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Abstract

In this paper, a kind of Schurer type g-Bernstein-Kantorovich operators is introduced.
The Korovkin type approximation theorem of these operators is investigated. The
rates of convergence of these operators are also studied by means of the modulus of
continuity and the help of functions of the Lipschitz class. Then, the global
approximation property is given for these operators.
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1 Introduction

In 1997, Phillips [1] introduced and studied g analogue of Bernstein polynomials. During
the last decade, the applications of g-calculus in the approximation theory have become
one of the main areas of research, g-calculus has been extensively used for constructing
various generalizations of many classical approximation processes. It is well known that
many g-extensions of the classical objects arising in the approximation theory have been
introduced and studied (e.g., see [2-7]). Very recently, the book Convergence Estimates
in Approximation Theory written by Gupta and Agarwal (see [8]) introduced some ap-
proximation properties of certain complex g-operators in compact disks. Also, the Stancu
variants of some g-operators have been recently discussed (e.g., see [9-14]).

The goal of this paper is to introduce a kind of Schurer type g-Bernstein-Kantorovich
operators and to study the approximation properties of these operators with the help of the
Korovkin type approximation theorem. We also estimate the rate of convergence of these
operators by using the modulus of continuity and the help of functions of the Lipschitz
class. Then, we give the global approximation property for these operators.

Throughout the paper, we use some basic definitions and notations of g-calculus which
can be found in Aral et al. [3].

In the paper, C is a positive constant. In different places, the value of C may be different.
For f € Cla, b], we denote ||f|| = max{|f(x)| : x € [a, b]}.

2 Construction of the operators

Let p € N U {0} be fixed. In 1962, Schurer [15] introduced and studied the linear posi-
tive operators B, : C[0,1 + p] — C[0,1] defined for any n € N and any f € C[0,1 + p] as
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follows:

n+p
B, y(f;x) = Z (n +p) Q= x)"PKf(k/n), x€0,1].

o k
In 2011, Muraru [16] introduced and studied the following g-Bernstein-Schurer opera-
tors for any fixed p € N U {0}:

n+p

Bup(fs@%) = Y Puupilgs0)f (IK,/[]g),
k=0

where Py, i (g; %) := [",:p]qu(l —x)2+p_k andf € C[0,1+p],x€[0,1],neN,0<g<1.
The moments of these operators B, ,(f; g; x) were obtained as follows (see [16]).

Remark 1 For B, ,(#;¢;x),j=0,1,2, we have

Buy(Lg;x) =1, Boy(t; ;%) = w’
(1],
Bup (%) = M([” +plgx® +x(1 - x)).
[n]2

In 2013, Mahmudov and Sabancigil [17] defined g-Bernstein-Kantorovich operators as
follows:

. R ‘ U ([Klg+q*t
Bn,q(fix) = kXO:Pn,k(qwx)/O f<m) dqt,

where P, x(g;x) := [Z]qu(l —x)Z‘k and f € C[0,1],x€[0,1],neN,0<g< 1.

Inspired by the operators above, we introduce a kind of Schurer type g-Bernstein-
Kantorovich operators as follows.

Let f € C[0,1+ p] and p € N U {0} be fixed. For x € [0,1], € N, 0 < g < 1, we define the
Schurer type g-Bernstein-Kantorovich operators by

5 ) n+p ' 1 [k]q+qkt
Sn,p(f’ q’x) = kXO:Pmp,k(qrx)/(; f(m) dqt’ (1)

where
n+
Pn+p,k(q;x) = |: kpi| xk(l _x)2+pfk‘
q

In 2013, Ozarslan and Vedi [18] introduced the g-Bernstein-Schurer-Kantorovich oper-
ators K. Comparing the results of our present paper with [18], we find that the literature
[18] only estimated the rate of convergence in the pointwise sense for these operators K%.
In the present paper, we not only estimate the rate of convergence in the pointwise sense,
but also give the global approximation for these operators S, , defined by (1), and about the
estimate of the rate of convergence in the pointwise sense for these operators S, ,, we get
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some new results, which are different from those in [18]. As regards [19], the g-Bernstein-

Schurer-Stancu-Kantorovich operators K,(,?‘q’ﬂ ) were introduced. When o = B =0, these

operators K, “‘3 defined by [19] are reduced to K,S(,),}O), which are g-Bernstein-Schurer-

Kantorovich type operators, but these operators K,g?éo) are quite different from operators

S,» defined by (1), and our research work is different from that in [19], where statistical

approximation properties were studied for I(,i‘f‘q"3 )

Now, we give some lemmas, which are necessary to prove our results.

Lemmal Letp € NU{0} be fixed. Foranym e NU{0},n e N,x € [0,1],0 < g <1, we have

“ [l il g
”P £ g5 =Z< ) n+1mm+1- ]qZ( ) q" _I)anp(t] ;q;x).

j=0 i=0

Proof When 0 < q <1, we have g* —1= [k]l4(g —1), s0
Snp (tm; 94 x)

mp m [kl k(m-=j) pm—j
Pyipi(g; —d ¢
2 i@ 00 [n+117 !

1:

- [Klaq" "
mepk(q;x)2< )[n+1]m[m+1 Mo

k=0
m [n]{I np . mej [k]{, ‘
Z( ) I’l+1]'qn[m+1—j]q ;(q _1+1) [n—}'PVH'P'k(q’x)

j=0

M= 1

Il
(=]

" ol Xp:mi " (k—l)i@P (g:%)
j [n+1] [m+1- ]]q P i 1 [ni nepk\ds

J

m [n]j m—j m—j ) n+p [k i
( ) [n+1] [m+1 ]]q Z( i ) (q _1) Z ]7+lpn+pk(q;x)

] k=0 [l’l q

[”]j S Wl—j n i j+i, .
( ) n+ 1" [m+1 i lo( i )(61 —l)Bnyp(tl ,q,x).

Lemma 2 For S, ,(t;¢;x), i = 0,1,2, we have

]

\M§

(1) Snp(l q;x ): 5

2q[n + pl, . 1 )
[2]4[n +1], [2]q[n+1]q’

(ii)  Sup(t;qsx) =

(44 +4* + @)qln + p —1]4[n + plgx
[2]4[3]4[n +1]2

(iii) Sn,p (tz;q; x) =

(4¢° +5¢° + 3q)[n + plx N 1
[214([3]4[n +1]2 [B4[n + 112

Proof (i) For i = 0, since Y _;_o Pui(q;%) =1, fol dst=(1-¢q) Z;fo ¢ =1, by (1) we can get

Sn,p(l; 7l x) =1
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In view of Lemma 1 and Remark 1, by direct computation, we obtain explicit formulas
for S, (t';g; %), i = 1,2 as follows.

) — P n_ . [n]‘l Ny
Sup(t; 4 %) = PRCES) (Bup45%) + (¢" = 1) By p(t: g5 %)) + ot l]an,p(t’ ;%)
— < qn -1 i [n]q ) [” +p]qx " 1
2lyn+1]; [n+1], [n]4 [2]4[n + 1],
_ 2q(n +pl, - 1
2l,n+1],"  [2],n+1],
Sn,p (t2§ q; x)
1
= m(Bn,p(l;q;x) + 2(‘1n - I)Bn,p(t; q; X)
(@ =1 By (%) + — (B, (tq)
i [2]40m + 1]3 P
n 2 [I’l]; 2
+ (q - I)Bn,p(t ;q;x)) + (t ;q;x)

———B
[n+1]2 P

B ( (=17 2lg(q"-1) [n]; )q[n +p =1l +ply 5
- [3]40m + 1]; [2]4[n + 1](21 [n+ 1]3 [n]g

< 2(¢" - 1) (q" -1 2[n]y .\ 2[nlq(g" - 1)
[Blgln +117 ~ Blglnlgln+117 ~ [2]g[n +117  [2]4[nlgln + 117

[n]; )[n+p]q 1

Ml n+12) T, Bln+12

(4q° + ¢* + q)qln + p — 1], [n + p] % N (44° + 547 + 3q)[n + plgx
(2], (31,0 + 112 (21,8l + 112

1
MERTES 0

Lemma 3 Let p € NU {0} be fixed. For x € [0,1], n € N, 0 < g < 1, we have

[n+ p] 2 (1 + p]
Brbp((t_x)z;q;x) =x2< [n]q 1 _1) +x(1 _x) [I/I]EI q-

Proof Forx €[0,1], ne N, 0 <g <1, by Remark 1, we have

Bup((t = %)% ;%) = Bup(£% @ %) — 2By p (6 g5 %) + %°

2 2
_ [n[;]ng (01 Pl + 2(1— ) - % L2
2
:xz(%—o +x(1—x)%. 0

Lemma 4 Let p € NU {0} be fixed. Foranyn e N, x € [0,1] and 0 < g < 1, we have

Qpl,-Vg-1 1
[2],[n +1], [2],[n +1],

(1) Sn,p(t —%4q; x) =
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2
(i) Sup((t = 2% q5%) < %(’C(l"‘“%)'
q

Proof (i) In view of [n + pl, = [n], + q"[ply [n +1], = [1]; + 4", by Lemma 2, we can easily
obtain

sl ),
[2]4[n + 1], [2]4[n + 1],
_Qlpl-Ngt-1 1

[2],0n +1], [2],0n+1],

Sn,p(t —X;q;x) = (

(ii) For p e NU {0} and any # € N, using Remark 1, Lemma 3 and [# + p],; = [n], + 4" [Pl
we have

Sn,p((t - x)25 9 x)

n+p 2
gt kg
mepk(q:x)/( q > dqt

n+p 2
q"[kly (k]
Zp;ﬁpk(q,X)/ ([l’l + l]q ]q[l’l " 1]q + @ —x) dql'

: zgp"*"’k(q;x)/:([nq:tuq - [n]ﬁr[zkiqu)qut

, z:i?pw,k<q;x) / (% —x)qut
< ﬁ (£ 45% +2:2+§Pn+pk T )f[ltjl]"f +2B,,,((t - %)% ;%)
f%("“"‘“%)' O

Lemma 5 Forf € C[0,1+ p],x €[0,1] and n € N, we have
|Sup(fiq:%)| < If -
Proof In view of the definition given by (1) and Lemma 2, we have

|Sup (3 @2 < SupG @)1l = IfIl. 0

Let W2 ={g e C[0,1+p]:g,g" € C[0,1+p]}. For § >0, f € C[0,1 + p], the Peetre’s K-
functional is defined as

Ky(f,8) = inf{||f —gll + 8| ¢" | : g € W?}. ()
Let § >0, f € C[0,1 + p], the second order modulus of smoothness for f is defined as

wy(f, V8) = sup sup

0<h<+/8 %%+2he[0,1+p]
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the usual modulus of continuity for f is defined as

o(f,8) = sup sup [f(x+h)—f(x)|.
0<h<8 x,x+he[0,1+p]
For f € C[0,1+ p], following [20], p.177, Theorem 2.4, there exists a constant C > 0 such
that

Ky(f,8) < Can(f, V/5). (3)

3 Main results
Firstly we give the following convergence theorem for the sequence {S,,,(f; 9)}.

Theorem1 Let g, € (0,1). Then the sequence {S,, ,(f; q.)} converges to f uniformly on [0,1]
for any f € C[0,1+ p ifand only iflim,,_, g, = 1.

Proof Let g, € (0,1) and lim,,_, g, = 1, we have [n],, — 00 as n — oo (see [21]). Thus, by
Lemma 2, we have lim,,_, o, ||§,,,p(ej;qn; ) — ¢jllcroq = O for ej(x) = ¥/,j=0,1,2. According
to the well-known Bohman-Korovkin theorem [22], p.40, Theorem 1.9, we get that the
sequence {gn,p(f; qn)} converges to f uniformly on [0,1] for any f € C[0,1 + p].

We prove the converse result by contradiction. If {g,} does not tend to 1 as n — oo, then
it must contain a subsequence {g,, } C (0,1) such that limy_, o g, = g0 € [0,1). Thus

1-qg,
lim —— = lim —— 2% _q_g,.
k— o0 [nk]QMk k—oo 1 — (an)nk

Taking n = my, q = gy, in S,,,(¢;¢;%), by Lemma 2 we get

ank [ + P]an 1

X+
[2]q,,k [l’lk + 1]an [2]an [l’lk + l]an

Snk,p(t; an;x) =

R 1-¢g0 +2q0x

#x, ask— oo.
1+qo

This leads to a contradiction, hence lim,,_, », g, = 1. The theorem is proved. O
Next we estimate the rate of convergence.

Theorem 2 Let f € C[0,1 + p], x € [0,1], g € (0,1), we have |S,,(f;q;x) — f(x)| <
20(f, 8,(x)), where

12
8a(x) = [i(x(l —x)+ M)} . (4)

[n],

Proof By Lemma 2 we have

1Sup(F305%) = f )] = [Sup(FE) = f(x); g5%) | < Sup(|f (&) —F ()]s g5 %).

Since for ¢ € [0,1 + p], x € [0,1] and any § > 0 we have

[f() - f )] < (1+872(t - )%)o(f, 8),
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we get

|Sup(F3@5%) = f®)| < [SupLgi%) + 8728, (¢ — %)% g3%) |oo(f 8).

By Lemma 2 and Lemma 3, for x € [0,1], we have

|S,,,p(f; q; %) —f(x)| < (1 + 5‘25,2,(x))a)(f,3).
Taking 8 = §,(x), from the above inequality we obtain the desired result. O

Corollary1 Let M > 0,0 <« <1, f € Lip},; on [0,1 + p], g € (0,1), we have

”Sn,p(f; q; ) _f”C[O,l] =< 2M7]Z;

where

1/2
= [i(HM)} . 5)
[n]q [n]q

Proof Let M > 0,0 <« <1, f € Lipy; on [0,1 + p], we have f € C[0,1 + p]. For any 6 > 0,
since f € Lipy; is equivalent to w(f,8) < M8“, thus, by Theorem 2, for x € [0,1], we have
1Sup(fs g5%) — f(®)] < 20(f, 8,(x)) < 2M8% (x) < 2Mn?, where §,(x) and 7, are given in (4)
and (5), respectively, which implies the proof is complete. O

Theorem 3 Let f € C[0,1+p],x € [0,1], g € (0,1), we have

(@lplg-=Dg"! - Dx +1
[2],0n+1],

|Sup(fs %) —f(®)] < Con(f,84(x)) + w(f,

)

where C is a positive constant, §,(x) is given by (4).
Proof For f € C[0,1 + p], x € [0,1], we define

Sup(F345%) = Sup(f3 g3%) + (%) = f(@nx + by), (6)

2q(n+plq _ 1
[2]11[”*1]{1’ n- [Z]q[”*l]q

ge W2 te[0,1+p],x € [0,1], by Taylor’s formula, we obtain

where a,, = . By Lemma 2 we get gn,p(l; q:x) =1, §n,p(t; q;x) = x. Let

t
Sn,p(g; q;x) = g(x) + Sn,p (/ (t - M)g”(u) du; q;x).
X
Using the inequality (a — b)? < 2(a® + b?), we have

Sn,p((t -x)%q; x) + (anx + by — x)?

([p]q+1)2> . 42 -4[ply+4lpl)) , 2

[l [n]2 [m2

<58,(x), 7)

(x(l —X) +

Page 7 of 12
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so0, by the definition given by (6) and Lemma 4, for x € [0,1], we have

[Sup(@s %) - g()]|

Sup (/ (t —u)g"(u)du; q; x)

t
SSn,p(/ It—ul\g”(u)ldu;q:x>+
X

[S":P((t - %)% q; x) + (anx + b, — x)z] ||g” ”
<s2]e’

anpx+by,
+ f (anx + b, —u)g" (u) du
X

anpx+by
/ |@ux + by — u| |g”(u)’ du
X

IA

On the other hand, by the definition given by (6) and Lemma 5, we have

Suplfs@:%)| < |Snp(figs2)| +21IF11 < 3IFII. ®)

Thus, for x € [0,1], using Lemma 4(i), we have

|Sup (s @:%) —f ()]
< [Supf ~g:a:%)| + [Sup(@ g:2) — g)| + |g@) —f )| + [f(@nx + b)) —f ()]

(2[plg - Dg"™ -Dx +1 D
[2],0n +1], ’

<alf -l +s5wle’ | +o(r

Hence, taking infimum on the right-hand side over all g € W2, we can get

—Dg"™ -1Dx+1 D

|Sn,p(f;q;x) _f(x)| =< 51(2(f) az(x)) + a)(f’ [2]q[n + l]q

By inequality (3), for every g € (0,1), we have

((2 ] _1) n+l _ 1) 1

Theorem 4 Let f € C'[0,1 + p], x € [0,1], g € (0,1), we have

(2[ply - g™ - 1
21,0+ 1], x*[z]q[muq

+ 26n(x)w(f ,8,(x) ),

|Snp(f ;%) fx)| =

where ||f'|| = max{|[f’(x)|;x € [0,1 + pl]}, 8,,(x) is given by (4).

Proof Letf € C'[0,1+ p], forany ¢ € [0,1 + p], x € [0,1] and § > 0, we get

V(t) —f(x) —f’(x)(t—x)| < ‘/ V/(u) —f/(x)|du
<o(f, |t —x|)|t - x|

<o(f,8)(lt—xl + 87t - %)),
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hence

[Sup(F() = f (%) = f @)t — %); g3.%) |
< o(f',8)(Sup (1 = xl;g3%) + 878, ((t = %)% 45 %))

By using the Cauchy-Schwarz inequality, we have

[Sup (F(O) = f (%) = f ()t = %); g:.%) |

< 0(F18) (\/Sup Ui52) + 67/ Sup (¢ ~ 23 45%)) S, (¢~ 0P 53).

Thus, by Lemma 2 and Lemma 4, for x € [0,1], we can get

(2lply - g™ - 1
21,0+ 1], x*[z]q[muq

+o(f, 8) 1+ 8_18,,(96))8,,(96).

|Snp(f ;%) fx)| s

Taking & = 8, (x), then from the above inequality we obtain the desired result.
Finally we give the global approximation for the sequence {S,,,(f; g)}. For the next theo-

rem we shall use some notations.
For f € C[0,1 + p] and ¢(x) = V/x(1 —x), x € [0,1], let

¥(f,/n) = sup sup  |f(x+hox)) - 2f (x) + f (x — ho(x))|

0<h=/nxthp(x)€0,1+p]

be the second order Ditzian-Totik modulus of smoothness, and let

Kof,n) = inf{If — gl +n|e’¢"| + n*|"] : g € WP (@)}

be the corresponding K-functional, where W?2(p) = {g € C[0,1 + p] : g € ACioc[0,1 +
pl,o*g” € C[0,1 + p]} and g’ € ACjoc[0,1 + p] means that g is differentiable and g’ is ab-
solutely continuous on every closed interval [4,b] C [0,1 + p]. It is well known (see [5],
p-24, Theorem 1.3.1) that

1_<2,(p(f,n) S ng(f’ \/ﬁ) (9)

for some absolute constant C > 0.

Furthermore, the Ditzian-Totik modulus of first order is given by

E)w(f, n) = sup sup [f(x + ht//(x)) —f(x)\, (10)

0<h<nxx+hyel0,1+p]
where ¥ is an admissible step-weight function on [0, 1]. g

Now we state our next main result.
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Theorem 5 Let {S,,,(f;q)} be defined by (1). Then there exists an absolute constant C > 0
such that

1 1
|Supfias) -1 < sz( \/%) +?5¢,<f;@>’

wheref € C[0,1+p], 0 <q <1, p(x) = /x(1—x) and (x) = (1 +[2[pl; - 1)x +1,x € [0,1].
Proof Let
’S\n,p(f; q;x) = Sn,p(f§ q;x) +f(.7C) _f(anx + bn)y

2
where f € C[0,1+ pl, @, = Ghotit, b, = g Let g € W2(p), t € [0,1 4+ pl, x € [0,1],

by using Taylor’s formula, we have

t anpx+by,
§n,p(g; q;%) = g(x) + Spp (/ (t —w)g" (u)du; q; x) - / (anx + b, —u)g" () du
X X

Hence

Snp ( / (t - u)g" (u) du; g; x)

anx+by
/ (anx + by, — u)g" (u) du

[S,p(g5q5%) —g)| <

+ (11)

Let A2(x) = (%) + [p]qﬂ , because the function A, is concave on [0,1], we have for
u=t+t(x—-1t), 7 €l0, 1] the estimate

|t — ul T|x — ¢ |x — £
A2(u) T A2(8) + T(A2(x) = 22(2) T A(x)

Hence, by (11) we have

[Sup(@ %) — g()|

Sup((t =2 4:%) 28" +

(@ + b, — x)? ||)L2 /' ||

_ 1 1
T A2(x) A2(x)

(plg+D)?

In view of (7) and [|A2g"|| < [l¢?g”| + op

llg” I, for x € [0,1], we have

N 1 ( ] 1) 1
Buvtonn-ew) < o (o' + L5 1e'])

Using (8), for f € C[0,1 + p], we find

’Sn,p(f;q;x) _f(x)’

+1)

<alf-gl+ —<H<p2 oo et 7o H)  [Fla + by) - F)|.
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Taking the infimum on the right-hand side over all g € W?2(p), we obtain

S (f3 45 %) - f ()] < 20([p], + l)zfz,(p (f L) + |[f(anx + by) = f(%)].

"[nlq
On the other hand, by (10) we have
V(anx +b,) —f(x)‘

(@, -1)x+b,
:P(’CW(’C)( e ))_f(x)'

sup "[(t.m/,(t)(M)) —f(t))
vy ()@l e 0, 14p) ¥ (x)

)

IA

N ] (a,—1)x+b,
‘”(f’ V()

— 1
‘”(f' [n])’

s0, using (9) we obtain

IA

IA

|Supfsa) £ < Cofy (f, L) +751,,<f;ﬁ>, .

(n],
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