Journal of Inequalities and Applications (2015) 2015:109 Page 13 of 15

Noting the fact that In/ and In D; are slowly varying functions at infinity, (40) and (41)
imply that there exists 0 < u < 1 such that, for sufficiently large /,

S
Cov(Xi, —[>
oy
S S
Uk o]

Combining (36), (40), and the normal comparison lemma, Lemma 3.1, for i = 3,4,
S 2' 2
Cov( X, 24 )| exp( - it
o] 2(1 + )
S 2
Cov| X;, 2t exp| - i
o] 2(1 + )

(111 l)l/2+1/2(1+u) 1
S e < (42)
ll/(l+/4)—1/2 In Dl n

max

1<i<l

<u

and

max
1<k<l/Inl

I
Hi<<2

i=1

l

2

i=1

IA

forO<y <1/(1+p)—1/2.

By the proof of (15), we have Hs < k/I. This, combined with (38) and (42), implies that
(17) holds for y = min(1, ;) > 0.

Now we prove (18). Again applying the normal comparison lemma, Lemma 3.1, for 1 <
k<I/Inl,

COV( (ﬂ(XL =< Mkt) - <y) (m (Xz =< ull) - <)’)>'
i=1 i=k+1

Sk S
= ‘IP’<X1 <upy ..o Xk < Ui - <9 Xka1 < Uigs1s - Xy < uy, . <y
X I

S
_P<Xl <t Xk Sukk,—k §y>
Ok

S
X ]P(Xkﬂ < Upkets- o Xy < uy, - <y
]

k;”"l;
<« Z Z "”'e"p( 20+ 1y |))

i=1 j=k+1

+ i Cov(X &>
i=1 Vo
+ Z

Cov( i —)
j=k+1

(o)l (-rrendmsm)
Cov| —, — ||exp| -
o 0] 1+ | Cov(Sk/ox, Siloy)|

Z=H6+H7 +Hg +H9.

exp| - Yat)
2(1 + | Cov(X;, Si/oy)])

e ujy +y°
P 2(1 + | Cov(X;, Sk/ow))

+
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By (11), (39) to (41),

ko1 2, 2

v+ V)

SZZ|H;|€XP(—2(1+8)>
=1 j=1

(ln 1)1/2 (ln k)1/2(1+8) (ln l)l/2(1+8)
InD, J1/(1+6) J1/(1+8)

(11‘1 l)l/2+1/(1+8) 1
- <
- lZ/(1+5)—1 lnD[ —[»

<k

forO<y, <2/(1+38) -
k
H <y

S[ VIZ(
Cov| X;, — ) |exp| -
= o] 2(1 + )

1/2 1/2(1+p) 1/241/2(1+p)
(In)Y* (Ink) - (Ini) - 1

J1/2 InD; Jl/ (L) — UA+u)-172 InD; ~ lyl’

Cov| X, Sk e Vlz
vl X;, — ) |exp| -
” ok P 2(1 + )

k (InD)Y2 (In )20+ - 1
W InD; [/A+p) - l?

and

Hy <

Sk S k2 (In )2
C — .
OV(O'k O‘l)‘ < 11/2 lnDl

Hence (18) follows for ¥ = min(y1,¥2) > 0 and thus (17) and (18) hold for y = min(y,
¥2,1) > 0. O

Proof of Lemma 3.4 On applying (14), it follows from the normal comparison lemma,
Lemma 3.1, that

]P’(ﬁ()(l < I/lm')) 1_[ D(u1)

i=1

ul +u?,
j
<2 'r”'exp< 2(1+|n,|)>

1<i<j<n

1 1
—y—— 0.
< n¥  (InD,)*¢

Hence, by >, (1 - ®(u,)) — T, we get

HILIEOIP’(H(X < um)> = nlirglol_[@(um) = lim exp(Zl (® (Mm')))

i=1 i=1

= nlir{}o exp (— Z(l - <I>(u,,i))> =e™".

i=1

Page 14 of 15
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That is, (19) holds. Using the proof of H3 and (19), (20) follows from

n—00 . n—00 .
i=1 i=1

; s, " S,
lim P( ()X < ), = <y | = lim P{[)(Xi < ) nlir&P<o_ Sy)
" n

e T d(). O
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