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1 Introduction
Ifp>1, = + 2=1,a,b,>0,a={a,)2, €P,b={b,)2, €l ||al,={> - 1a,,}1/1’ >0, and
bl = {Zn:1 b}V > 0, then we have the following famous discrete Hilbert-type inequal-

ity (¢f. [1])
& ln(m/n) |: i|2
lallp 1Dl @)
;; m— ( /) P q

where the constant factor [r/sin(7z/p)]? is the best possible. Moreover the integral ana-

logue of inequality (1) is given as follows (cf [an: if p > 1, }7 + % =1, fx) glx) =0,

f€17(0,00), g € L(0,00), IIfl, = {f§° () dx}? > 0, ligly = (fi° g2(x)dx} @ >0, then

© % In(x/y) 7 ’
[ [ ogranar< ] Tl @)

with the same best constant factor [/ sin(7 /p)]?.
In 2006, Yang proved the following more accurate inequality of (1) (c¢f [2]): If p > 1,

1—7 + Z; =1,z <(x <1,a,b, >0, such that 0 < ||a||, <ooand 0 < ||b]|, < oo, then

3 ), . T
2 mn <[m} lallp 151 o

n=0 m=0

where the constant factor [7/sin(r/p)]? is still the best possible. Inequalities (1)-(3) are
important in mathematical analysis and its applications [3]. There are lots of improve-

© 2015 Wang and Yang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

L]
@ Sprlnger Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction

in any medium, provided the original work is properly credited.


http://dx.doi.org/10.1186/s13660-015-0613-8
mailto:bcyang@gdei.edu.cn

Wang and Yang Journal of Inequalities and Applications (2015) 2015:85 Page 2 of 12

ments, generalizations, and applications of inequalities (1)-(3); for more details, refer to
[4-12].

At present, the research on the half-discrete Hilbert-type inequalities has gradually be-
come in focus. We find a few results on the half-discrete Hilbert-type inequalities with the
non-homogeneous kernel, which were published early (¢f. [1], Theorem 351 and [13]). Re-
cently, Yang gave some half-discrete Hilbert-type inequalities (c¢f. [14—17]). In 2011, Zhong
proved a half-discrete Hilbert-type inequality with the non-homogeneous kernel as fol-
lows (cf [18]): If p > 1, 1% +1=-1,0<1<2 a,f() >0, f(x) is a measurable function in
(0,00), such that 0 < > "2, np(l’i) lal <ocoand 0 < ;7 x4 (-3 3)71£4(x) dx < 0o, then

> gt

2 o . P% 00 %
e 1]

where the constant factor (£) is the best possible.
In this article, using the way of weight functions and the idea of introducing parameters,
and by means of Hadamard’s inequality, we give a more accurate reverse inequality of (4)

with a best constant factor as follows: For p < 0, = + =1, we have

% In[x(n — l)]

Z ./ xh(n— 1) - f( Jdx

2 moo Up [ oo a-3-1 M
><%) {/0 xﬂ(l—%>‘1f”(x)dx} p{Z(ﬂ—%y GZ} : ®)

n=1

The main objective of this paper is to consider its best extension with parameters, the

equivalent forms, as well as some particular cases.

2 Some lemmas
Lemmal If0 <X <1, A + Ay =1, then we have the following expression for the Beta func-

tion (cf [1]):
/Oo Inu o- Ldu = [BOw, )] = | —— ’ 6)
o u_1" b sin(Ay) |

Lemma 2 Suppose that A >0,0<0 <A <1, 1 € (-00,00),0 <, < = 86{ 1,1}. We
define the weight functions w,(n) and &, (x) as follows:

wo (1) := dx (neN), 7)

* (= B Inl(x = 1) (1 — Bo)]
(n=F)’ /ﬂ (= By (= B} -

= B2)"Hn[(x - B1)’(n — B)]

@o (%) = (x = p1)° Z [(x— B (m—By)]* -1

n=1

(x € (B1,00)). ®)
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Setting k; (o) := %2 [B(Z,1 - 9)]? = [+=Zxs |2, we have the following inequalities:

P A Asin(%Z)
0 < k(o) (1= 6,(x)) < @y () < w5 (1) = ky(0), )
1 (=B’ 1-p2)1* Inv o,
0<9)\(x) I:m‘/o mv}“ dv
=0(x-p) %) (xe(Broo)). (10)

Proof Putting u = [(x — B1)°(n — B2)]* in (7), by Lemma 1, we find

wy (1) = i/ lnulu%-l du = k(o). (11)
0

u p—
For fixed x € (B;, 00), setting

(= B)* In[(x = B1)° (¢ - B2)]

IO = e By e — BT -1

(t=B)"" (te(Br00), 12)

inview of 0 < 0 < A <1, we find [%]’ <0, [22]7 5 0 (u> 0) (cf [19], Example 2.2.1) and

uh-1

then f'(¢) < 0, and f”(£) > 0. By the following Hermite-Hadamard inequality (cf. [20]):

fln) < / 17 fo)dt (neN), (13)

and putting v = [(x — 1)’ (t — B2)]%, it follows that

B (%)= Y _f(n) < Z/njif(t)dtzfloof(t)dt
n=1 n=1v""2 2

00 1 [ 1
<[ fodi=— 4
B A 0 v—-1

00 00 00 1
&y (%) = t)dt = ndt- | fo)d
&, () ;f(nb/l 10 /ﬁzf() /ﬁzf() ¢

1 (=B (1-B2)1* Inv «
=k,\(a)——/ ——vitdy
)\,2 0 v—-1

vildv =k (o),

= k(o) (1-6,() >0,

where

1
0<6,(x):i= ——

S
k0) TV dv  (x € (B1,00)).

(@0 1=V 1y
L

. . o . o e . .
Since lim,_, o+ L“T‘{vu = lim,_, o L“T‘;VZA =0 and L“T‘{VZA |,-1 = 1, in view of the bounded

properties of continuous function, there exists a constant M > 0, such that 0 < %WH_A <M
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(v € (0,0)). For x € (81, 00), we have

(@-B0° =B |y o
0 < / — v tdy
0 v-1

(=B / Iny o\ o
= / ( var ) v ldy
0 v—-1
(=B a-g)1*
<M / vz dy
0

LRt Tyt S
o

(14)

Hence we proved that (9) and (10) are valid. O

Lemma 3 Suppose that }17 + é =1(p+#0,1),0<0<i <1, B €(-00,00),0<p < %,
8 € {-1,1}, a, = 0, f(x) is a non-negative real measurable function in (B;,00). Then

(i) for p > 1, we have the following inequalities:

_ISs e [ [7 Inlxr— B (1= B)] d]P ’
7 !Z(n Bo) Uﬁ ) d

n=1 1
< [k(0)]" { f " ) B () dx} !, (15)
B1
S i e I e
b {/ﬂ &) [2 (= P (n = )V - 1“”} d"}
< ikx(o) N ﬁz)q“-‘”-laz} } (16)
n=1

where w, (n) and @, (x) are defined by (7) and (8);
(ii) for 0 < p <1 or p < 0, we have the reverses of (15) and (16).

Proof (i) By (7)-(10) and the Holder inequality [20], we have

* Inl(x— 1)’ (n — o)) ]p
|:/f;1 [(x — B (n — Bo)]* — 1f(x) dx

- {foo In[(x - 1)’ (n - B2)] [(x - /31)(1—50)/qf(x)] [ (n—po)t =% ] dx}p
s (=B (= Bo) =1 (n— By)A-o)lp (x — pr)1-8)a
- /oo In[(x = B1)°(n = Bo)] (= py)0=*7D
“Jp (=B (n=p)] -1 (n- B
y |:/°° In[(x = B1)°(n = B2)] (= pp)"2aV dx:|p1
g [x—=PB)(m—p)* =1 (x— )i
_ /Oofp(x) In[(x — B1)° (n — Bo)] (x — )2~V
p =B (n=p) -1  (n-p)°
_ K (o) /oof”(x) In[(x — B1)° (1 — B2)] (x — py)2) P~V
(m=pBa)pot Jo [x=P(m—p)* =1 (n—pa)i°

-fP(x) dx

-1

dx[(n— B2)1"" w, (m) Y

dx. 17)
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By the Lebesgue term by term integration theorem [21], (17), and (9), we obtain

JP <k o )Z ® fP(x) In[(x — B1)° (n — Ba)] (x — By) 170~

d.
5 - Bn-p)l -1 (n-po)o
°° ln[(x B (n—B2)] (x—py)i—tw )
( )//31 — ,31)8(” BF =1  (n—PBy)c f (%) dx
= kf_l (U) 50 (x)(x - ,Bl)p(lisa)ilfp(x) dx. (18)

A

Hence (15) is valid. Using the Holder inequality, in view of the Lebesgue term by term

integration theorem and (9) again, we have

E Infx-g)(n-p)] |
{Z (= B ﬂzm—l“”]

B i In[(x— 1)’ (n— o)l (x—B)" 7 (n— )"~ Pa,
| (&= (n— ) =1 (n— Bo) VP (x - y)0-00)a

q

pa-s)17e-1 = ln[(x ﬂ1)5(n ,32)] (11— B)1-0)a-D g8
< [@s (0)(x - Z s
5 oo 0 [ - B1)°(n— )] (n— pp)-7)@D
= CUZ - ; ,31)5 ﬁ2)]k -1 (x _ ﬂ1)1_5“ ﬂz; (19)
and therefore
g [T Il pY (- Bo)] (n— )7
e / =Py n-p)l =1 (—poroe "
> o) _ 50—11 _ ) _
= Z[(Vl - B2)’ /f; G '[8(2: ~ ﬁl)I;E(:_ él))]k(}i 1 2 dx] (n— lgz)q(l—a)—laz
n=1 1
= i @ (n)(n = B)" 7 a = k(o) i(n — B . (20)

n=1 n=1

Hence (16) is valid.
(if) For0<p<1(g<0)or p<0 (0 < g <1), using the reverse Holder inequality (cf. [20])

and in the same way, we obtain the reverses of (15) and (16). O

Deﬁnltlon 1 As the assumptions of Lemma 2 and Lemma 3, we define ¢(x) := (x —
BP0 B(x) = (1= 6, (x))p(x), ¥ (1) := (1 — B)709)71, and the following sets:

1/p
Ly¢(Br,00) := {f ”f||p¢—|:/ 163 ]pdx] <oo},

1/q
gy = {a ={au}; lallgy = |:Z 1ﬁ(n)|an|q:| < oo}.
n=1



Wang and Yang Journal of Inequalities and Applications (2015) 2015:85 Page 6 of 12

Note If p > 1, then L, 4(81,00) and [,y are normed spaces; if 0 < p <1 or p < 0, then both
L,,4(B1,00) and [,y are not normed spaces, but we still use the formal symbols in the
following.

3 Main results and applications

Theorem 1 Supposethzztp<0,}%+%:1,0<0<A§1, B1 € (—00,+00), 0 < By < ,
8 e {-L1}, f(x),a, > 0, satisfying f € L, 4(P1,00), @ ={an)e; € lgys Ifllps > 0, llallgy > 0.
Then we have the following equivalent inequalities:

R * In[(x - B1)’(n - Ba)]
Bar - /,s - pptn— o~ D
In[(x — B1)° (n — B2)lan
fﬂl f()Z I > @)yl (21)

e AT e Y- B T
1-!%(:4—;32)1” [/ﬁ e ,ez)]x_ld"H k@ lpe 22)

>0 [ - - e ] |
o _ géo -1
L { /ﬁ (-5 [EM: it ,32)]*—1} dx} k@ laly,  (23)

1

where the constant factor k(o) =

Pyl n;f ] is the best possible.

Proof By the Lebesgue term by term integration theorem [21], we find that there are two
expressions of I in (21). By (9), the reverse of (15) and 0 < ||f||,4 < 00, we have (22). By the
reverse Holder inequality, we find

[ et [ Il B0 B } e
I= Z[(” Pa) /,_«; o= By pof—1 | L01= A7 ]

n=1

00 1/q
{Z 4-0)- laq} =Jllallgy- (24)

Then by (22), (21) is valid. On the other hand, assuming that (21) is valid, setting

= o1 [ Inlx—B1)’(n - By)] p-1
ay = (n— Bl |:/’;1 = BV 1= BT 1f(x) dx ] (n € N), (25)

then by (21), we have

oo

lall?, = (n = Bo)1 7 al = JP = I = ks (0)f | g llatll - (26)

n=1

By (9), the reverse of (15), and 0 < ||f||,,¢ < 00, it follows that / > 0. If J = oo, then (22) is
trivially valid; if J < oo, then 0 < ||al|,y = JP~! < 0o. Thus the conditions of applying (21)
are fulfilled and by (21), (26) takes a strict sign inequality. Thus we find

= llallly > ki (@)|f llpg- (27)

Hence, (22) is valid, which is equivalent to (21).
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By (9), the reverse of (16) and 0 < ||z]|,y < 00, we obtain (23). By the reverse Holder

inequality again, we have

_ so-1 5 Inf(x B’ (= B2)lan 1o
1_/,31 [(x & Z[(x m)a(n—ﬁz)]*—l][("‘ﬁl) Se)d
oo 1/p
zL{ (x—ﬂl)'”“-“*vp(x)dx} = L||fllpg- (28)
=t

Hence (21) is valid by using (23). On the other hand, assuming that (21) is valid, setting

-1
— S0 -1 = ln[(x - 181)6(71 - /32)]”;1 !
f(x) = (x - ﬁl)q |:n2=1: [(x _ ,31)8 (n _ ﬂz)]k _ 1:| (x € (,31; OO))’ (29)

then by (21), we find
T / @ = BPIfP(w) dae = L9 =T = K (0) [fllpg @l - (30)
B

By (9), the reverse of (16) and 0 < ||a|| 4,y < 00, it follows that L > 0. If L = 0o, then (23) is
trivially valid; if L < 0o, then 0 < ||f|l,» = L% < 00, i.e. the conditions of applying (21) are
fulfilled and by (30), we still have

Wil = L7 = 1> k(@) fllpgllalqy, ie L=Iflly, ) > K (0)lall gy

Hence (23) is valid, which is equivalent to (21).
It follows that (21), (22), and (23) are equivalent.
We prove that the constant factor in (21) is the best possible. For 0 < ¢ < go, we set
= {0 < (x— B1)° <1}, @ = (@}, and f(x) as follows:

er(;,

(31)
x € (B1,00)\Es.

. - _ 6(o+§)—1
G = (n— o) f(x):{(ox P

If there exists a positive number k > k; (o), such that (21) is still valid as we replace k; (o)

by k, then in particular, on substitution of @ andf(x), we have

00 00 | s ~ B )
i Z /ﬂ n[(i%)ﬁ(i —(792);3%2? S @) dx > Kilf g 1.y (32)
=1 1

Forp<0,0<g<1,settingsg =0 — 2, we find by Lemma 2 that

o 5
T (x_ﬂ1)8871(x—ﬂ1)6(a_%)z In[(x — B1)°(n - Bo)]

_g)o-1y
" ~ [x=p1)(n- )" - 4 B2)! »

= | (x-B)* s dx<kk(g)‘/ (x— B1)* L dx
E; ks

_ l,q(G_E) (33)
& q
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Setting u = (x — B1)°, by calculation we obtain

[e¢]

- " 1/p
I llpg = { ; (x = BP0 () dx}

1/p 1 1/p 1/p
_ { (x_IBI)—lJr(Ss dx} _ {/ u—1+s du} — (l) ,
Es 0 &
1@, = Y n = B)™7 ] = Z(n B
n=1
>/oo(x—ﬁ Yt dy = _
1 2 S e(l-Bo)

In view of (32), (33) and 0 < g < 1, it follows that

s N ~ 1 1/q
kilo——)>el>ek|fll,0llal,, >k|:7:| .
*( q) lpolialas > K| G gy

Page 8 of 12

(34)

(35)

(36)

For ¢ — 0% in (36), we have k; (o) > k. Hence k = k; (o) is the best value of (21). We confirm
that the constant factor k; (o) in (22) ((23)) is the best possible. Otherwise we can get the

contradiction by (24) ((28)) that the constant factor in (21) is not the best possible.

O

Theorem 2 Suppose that 0 < p <1, 117 + %1 =1,0<0 <A =<1, B €(-00,+00),0 < < 5
8 € {-L1}, f(x),a, = O, satisfying f € L, 5(1,00), a = {an}52; € lyy, Ifll,5> 0, lallgy > 0.

Then we have the following equivalent inequalities:

© Inf(r= B (n - B)]
d.
I= Z f By n-pp -1

e I = B (= Bo)la,
=/, f(");[(x_,sl)sm_ﬁz)p dx > k(@) I Nl gl all g0

= S goypot[ [0l =B’ ﬂz]f(xdi| _
! !;(n ) [/ﬂ [(x—ﬂl)“(n—ﬂz)]x_ x >/<A(0)Ilf||p,¢,

1

= e @=p)™ [ S Inlxe— B (n - B)la, || 7
b= {/a [(1 - 6; (%)), [Zl [(x = 1) (n - Bo)]* — 1} dx}

> k() llall gy

where the constant factor k(o) = LM)]2 is the best possible.

[ A sin(

(37)

(38)

(39)

Proof By (9), the reverse of (15) and 0 < |[f]],,3 < o0, we have (38). Using the reverse Holder

inequality, we obtain the reverse form of (24) as follows:

I=]lallgy-

Then by (38), (37) is valid.

(40)
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On the other hand, if (37) is valid, setting a,, as (25), then (26) still holds with 0 <p < 1.
By (37), we have

lall?, Z(n BT al = P = 1> k(o) N3l @l gy (41)
n=1
Then by (9), the reverse of (18) and 0 < |[f ||, 5 < 00, it follows that
00 1/p
J= :Z(n — ﬁz)q(l_")_laZ] > 0.
n=1

If ] = oo, then (38) is trivially valid; if J < 0o, then 0 < ||al|,y = /P! < 00, i.e. the conditions
of applying (37) are fulfilled and by (41), we still have

lalil, =7 =1>k@)Ifl,5lallgy, ie]=llall, >k ©@)Ifll,5

Hence (38) is valid, which is equivalent to (37).
By the reverse of (16), in view of @, (x) > ki (0')(1 — 65.(x)) and g < 0, we have

~ o 1 ad i
Lok (@)L 2k (@)1 k(o) Y (n = g™ al b = k(o) lallgys
n=1
then (39) is valid. By the reverse Holder inequality again, we have
1

©l(x= B0 S In[(x = B1)’ (1 — B)]
I= n
/ﬁl [ (1 -0, (x))7 Zl (e B - 1" }

X [(1-6:0))7 (6 - BT ()] dx > TIf 1,5 (42)

Hence (37) is valid by (39). On the other hand, if (37) is valid, setting

= B [ = Inf(@ - 1) (= B)la,

q-1
(1= 6,7 | &= [(x = B1)°(n = B2)I* — 1:| (x € (B1,00)),

then by the reverse of (16) and 0 < |||,y < 00, it follows that

L= {/Oo[l —Gx(x)]’%(x— BT () dx} |lf||p~ >0.
B

1

IfL = 0o, then (39) is trivially valid; if L < o0, then 0 < Wfll,3 = 1971 < 00, i.e. the conditions
of applying (37) are fulfilled and we have

T . 7 -1
Ilfllig =L1=1>k.©)Ifl,zlallgy, ielL= Ilfllig > k(o) l|all gy -

Hence (39) is valid, which is equivalent to (37). It follows that (37), (38), and (39) are equiv-
alent.
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If there exists a positive number K > k; (o), such that (37) is still valid as we replace k; (o)

by K, then in particular, we have

c S [ - (- B)] -
" ZI“ /ﬁ (o= tn—poyp 1 24> Kl gl 43

where @ = {4, )52, amclj7 are taken as (31) (0 < € < p(A — 0)). We find

7 55 1p
7,5 - { [ (- 06— F))ie- e dx}

1/
(3 -ow) g
€

Since by (35) and setting u = [(x — B1)°(n — B2)]*, it follows that

-3 o-gt Inf(x— 1)’ (n - Bo)] S(o+E)-1
= _ 2 i 0
' ;(M 7 ./Ea [(x— B (m— Bo)]* — 1(" A1) x

o _pyei1 [ In[(x — B1)’ (n - B2)] _ gydlorE)1
<2 (n=p) /,3 G- By PP 10 PV

00 [}
LS [ i,
s 0 M—l

1 .7 e\1]? e+1- B
SinZ(os )| P 44
S[ASInA(G+p>] sy (44)
by (35), (43), and (44), we have (notice that g < 0)
|:1 . n( 8)]28+1—/32
—sin—|o +— —_—
A A p (1= po)ett

- 1 1/p 1_ 1/q
>eT> aK(g - 0(1)> (u)

e(l— o)t
1/
= K(1-£0(1))"" ((i;%) ! (45)

Fore — 0" in (45), we obtain k; (o) = [% sin(%)]2 > K.Hence k; (o) = K is the best value of
(37). We confirm that the constant factor k; (o) in (38) ((39)) is the best possible. Otherwise
we can get the contradiction by (40) ((42)) that the constant factor in (37) is not the best
possible. O

Remark1 (i) For B; =5, =0,0 = %, 8 =11in (21), we have the reverse of (4). In particular,

for A =1, p = g =2 in the reverse of (4), we have

Zan/;o Zinxlf(x)dx>n2{Zaﬁ/ooofz(x)dx} . (46)
n=1 n=1
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(i) For g1 =0, B> = 3,0 = 4,8 =1in (21), and (22), it follows from (5) that

o0 © Infx(n— L q 2q ® 1\40-%)-1
qu?_l{/ #}\2)]4"} dx > <£) Z(n——) al. (47)
=y o [x(n-2)]*-1 2 2
In particular, for A =1, p = g =2 in (5), we obtain
1/2

0 1
Z / lnn__ )]f( )dx > Za/ Pydx) (48)

which is a more accurate inequality than (46).

Remark 2 For § = —1, u = A — o (> 0) in Theorem 1, setting ¢(x) := (x — ,)*"*-1, and
F(x) := (x — B1)*f(x), we have the following equivalent inequalities with the homogeneous
kernel and the best possible constant factor k; (o):

X Inf(n - By)/(x— B)]
2 /,3 =B =y D
1 —
- [ re )Z e P > Kl (49)
= o[ Il = Bo)/(x = BOIER) |, T ’
;(H—ﬁz)p |:/f51 B — B dx] > k(0 )| Fll g (50)
>0 TS - i Bolan |, |
/ﬁl (x— )4t n; (n—ﬂz)i—(x—gl)x dx g >ki(o)lallgy- (51)

In the same way, for § = —1, 4 = A — o (> 0) in Theorem 2, setting ¢(x) = (x — B;)?1-)-1
and F(x) = (x — B1)*f(x), we still can find some new equivalent reverse inequalities with
the best possible constant factor.
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