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Abstract

In this paper, we discuss the approximation properties of the complex weighted
Kantorovich type operators. Quantitative estimates of the convergence, the
Voronovskaja type theorem, and saturation of convergence for complex weighted
Kantorovich polynomials attached to analytic functions in compact disks will be
given. In particular, we show that for functions analytic in {z € C: |z| < R}, the rate of
approximation by the weighted complex Kantorovich type operators is 1/n.
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1 Introduction

The first constructive (and simple) proof of Weierstrass approximation theorem was given
by Bernstein [1]. He gave an alternative proof to the Weierstrass approximation theorem
and introduced the following polynomial:

B (f)(@) = an,k(aof(S), f:01]— R,
k=0

where p,, x(x) = (Z)xk(l —x)" K, x €[0,1].
Foranyf € L7([0,1]),1 < p < oo, Ditzian and Totik (see [2]) introduced the Kantorovich-

Bernstein operator as follows:

: i
Kulfi) = Y puane ) [ ) O
k=0 P
where p,, x(x) = (Z)xk(l —x)" %, k=0,1,2,...,m;x € [0,1].
Let
wx) =x*A-x)?, «,f>-1,0<x<1, 2)

be the classical Jacobi weights.
Let

17 {f:wf € L(0,1)}, 1<p<oo,
w = .

{f :f € (0’ 1):hmx(l—x)~>0(wf)(x) = O}, p =09,
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and equip L%, with norm

fo (wf) ()P dx)'P, 1< p< oo,

e T T

In [2], Ditzian and Totik studied the case of weighted approximation properties of K, (f; x)
in L%, under the restrictions — }7 <a,B<l- 1% on the weighted parameters. In [3], Della
Vecchia et al. removed the restrictions on «, f and introduced a weighted generalization
of the K,,(f; x) as follows:

S, ) de

I<* Z f W(t) dt pn,k(x), X € [0,1], (3)
I
where
1
—]—7<05,/3, 1<p<oo, @

and f € Ll,. K¥(f;x) allows a wider class of functions than the operator K, (f;x). Because,
Della Vecchia et al. dropped the restrictions o, 8 <1 — }7 and obtained (see [3]) direct and
converse theorems and a Voronovskaya-type relation for the weighted Kantorovich opera-
tor (3). Also Della Vecchia et al. solved the saturation problem of the weighted Kantorovich
operator (3) (see [4, Theorem 2.1]).

In [5], Yu introduced the following modified operator of K,(f;x):

K (f;x) = (1—x)”(n+1)<2/1f(t)dt—/1f(t)dt>

n-1

+Y (n+1) | S0 dup ()
k=1 k

+x"(n+1) (2 f(t)dt - f(@) dt), (5)
In-1 In—
and direct and converse theorems and a Voronovskaya-type relation were obtained with
modification of the classical Kantorovich-Bernstein operators (1) with Jacobi weights
w(x) = x*(1 — x)#, where —117 <a,p.
The goal of the present note is to introduce the complex weighted Kantorovich type

operator
o Jo @ - t)ff(kety de
Ku(f;2) = k;)p,,,k(z) BarLEsl) (6)

where ‘71 <a,f and 1 <p < 00, B(,,-) is a beta function, and we study the convergence
properties of K,(f;z). Notice that the approximation properties of complex generalized
Kantorovich type operators are studied in [6].

In the recent books of Gal [7, 8] (see references therein), a systematic study of the over-
convergence phenomenon in a complex approximation was made for the following im-

portant classes of Bernstein-type operators: Bernstein, Bernstein-Faber, Bernstein-Butzer,
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Bernstein-Stancu, Bernstein-Kantorovich, Favard-Szasz-Mirakjan, Baskakov, Bernstein-
Durrmeyer, and Balazs-Szabados.

Let D be a disc Dy := {z € C: |z]| < R} in the complex plane C. Denote by H(Dg) the
space of all analytic functions on Dg. For f € H(Dg) we assume that f(z) = Y . @,,2"

We start with the following quantitative estimates of the convergence for complex
weighted Kantorovich type operators attached to an analytic function in a disk of radius

R >1 and center 0.

Theorem 1 Letf € H(Dg). If1 <r <R, then for all |z| < r we have
2 o0
|K,(f;2) — f(2)] < - > lemlm(m + 1)1, @)
m=1

where n € N.
The next theorem gives a Voronovskaja type result in compact disks, for complex
weighted Kantorovich type operators attached to an analytic function in Dg, where R > 1,

and with center 0.

Theorem 2 Let f € H(Dg). If1 < r <R then, for all |z| <r, we have

(oc+1)—z(o¢+f3+2) , z1-2) ,,
Kufiz) - f(2) (x+B+2)(n+1) (2) - 2(n+1)f (Z)‘ ®)
<—§|am|mm 17" + WZIamlm(m nr,
where n € N,

As an application of Theorem 2 we present the order of approximation for complex

weighted Kantorovich type operators.

Theorem 3 Letf € H(Dg). If1 < r < Rand iff is not a constant function, then the estimate
1
| =11, = ~C(f), neN, )
holds, where the constant C,(f) depends on f, o, B, and r but it is independent of n.

2 Auxiliary results
Lemma 4 Forallne N, m e NU{0}, z € C we have

WB(o + m — ]+1,B+1) )
Klewsd) = 0, +1)mz< ) Ba+Lpry G 10

where e,,(z) = 2.
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Proof The recurrence formula can be derived by direct computation:
K(em3 z) = S ipnk(z); i/l "\ @ - 0P ke de
(n+1)m P T'Bla+1,8+1) ‘= Jo j

1
K f 21— )P dt

0

1 - 1 " (m
- (n+1)m ;pmk(z)B(a +1,8+1) Z ( j )

o

m <Wl> WB(a +m -j+1LB+ DB,,(e;;Z).
J
=0

1
(n+1)m Bla+1,8+1)

J

Lemma 5 We have

K(eo;2) =1,
oa+1 nz
I(n 5 = ’
(e132) (a+/3+2)(n+1)+n+1
K (ex:2) = 1 (o +2) (o +1) 2nz (a +1)

(m+1)2 (oz+,3+3)(oz+,8+2)+(n+1)2 (@+B+2)

N <z2+ z(l—z)) n?
n (n+1)%’

oy (a+D)—z(a+B+2)
K, ((e1 -2);2) = (m+D(a+pB+2)

2\ L2 tizl-2) a+1 nz
Kn((el—z) ,z)—n W_Z _zz((n+1)(oc+,3+2) +;f1+1>
a+1 (¢ +1)(a +2)
(n+1)2(a+,3+2)+(n+1)2(a+,3+2)(a+,6+3)'

+2nz

Lemma 6 ForallzeD,,r>1 we have
|Ku(ems 2)| <1,
m

where e,,(z) = 2.

Proof Indeed, using the inequality |B,(ej; z)| < ¥ (see [7]) we get

‘ 2 (m\WBa+m—j+1,8+1) 3
foleni] < 120: (1) (n+1)"Bla + 1,8 +1) [Balej2)]

1 &K (m)\ 1+n\"
W = ——r
S(n+1)m,=z<j> ' (n+1) n

Lemma 7 Forallze C,ze NU{0} we have

1-
Ky(emi132) = 21-7) K,(em; 2) + 2K, (em; 2)
n
L1 ’”i m+1\ o Blasm—j+2,f+1)
(m+1)m P j Bla+1,8+1)

n J
— - B,(ej;2).
><<n+1 m+1> (632)

Page 4 of 12

(11)
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Proof We know that (see [7])

z(1-2)

B, (e;2) = By(ej1;2) — zBy(ej; 2).

Taking the derivative of (10) and using the above formula we have

21-2) , = z(1-2) 2 (m\WBa+m—j+1,8+1) .
n K (emiz) = n ;(j)(n+l)”‘B(a+1,ﬁ+1) By(&i2)

m /B -j+1,
=) (m> n(n (+a1)+mrg(a]++£ﬂﬂ++1;) (B (€152) ~ 2B, (¢ 2)

m+1 j_lB o 2 1
(,m )n vm-j2.p+ )Bn(e/;Z)—z1<n(em;z)'
=1

(n+1)"Bla+1,8+1)

It follows that

K, (em+1; Z) =

z(1-z
( )K,’,(em;z) + 2K, (e,;2)
n

+§(m+l> niB(a+m—j+2,ﬂ+1)Bn(ej;Z)

pry j (m+1)"1B(a +1,8 +1)

N m \ W Bla+m—j+2,B+1)
-2, I By(ej2)
T V- 1) (n+1)"'Bla+1,8+1)

Bla+m+2,8+1)
(m+1)"1B(a +1,8 +1)

K (em; 2) + zKy(em; z) +

_z(1-2)
T oo

m+l : . .
1\ #'B —ji+2,8+1 -
+Z(m+ )n (+m—j+2,B+ )( j "

Bn i
j (m+1)"Bla+1,8+1) \m+1 n+1) (€:2)

j=1

_ z(1-2)

K (€3 2) + 2Ky (€m; 2)

+§(Wl’+1>n/‘lB(a+m—j+2,ﬁ+1)< 5, )B,,(e,;z).
P j n+1)"Bla+1,8+1) \m+1 n+1
Here we used the identity
m\ (m+1 j
i-1) ' j Jm+1) 0

Define

(0+1)—zla+p+2) ., z(l-2)
(@+B+2)n+1) me _2(n+1)

En,m(z) = I(n(em;z) - em(z) - WI(WI - 1)Zm72.

Lemma 8 Let n,m € N, we have the following recurrence formula:

En,m(z) = Z(ln— Z) (I<n,q(em—l;z) - em—l(z))/

-1
+2Eyma1(2) - ~ Z"1(1-2)

n(n+1)
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(0+l)-zl@+B+2) ,,,4
(c+B+2)(n+1)

WB(o + m — j+L,B8+1)mn—jn+1) ‘
Z( ) Bla+1,8+1) mn B(e;,z).

(n + 1)’”

Proof It is immediate that E,,,(z) is a polynomial of degree less than or equal to m and

that En,O (Z) = En,l (Z) =0.

Using (11) we get
Eun@) = 2 (6 0059 —ena@) + Pt
(+1)—z(x+ B +2) 3
+ Z(En,ml(z) + PR FDICTS) (m-1)z

z(1-2)
+2(1f1+1)
(0+1l)—zla+p+2) ., z(1-2)
B (x+B+2)(n+1) me _2(n+1)

i( )nlBa+m j+1L,B+1)mn-— J(”+1)B u(ej; 2),
j=0

(m—1)m - 2)2'"-3)

m(m —1)z"2

m

Bla+1,8+1) mn

Ev(2) = Z(ln‘ D (K (emrs2) - ema@)) + 2" (“(; ) - f(;") . 4 ;)2) (m—1-m)
+72" Y 1-2) (m - 12)((21;1? —m) +72" Y 1-2) (m —1)
WBla+m—j+1,8+1) mn—jn+1) )
n+1mz( ) Bla+1,8+1) mn Bi(ej2),
z(1-2)

Eym(z) = “a (I<n,q(em—l;z) - em—l(z))/

(m-1) 21— 2) (¢+1)—zla+p+2) , 4
n(n +1) T @+ B+2)m+])

WBla+m—j+1,8+1) mn—jn+1) ]
(n+1)mz< > Bla+1,8+1) mn Bi(ej2),

+2zE, m1(2) +

which is the desired recurrence formula. O

3 Proofs of the main results

Proof of Theorem 1 By use of the above recurrence we obtain the following relationship:

K (em-152) + 2(Ky(em-1;2) — em-1(2))

WBla+m—j+1,8+1)
(n+1)”‘Z< ) Bla+1,8+1)

mn —j(n+1)
Xi

I<n(em;z) - em(z) = Z(ln— Z)

B, (ej; 2). (12)
mn
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For |z| <r we can easily estimate the sum in the above formula as follows:
1 m B . 1, 1 . .
Z m y (x+m—-j+1,8+1) 1_L_L Bu(ei2)
(m+1)m =\ Bla+1,8+1) m  mn

1 (mz1<m_1> m wWBa+m—j+1,8+1) I_L_L)|Bn(e;;2)|

<
“(m+1)m pn j m-—j Bla+1,8+1) m  mn

Bla+L,B+1) n™t
+ r
Bla+1,8+1) (n+1)"

m-1 P
1 -1 4 m-1

- S (") L gy ¢

(n+1)m = j m—j m mn (n+1)m

2m(n+1)" 1 + (n+ 1)
- (n+1)m

(n+1)"'Cm+1) ,, @Cm+1) ,
= r" = .

(m+1)m (n+1)

It is well known that, by a linear transformation, the Bernstein inequality in the closed unit

disk becomes
, m
P, (2)| < —|IPull,, forall|zl <r,r>1,
r

for all |z| < r, where P,,(z) is a complex polynomial of degree < m. From the above recur-

rence formula (12) we get

|z||]1 - 2] 2m+1)
|I(n(em;z) - em(z)| <— |I(;;(em—1§z)| + |Z| |I(n(em—l;z) - em—l(z)| + r”
n (n+1)
1+ -1 2m+1
< rl+r)m | Kn(em-1) |, + 7| Ku(em-132) — em-1(2)| LD,

—_ r
n r (n+1)
2m-1) , (@2m+1)

(n+1) ”

< r|I(n(em_1;z) - em_1(2)| +
4m

< r|I(n(em_1;z) - em_1(Z)| +—r"
n

By writing the last inequality for m = 1,2, ..., we can easily obtain, step by step, the follow-

ing:

’I(n (em; Z) —€em (Z) |

4m m+r4(m_1)rm—1+r24'(m_2)rm—2+.__ m—lé

n n n

_ 2m(m + 1) o

4
=—r"m+m-1+---+1) < (13)
n

Since K, 4(f; 2) is analytic in Dy (see [7, p.6]), we can write

[e¢]
Ki(f;2) =) amKylewiz), z€Dg,

m=0
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which together with (13) immediately implies for all |z] <r

|Ku(fs2) - f(2)| < Z|ﬂm|’K em;z) —em(2)| < = Z |Cpu| (1 + 1) .

Proof of Theorem 2 A simple calculation and the use of the recurrence formula (10) lead
us to the following relationship:

z(1-2) 21— 2)

’ m —
(Kng(em-152) — em1(2)) + zEyma(2) +

n(n+1)
m-1
+ L(z’” — Bu(em;2)) + 1 (1 I )Bn(emiz)

n+1 n+1 (n+1)m1

Eym (2) =

(@ +1) n"-1 D )
' (@+p+2)(n+1) ((n +1mt > n\€m-152
m—2
) (Bulen132) = 2"™) - = 1) B,(ep-1;2)

+(a+,3+2)(n+1)

WBla+m—j+1,8+1) mn—jn+1)
( ) Bla+1,8+1) mn

(¢ +B+2)(m+1)m

Bn(ej;z)

WI

= I (14)

Firstly we estimate I3, I3. It is clear that

5] < 14 ),
n(n+1)
(m—-1) (m-1) (15)
m— m—
Ig| < B, q(em-1; = -l
|8|_(oz+ﬁ+2)(n+1)2| ale 1Z)|_(oz+,6+2)(n+1)2r
Secondly using the known inequality
1- ka<2(1—xk), 0=<x <1,
k=1
to estimate I, Is, Iy, we have
| < 1 ) "1 ’B )| < m-1
- €ms r,
=il (n+1)m- z (m+1)2
a+1 "1 (m-1)
I < 1 - B m-1» — 1
|6|_(oz+,6+2)(;f1+1)( (n+1)m )| n(e 12){ n+1)2r
1 22 /m-2 m(m —1)
| < - ( . >— (16)
(mr1)m e\ j ) m=j)m—j=1)

XniB(a+m—j+1,ﬁ+1)<1_L'_L)r/.

B(O[+1,,3+1) m mmn

<2m(m—1)(a+1)(a+2)(n+1)’”‘2 o 2mim-1)
(@+B+2)(a+pB+3)(n+1)" = (n +1)2
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Finally we estimate 4, I;. We use [7, Theorem 1.5.1]:

1
[yl + 17| < |Zm _Bn(em;z)| + |By,(€m_1;Z) —Zm_1|
n+1l

1
(a+pB+2)(n+1)

3mim=1) | w1, 3m=1)m-2) -
= i+l @ +7r)r +2(01+,3+2)n(n+1)(1+r)r . 17)

Using (13), (15), (16), and (17) in (14) finally we have (m > 3)

|Epn(2)]
<" (6, 52) - s @) |+ 1{Enna@)] + )
3m(m—1)(1 el m-1 , m-1) .,
i 2n(n +1) o (n+1)2r i (n+1)27
3m—-1)(m-2) (1 + ) (m-1) w1 2m(m—-1)
et pinmen T T @ prme)? T (nr12
= ril+r) |(I<n(em—1;z) - em—l(z))/| + r‘En,m—l(Z)|

2m-1) , 3mm-1) , m-1 (m-1) ,, 3m-1)(m-2) ,
+ "+ "+ "+ r

rm
n? n? n? n? (a+B+2)n?
s (m-1) o 2m(m — 1)rm
(a+ B +2)n? n?
r(1+r)

<~ | (K(em-152) — em-1(2))'| + 7| Enpms (2)]

2 -1 3 -1 -1 -1
+ mm )r’"+ mm )r’”+m(m )r’”+m(m )r’"

n? n? n? n?
3m-1)(m-2) ,, mm-1) , 2mm-1)
(a+ B +2)n? ’ (oz+,3+2)n2r n? ’
< ") (o 152) — @) | + 7| B2

n
Imim-1) ,  4dm(m-1)
+ r r
n? (a + B +2)n?

1 -1
< V( + V) —mr ||](n(em71;z) — €m-1 (Z) ||r + r|E"’m71(Z)|

1

Imm-1) ,  4m(m-1)
" n? ! (a + B +2)n2 ’

< m-1)A+r)2m-1)m 1

1

Im(m-1) ,,  4m(m—1)

m

+r|Eym-1(2)| + r r
n n [Enn-1(2)] n2 (o + B +2)n?
4m(m - 1)? 9m(m —1) 4m(m -1)
<r|lE,ma(2)| + "+ "+ "

= 7|Euna 2| n? n? (o + B +2)n?
13m(m —1)2 dm(m —1)

<r|E,ma(2)| + g "

= 1[Enn @) n? (a+ B +2)n?

As a consequence, we get

1Bm(m-1)? ,  4m(m-1)

rm
n? (a + B +2)n2

|Enn(2)] <
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The result follows from the fact that

) (¢ +1)—z(a+p +2) z) .,
(a0 - EE 2@
< Naml|Eam(@)|
m=2
13 o ) 4

Note that since f®) = >"°° , a,,m(m —1)(m — 2)2""~3 and the series is absolutely conver-
gent for all |z| < R, the finiteness of the involved constants in the statement easily follows.

g
Proof of Theorem 3 For all z € Dg and 1 € N we get
Kq(f32) - f(2)
- 1 : { @+ 1(3)( —+z’éa++2/)9 +2) s &
e (Kol -f10) - I D - 2B )

We apply

IF +Gll, = [IIF = IGI.,| = IFll, - Gl

to get
| Knath) =11,
> 1 { (a+1)—z(a+;3+2)f( z(l z)
n+1 (x+B+2)
] (@+1)-zla+B+2),, z(1 "
Kffia) (o) - I D It

Because by hypothesis f is not a constant in Dy, it follows

a+1l)—zla+B+2 zZ(1-z
( )o@t B+2) o, A )m(m -1)z"?|| >o0.
(¢+B+2) ,
Indeed, assuming the contrary it follows that thzm‘l + @m(m —1)z"% =0,

for all z € Dy, that is,

nd (@+1) . > z(1-2) e
Yan{ a2 Lo P02 20

=1 m=2
nd ( +1) ind >
m—1 m m—1
- a,,mz" + — a,m(m—1)z
St e =Y+ Y amtn-1)
m=1 m=1 m=2
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1 o0
=5 Zamm(m -1)z" =
m=2

(a +1) (a +1) it
(oc+ﬁ+2) 1+Zam+1 ’3+2)(m+1)zm—2ammzm

1 —
+ 5 ;amﬂ(m +1)(m)Z" - 5 ;amm(m -1)z",

a+1) (a+1)
(a+,3+2) 1+Z<“”‘+1 ﬁ+2)(m+1)—amm

1 1
+ 5ﬂm+1(m +1)(m) — Eamm(m - 1)>zm =0,

a = O,
m+l%(m +1)—a,m+ %ﬂmﬂ(m +1)(m) - %amm(m -1)=0,
A1 <%(Vﬂ +1)+ %(Wl + 1)(”’1)> =a, (m + %m(m - 1)),
A, (m + lm(m -1))
Al =

(a(f;iz (m+1)+ (m +1)(m)’

forall z € Dg\{0}. Thus a,, = 0,m =1,2,3,.... Thus, f is constant, which is in contradiction

with the hypothesis.
Now, by Theorem 2 we have
(@+1)—z(x+B+2) L z(l-2) .
(04K ff2) -0~ L Dt Z D - 1)

§n+1(132|ﬂm|m2(m 1)2rm+wz|ﬂml(m Hom=2r ) -0

n m=2

as n — 00.
Consequently, there exists 7; (depending only on f and r) such that, for all # > n;, we have

m(m —1)2"2

(0+)—zle+p+2) ., z(1-2)
A
(+pB+2) 2

r

Ko(f;2) - f(2) - 1 <(a+1)—z(a+ﬂ+2) -1

—(n+1)‘ (n+1) (x+pB+2)

+ A1-2) m(m — 1)z’”'2>

r

m(m —1)z"2

’

(@+)-zla+B+2) ., z(1-2)
(+pB+2) " 2

r

=2
which implies

1 1
-1,

(+1)—z(ax+ B +2) Zm_1+z(1—z)
2

m—2
(@+pB+2) m(m =1z

’

r

for all n > n;.
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For1l <un <m —1we have

1K) =11, 2 3y (e + DIKD =1 ,) = 55 M) > 0,

r—2(

which finally implies that

|Ka ) =11, >—C(f)

for all n, with C,(f) = min{3M,1(),..., My 1(f), 3 %mzm‘1 + 2Dy (m —

12"} O
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