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Abstract

We obtain some new GrUss type inequalities for the general corrected three-point
quadrature formulae of Euler type. As special cases, we derive some new bounds for
the corrected Euler Simpson formula, the corrected dual Euler Simpson formula and
the corrected Euler Maclaurin formula. Also, applications for the corrected Euler
Bullen-Simpson formula are considered.
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1 Introduction
The corrected quadrature formulae are quadrature formulae where the integral is approx-
imated not only by the values of the integrand in certain points but also by the values of its
first derivative in the end points of the interval. These formulae have a degree of exactness
higher than the adjoint original formulae. The term corrected quadrature formulae was
first introduced in the inequalities area by Ujevi¢ and Roberts in [1].

The Chebyshev functional [2] is defined by

b b b
T(f,0)= / Fo(o)ds -1 / f6)dse / o) ds,

where f, g : [a,b] — R are two real functions such that f,g,f - g € L[a, b].
For two integrable functions f,g : [a,b] — R such that y <f(s) <T, and ¢ < g(s) < &,
for all s € [a,b], where y, I', ¢, @ are real constants, the following integral inequality is

known as the Griiss inequality (see [2], p.296):

1
=T =)@ -¢)

1 (? 1 ? 1 (?
= [roeoas- 1 [ow 2 [

Over the last decades some new inequalities of this type have been considered and ap-
plied in numerical analysis (see [2—8] and the references cited therein).

In [9], the authors proved the following inequalities for the Chebyshev functional:
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Theorem 1 Letf,g: [a,b] — R be two absolutely continuous functions on [a, b] with

(—a)b-)() (—a)b-)(g)" € L'abl,

then

1 12 1 b ) ) 1/2
L [ -ae-9@6) e
1

b o
2(b—a)|:/a (s—a)(b—s)(f(s)) ds]

b ) 1/2
[ / (s—a)b-3)(d©) ds] . M

1/2
=

The constants 1/</2 and 1/2 are the best possible.

Theorem 2 Assume that g : [a,b] — R is monotonic nondecreasing on [a,b] and f :
[a,b] — R is absolutely continuous with f' € L*[a, b], then

1 b

T(f, — - —a)(b-s)dg(s). 2

1160 < 5 | [ G- ab-9de9 ®)
The constant 1/2 is the best possible.

The aim of this note is to consider some new Griiss type inequalities for the general cor-
rected three-point quadrature formulae of Euler type. This will be done by using the above
theorems and the corrected three-point quadrature formulae recently introduced in [10].
Also, we use the obtained results to get the error estimates for the corrected Euler Simpson
formula, the corrected dual Euler Simpson formula and the corrected Euler Maclaurin for-
mula. Finally, the corresponding error estimates for the corrected Euler Bullen-Simpson
formula are derived.

More about quadrature formulae and error estimations (from the point of view of in-
equality theory) can be found in the monographs [11] and [12].

Since we deal with quadrature formulae of Euler type, let us recall a few features of the
Bernoulli polynomials. The symbol Bi(s) denotes the Bernoulli polynomials, B; = Bi(0)
the Bernoulli numbers, and Bj(s), k > 0, periodic functions of period 1 defined by the

condition
Bi(s+1)=Bi(s), seR,
and related to the Bernoulli polynomials as follows:
Bj(s) =Bk(s), 0<s<l
The Bernoulli polynomials Bi(s), k > 0, are uniquely determined by the identities

Bi(s) = kBx_i(s), k=>1; By(s) =1, Bi(s+1) = Bi(s) = ks, k> 0.
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Further, Bj(s) = 1, B (s) is a discontinuous function with a jump of —1 at each integer and

for k > 2, Bi(s) are continuous functions. We get
Bj'(s) =kB;_i(s), k=1, 3)

for every s € R when k > 3, and for every s e R\ Z when k =1,2.
For some further details as regards Bernoulli polynomials, Bernoulli numbers and peri-

odic functions By, see [13].

2 Main results
Let x € [0,1/2) and f : [0,1] — R be such that f®**) is a continuous function of bounded
variation on [0, 1] for some # > 0. In [10], the authors proved the following general three-

point quadrature formula of Euler type:

1
fo F(5) ds — wxf () — (1— 2w<x>)f(1) W) (L= %)+ Tonl)

2
_ 1 ! (2n+1)
- /0 Fanea,5) dF2" ), )
where
2n 1
Tonlw) = 3 - Gelw, O *P 1) =40, (5)
k=2
Gi(x,8) = w(x)[Bi(x —s) + Byl —x —s)] + (1 - 2w(x))B,t<% - s), k>1, (6)
Fi(x,s) = Gr(x,5) — Gr(x,0), k=2 (7)
and s € R.

From the properties of the Bernoulli polynomials it easily follows that

Gi(x,1-35) = (=D Gr(x,5), se[0,1],

0Gk(x, )

= —kGr_1(x,
P kGr-1(x,5)

and Gyi_1(x,0) = 0, for k > 2 and for any choice of the weight w. In general Gy (x,0) # 0.
If we impose the condition G4(x, 0) = 0 the obtained formula will include the value of the
first derivative at the end points of the interval and is known in the literature as a corrected

quadrature formula. So, condition G4(x,0) = 0 gives

w(x) = 7 , X€ [0, l) (8)
3020 — 1)2(—4x2 + 4x + 1) 2

Now, for f : [0,1] — R such that f*"*) is a continuous function of bounded variation on
[0,1] for some n > 0, x € [0,1/2), (4) becomes

1 1 1 1
/o f(s)ds - Q¢ (x 31 —x) + To® (x) = T /0 S8 (x,5) df D s), 9)
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where

Qc(x i1
o)

1

1
T 30Q2x— 1)2(—4a? + 4x + 1) [7f(x) N 48034(")f<§> +7f(1- x)},

n

TEP = Y G O O ) - (o)

k=1

1042 —10x+1 ,
At

n

Y0 eGSR O ) - 0)]

— (2k)!
1
GE®(x,s) =
o @) 30(2x — 1)2(—4x2 + 4x + 1)
1
. |:7B,’§(x —5) —480B4(x) - B,’;(E —s) +7B{(1-x —s)], k>1,
FP(x,5) = G P (x,5) - Gy P (x,0), k=2 (10)
and s € R.
Assuming "V is a continuous function of bounded variation on [0, 1] for some 7 > 1,

then the following identity holds:

1 1 1 1
/ S©ds=Qc( % o, 1-2) + 1,70 = / Ga, (5) dF " s), (1)
0 2 @m! Jo
while assuming " is a continuous function of bounded variation on [0, 1] for some # > 0
it follows that
! 1 cQ3 1 ' e (2n)
A f(s)ds—Qc| x, X 1-x )+ 15, (%) = A Gy, 8) df =" (s). (12)

The identities (9), (11), (12) and the following lemma were proved in [12], p.99.

Lemma 1l For x € [0, % - %) u [%, %) and k > 2, Gzc,gi(x,s) has no zeros in variable s on
the interval (0, %). The sign of this function is determined by

1 15
(—1)k+1G2C,331(x,s) >0, forxe [0, 5 %)

and

11
(—l)kGZC,SBl(x,s) >0, forxe [E’ 5)

Now, we can state some new Griiss type inequalities for the general corrected three-
point quadrature formulae of Euler type.
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Theorem 3 Let f : [0,1] — R be such that f® is an absolutely continuous function for
some n>1and x € [0,1/2). Then the following equality holds:

1
/0 F(s)ds — Qc (x %,l—x) + TEB(x) = KB (f) 13)

and the remainder chnQS (f) satisfies the inequality

K )

1 -1
= 98By, + 98By, (1 -2
T 30(2x — 1)2(—4x? + 4x + 1) [2(471)! ( an + 98B4,(1 - 2%)

1 1/2
—13,440B4(x)Ba, (x + E) + 4SOZBi (x)B4n)j|

1 1/2
: [ / s -9)(F>(s))* ds] : (14)
0

For f :[0,1] — R such that f***V is an absolutely continuous function for some n > 0 and
x € [0,1/2), the following representation holds:

fo 1 F(s)ds — Qc (x,%,l—x) + Te®(x) = KSB(f) (15)

and the remainder KZC,SF? ) satisfies the inequality

((CQ3
K ()]
- 1
T 302x —1)2(—4x? +4x +1) | 2(4n + 2)!

(9834n+2 +98By,2(1 - 2x)
1 1/2
—13,440B4(x)Bays2 <x + 5) + 480232(x)34n+2)]
1 172
- [ / s -9)(f*(s))° ds} . (16)
0
Proof Applying Theorem 1 with GISQS in place of f and f* in place of g we obtain

[ e oo [ e waas [ oa

1 CQ3 c3( 1/2 (k+1) 12
7[ (G (%), G () [/ s(1—s5)(f%(s))? ] , 17)

where

2
T(GEQB(x, ), G,SQB(x, -)) = /I(G,ng(x,s))2 ds — (/1 G,fQ3(x, s) ds) .
0

0

By elementary calculations we obtain

1
/ G,fQS(x,s) ds=0. (18)

0
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Using integration by parts we get

1
/ (G,fQ3 (x, S))2 ds

0
= k(k=1)---2

= k) k-
. —iGCQB(x $)Gi(x, )|} + 1 fl GCQB(x 5)dGi(x,s)
2% 2k ) 1w 310 2%k 0 2k ) 1

B ()1 (k1)>
T 30(2x — 1)2(=4a2 + 4x + 1)(2k)!

1
. |:3()(2x -1)? (4x2 —4x — 1) / GzckQS(x, s)ds
0

1
+ 7652 (5,) - 480B4 (1) G5 <x 5) 765 (5,1 - x)]

~ (-1 (k)2
T 900(2x — 1)*(—4x2 + 4 + 1)2(2K)!

1 2p2
- | 98Bsk + 98By (1 — 2x) — 13,440B4 () By | x + 2)t 480°Bj (x)Bo |-

Finally, if we put k = 2# using (11) and (17), we obtain representation (13) and inequality
(14). Since, for k = 2n + 1 by (12) and (17), representation (15) and estimate (16) follow. [

Remark 1 From (10) and (18) we get

1 1 !
/ FCP(x,5)ds = / G (x,5)ds — _/ G ®(x,0)ds = -G ¥ (x,0)
0 0 0

and

! CQ3 2 ! CQ3 2 CQ3 ! CQ3
/o(Fk (x,s)) ds:/O (Gk (x,s)) ds-2G; (x,O)/0 G (x,5)ds
+ (G (x,0))".

Further, if we put k = 2n + 2 in the proof of Theorem 3, using (9) similar to (17) (with
n < n + 1), we deduce equality (13) and bound (14).

Corollary 1 Letf :[0,1] — R be such that f"+V is absolutely continuous for some n > 2
and f*"*V) > 0 on [0,1]. Then for x € [, 1),

! 1 cQ3
05(—1)"{/0 f(s)ds—Qc<x,§,1—x>+T2n (x)}

1
<
T 30(2x —1)2(—4x2 + 4x + 1)

1
98By + 98By .n(l — 2
[2(4n+2)!( a2 + 98Bap (1 - 24)

1 1/2
—13,440B4(x)By42 (x + E) + 480231(96)34,”4.2)]

1/2

1
. [ [ sa _s>(f<2n+2><s))2ds] , (19)
0
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and forx € (0,3 - sy

e 1 Q3
0< (-1 {/0 f(s)ds—QC<x,§,1—x) + Ty, (x)}

1
<
T 30(2x —1)2(—4x2 + 4 + 1) [2(471 +2)!

<9834n+2 +98B4us2(1 - 2x)

1 1/2
—13,440B4(%)Bans2 (x + 5) + 480233@)3%2)}

1/2

: [ / s —5)(f*2(s))* ds] : (20)
0

Proof We use Lemma 1, representation (15) and inequality (16) to obtain inequalities (19)
and (20). O

As special cases of Theorem 3 for x = 0, x = 1/4 and x = 1/6 we derive inequalities related
to the corrected Euler Simpson formula, the corrected dual Euler Simpson formula and
the corrected Euler Maclaurin formula, respectively.

Corollary 2 Let f : [0,1] — R be such that f*" is absolutely continuous for some n > 1.
Then

/ 1 f(s)ds - 1 [7f(0) + 16f(1) + 7f(1)] + T;QS(O)‘
0 30 2

1 1+7. 25—4n 1/2 1 - 1/2
o e B RGO ey

Iff%"* is absolutely continuous for some n > 0 then

1
/ f(s)ds - L [7f(0) + 16f(1) + 7f(1)] + T;@(O)‘
0 30 2
1T1+7- 23—4;’1 1/2 1 (2ns2) ) 1/2
= [m&mu] - [ /0 S0 - 9)(F ) (s)) ds] , (22)
where Ty ®(0) = 0, Ty ©(0) = Ty ©*(0) = & [f'Q) —£/(0)] and for n = 3,

79 (0) = %[f/(l) ()]

n

1

+
£ 15(2k)!

(_1 + 24—2/()82]( [f‘(Zk—l)(l) _f(Zk—l)(O)].

Remark 2 Specially, if f” is absolutely continuous then for # = 0 in Corollary 2, we derive

1
[ r0a- 55|70+ 167(5) +0]|
1 1/2
5% %UO s(l—s)(f/’(s))2d3:| .
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Further, if f” is absolutely continuous then for 7 =1 in Corollary 2 we obtain

‘ /0 f6)ds— o [7f(0) . 16f(§) + 7f(1)] ¢ [0 O]

1 1 ) 1/2
S6OJ€.|:/0 s(l—s)(f (s)) ds] .

Corollary 3 Let f: [0,1] — R be such that f® is absolutely continuous for some n > 1.

Jroa-glv(3) () v (@)] =)

1[ 1+9.254 680 12
=—|- 4n
15 [ 2(4n)! ]

1 1/2
: [ / s - 9)(F>(s))* ds] : (23)
0

Iff®V is absolutely continuous for some n > 0 then

[roa=g Q) G) ()] ()

1[1+9.234 28 1
[ 4n+2]

<
15 2(4n + 2)!

1 1/2
: [ / s(1-5)(F* 2 (5))” ds] : (24)
0

where Ty ©(1) =0, Ty P (1) = Ty P () = &5 [/(1) - £(0)] and for n > 3,

casf 1
Ty, (Z)_ 12O[f(l) -f(0)]

+ Z G (12 T (2574 — 9. 212 4 1) By [f®* (1) - f25D(0)].
k=3 :

Remark 3 If f is absolutely continuous then for # = 0 in Corollary 3 we obtain
[roas-lor(3) ()52

AT AW 2 4

1 23 1 1/2

e [/0 A=)’ ds] .
If /" is absolutely continuous then for # = 1 in Corollary 3 we get

! 1 1 1 3

-—l8f(=)-f(= Z 1

[roa-glo(3)-(5)+(3)]- polro-ro)

1 15 1 » 1/2
<o 3[/0 s(1-s)(F (S))2ds] .
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Corollary 4 Let f : [0,1] — R be such that f*" is absolutely continuous for some n > 1.

Then
o aloE) as(3) ()] 5()

4 172 1 1/2
< L [_MBAM} . [f S(l _S)(f(2n+1)(s))2ds:| ) (25)
0

= 80 2(4n)!

Iff®"* is absolutely continuous for some n > 0 then

roa=galm(5) 2 (3) ()] )

1[1+79.3%4 12 1 , T2
B . 1= §)(F2n+2) ’ %
: 80[ 204n+2) 2] Uo sL=9(F70) dS] (26)

where Ty ©(1) =0, Ty (1) = Ty ¥ (L) = - 55 [/(1) - £/(0)] and for n > 3,

ca(ly_ 1
Ton (g)——MO[f(l) -f10)]

+ Z W (1 - 212) (1 — 3420 B [F2-D(1) — £ )],
k=3

Remark 4 Specially, if f' is absolutely continuous then for # = 0 in Corollary 4 we obtain

s w27 (5) 20 () »2 ()]
1 89 1 , 1/2
<soV 3 [/O s -9)(f (s))zds] .
If f is absolutely continuous then for # =1 in Corollary 4 we get
! 1 1 1 5
(s)ds— %[2#(3) + 26f(§> + 27f<g>] 540 — [ -£0)]

1 1 , T
< m[/o s(L-s)(f"(s)) ds] .

Here, as in the rest of the paper, the symbol [f%;0,1] denotes the divided difference of
the function f*®)

[f(k); 0, 1] =f(k)(1) _f(k)

Theorem 4 Let f : [0,1] — R be such that f*" is an absolutely continuous function and
f®) > 0 0 [0,1]. Then representation (13) holds and the remainder KZCHQ?’(f ) satisfies the
following inequality:

(2n-1) (2n-1)
|1 CQ3 | < ” Gzc;?sl(x, 5) ”OO {f (0) +f 1) _ [f(2n—2); 0, 1]} (27)

1)v 2
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If %V is an absolutely continuous function and f®"*? > 0 on [0,1], then equality (15)
holds and the remainder K< (f) satisfies the inequality

(2n) (2n)
0By )Hoo{f2 0)+/*@) [0, 1]} (28)

K20 < :

2n+1

Proof Applying Theorem 2 with ngQS in place of f and £ in place of g we deduce

1 1
/ GZC,IQB(x,s)f(z")(s) ds—/ 2ch3 (x,8)ds - ffz”) (s)ds
0 0

1
< %;{ag,?_i(x,s)nw / s(1 - s)f "V (s) ds. (29)
0

Further,

1 1
/ s(1- s)f @41 (5) ds = / (2s - l)f(z")(s) ds
0 0
=f(2n 1) )+f (2n-1) (0) 2[ (2n-2) (1) _f(2n—2)(0)]'

Finally, using equality (13) and inequality (29), we obtain estimate (27). Similarly, from
identity (15) we get inequality (28). O

3 Applications for the corrected Euler Bullen-Simpson formula
In [14], the author proved that if f : [0,1] — R is a 4-convex function then the following
Bullen-Simpson inequality holds:

o e A )
< %[f(O) ; 4f(§> +f<1>] - o (30)

In [15] a generalisation of inequality (30) for a class of (2k)-convex functions was estab-
lished.

Franji¢ and Pecari¢ in [16] derived similar type inequalities by using the corrected
Simpson formula and the corrected dual Simpson formula. They proved that the corrected
dual Simpson quadrature rule is more accurate than the corrected Simpson quadrature
rule, that is,

o o)A s
< oo (5) 0] - Sirw-ro) [ £9)ds (3)

Also, they obtained a generalisation of inequality (31) for a class of (2k)-convex functions.
Let us define

DC(0,1) = —[7f(o + 16f< ) +14f<%) +16f<2> +7f(1)}.
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We consider the sequences of functions (G,f(s))kzl and (FkC ($))k>1 defined by

1
G,E(s) =7Bi(1-s)+ SBz(E —S>

1 3
+7B,"<‘(§ —s) +SBZ<E —s), seR

and
ch(s) = G,f(s) —Bi, seR, (32)

where

- 1 1 3
Bk = 7Bk + 831((2) + 7Bk<§> + 8Bk<z>.

By direct calculation we get B, = 1/4 and Bs = By = Bs = 0. Further, it is easy to see that
By1=0,k>2.

For any function f : [0,1] — R such that £~ exists on [0, 1] for some 7 > 1 we define
TE() = TE() =0,

TSY) = TS() = TS0) = TE0) = 5 = [ 0 -£(0)]

and for m > 6,

TS =50

o ACRIAY)

1 lm/2]

+E§

(2k)!

(1 _ 24—2/()B2k [f(2k—l)(1) _f(2k—l)(0)]. (33)

In [16], the authors established the following corrected Euler Bullen-Simpson formu-
lae.

Lemma 2 Letf:[0,1] — R be such that f"V is a continuous function of bounded varia-

tion on [0,1], for some n > 1. Then

1
[ 0 ds=p0.0+ T80 + RS (34)
0

and

1
f(s)ds = D€(0,1) + TS, (f) + RE(f), (35)

n
0

1 1
C _ C (n-1)
B0 = 5505 | G0
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and

RE() =

1 ! C (n-1)
30(n!)/0 Ey(s)df"(s).

Using Theorem 1 for identity (34) we get the following Griiss type inequality.

Page 12 of 14

Theorem 5 Let f : [0,1] — R be such that f* is absolutely continuous for some n > 1.

Then
1
f £(s)ds - DC(0,1) - TE(F) = KE(f),
0

and the remainder K¢ (f) satisfies the inequality

o 1 (_l)n_l -2n 5-4n 2
|1<,4(f)|5E 2(2}1)!(2 +7-2°%")B,,

1 172
: [ / s(1—5)(F"*V(s))* ds} :
0

Proof Applying Theorem 1 for f — G, g — £, we obtain

1 1 1
C(o\fm _ C . (n)
/ G, (s)f " (s)ds /(; G, (s)ds ./o f(s)ds

0

< Lr@so, 60" [ / s —s)(f(”“)(s))zds]llz
—ﬁ n\/7?>~n 0 4

where

1
0

2
T(GE(), GE()) = / (GE(5))ds - [ /0 ") ds] ,

Easily we get fol GS(s) ds = 0 and using integration by parts we have

1
/ (GS(9))* ds
0
nn-1)---2 1 c .
n+1)(m+2)---2n-1) [/0 Gy (5)Gy,1(5) dsi|

(n1)?

1 1

—(—1)”‘1(n!)2 2268y, + 4488, ( L ) + 2268, ( -
= (2}1)‘ 2n 2n 4 2n 2 .

— (_1)n—1

Using (34) and (38), we deduce representation (36) and bound (37).

Remark 5 Because of (32) we get

1 1 1
/ch(s)ds:/ ch(s)ds-/ By ds = -By,
0 0 0

(36)

(37)

(38)
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and also

1 1 1
/ (FS(s))* ds = / (GS(s))* ds — 2Bx / GS(s)ds + B2
0 0 0
So, using (35), similar to (38), we obtain equality (36) and inequality (37), too.
The following Griiss type inequality also holds.

Theorem 6 Let f : [0,1] — R be such that f™ is absolutely continuous and f"*V > 0 on
[0,1]. Then representation (36) holds and the remainder K¢ (f) satisfies the bound

1 D) 4D
’KnC(f)‘ =< m H GS_I(S) ”OO{f ;-f - [f( 2);0,1] } (39)
Proof Applying Theorem 2 for f — GS, g — f), we obtain
1 1 1
C (n) _ C A ()
/0 G, (s)f " (s)ds /0 G, (s)ds /0 f (s)dsl
" 1
<= ||G,§1(s)||oo< /0 s(L—s)f"(s) ds). (40)

So, similar to Theorem 4, using representation (36) and inequality (40), we deduce (39).
O
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