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Abstract

By the way of using real analysis and estimating the weight functions, two kinds of
Hilbert-type integral inequalities in the whole plane with a non-homogeneous kernel
and a homogeneous kernel are given. The constant factor related to the triangle
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1 Introduction
Assuming that f(x),g(y) > 0, 0 < [, f2(x)dx < 00 and 0 < [~ g%(y) dy < 00, we have the
following Hilbert integral inequality (cf. [1]):

0% f(x)g(y) ( ~ >, >5
— 2" dxd d. d ,
| [ EER dyen ([ rwar [ eora W

where the constant factor 7 is the best possible. Inequality (1) together with the discrete
form is important in analysis and its applications (cf. [1, 2]). In recent years, applying weight
functions and introducing parameters, many extensions of (1) were given by Yang (cf. [3]).
Noticing that inequality (1) is a homogeneous kernel of degree —1, in 2009, a survey of
the study of Hilbert-type inequalities with the homogeneous kernels of negative num-
ber degrees was given by [4]. Recently, some inequalities with the homogeneous kernels
of degree 0 and non-homogeneous kernels were studied (c¢f [5-10]). The other kinds of
Hilbert-type inequalities were provided by [11-15]. All of the above integral inequalities
are built in the quarter plane of the first quadrant.

In 2007, Yang [16] first gave a Hilbert-type integral inequality in the whole plane as
follows:

% f(x)g(y)
/_oo /_oo (7 ey 7Y

o) ([ ercoa)’
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where the constant factor B(%, %) (A > 0) is the best possible, and B(u, v) (1, v > 0) is the beta
function (¢f [17]). He et al. [18—28] also provided some Hilbert-type integral inequalities
in the whole plane.

In this paper, by the way of using real analysis and estimating the weight functions, two
kinds of Hilbert-type integral inequalities in the whole plane with a non-homogeneous
kernel and a homogeneous kernel are given. The constant factor related to the triangle
functions is proved to be the best possible. We also consider the equivalent forms, the

reverses, some particular cases, and two kinds of operator expressions.

2 Some lemmas
In the following, we use the following formula (¢f. [1]):

[e'e} a— >
/ (nne? [B1-aa)] = [ - ] 0<a<l). ®)
0

t—-1 sinam

Lemmal [fO<o; <ay<m,u,0>0,u+0 =4,y €{a;a= ﬁﬂk—l(ke N={12,...H)},
8 € {-1,1}, we define two weight functions w(o,y) and @ (o,x) (y,x € R = (—00,00)) as fol-

lows:
oo 1 SV S )Y ; o
0(@,3) :=/ o nf|x°y” + (x°y)? cos ;] 1y dx, @)
oo i€12) [[X0y]” + (x0y)7 cos a;]MY — 1 |x|1-00
[ In[|x’y|” + (x°y)” cose,] x>
w(a’x) = m S|V Sa)Y JAly — 1-o (5)
—oo i€(L2} [[x0y]Y + (x°y)7 cos ;] 1yl

Then for y,x € R\{0}, we have

w(o,y) = (o,x) =K(o),
20 20 2
=Y “2)” a0 LA | DGR
K(o):= : [(sec 5 ) + (csc 2) ][Asin(%)] eR,. (6)

Proof Setting u = x’y in (4), for y € R\{0}, we find x :y%l us, dx = %y% us~ du, and

1| [ In(||” + uY cosq;

w(o,y) = —/ max — % ) | du
8| Jooo i€t (Jul” + u¥ cosoy)tr -1

o0

/ In[u¥ (1 + cos ;)]
= max
o i€l ur(1+cosa;)Mr —1

/0 In[(-u)” (1 = cos ;)]

o i€12) (—u)*(1 = cos ;)7 —1

u*Ldu

(~u)° Ydu

/00 In[u( +cosa))’”]
=y max u’" du
o (L2} [u(l +cosa )7 -1

/00 In[u(1 - cos ;)7 ]
+ X
o ielr2) [u(l—cosa)7]r =1

uo! du}.
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In view of the function tlA“—_tl being strictly decreasing in R, (cf. [3]), we have

~ © In[u(1+cosaz)] .,
@(0,9) = /0 [u(1 + cosan)7]* — lu du
* In[u’(1 - cosay)]
+/0 [

*du. 7
u(l—cosal)l/y]’\—lu " @

Setting t = [u(1 + cosaa)"]* (¢ = [u(1 - cos a;)V"]*) in the above first (second) integral, by
calculations and (3), it follows that

sec2 2\ ¥ csc? 4 ® Int o
w(o,y) =L 2 )", 2 5 e = K (o).
2 T2 2 P

Setting u = %y in (5), for x € R\{0}, we find y = x°u, dy = x° du and

<IQ

In(|u|” + u cosa;)|u|°!
w(o,x) = (Ju )lu du=K(o).
OOlEIZ (|lu|” + u” cosa;)Mr —1

Hence we have (6). g

Remark 1 If we replace max;c1,2; by min;eq ) in (4) and (5), then we must exchange o,
and a5 in (6).

Lemma?2 pr>1,}7+$ =1,0<a; <ay<m,u,0>0,u+o0=X\y €la;a= 2k+1,2k 1(ke
N)}, § € {-1,1}, K(o) is indicated by (6), f(x) is a non-negative measurable function in R,

then we have

o) 00 &) ) . p
]::/ |ylpg_1{/ max In[|x®y]” + (x%y)” cos a;]f (%) dx} i

oo 1612} [|2y]7 + (x%y)7 cos o]V 1

< &70) | " P 2 ) di, ®)

Proof For simplifying in the following, we set

In[|x’y]” + (x°y)” cos o]

AL
o) = ieli2) [ y]” + (xPy)Y cos o ]MY -1

(x,y €R). 9)

By Hélder’s inequality (cf. [29]), we have

( / 1O ) dx)p
o0 || =80/ |y|4=) i
:[/ h(a)(x’y)b - “/Pf( )]L 150) q}dx}
(1-80)(p-1) (1-0)(g-1) p-1
/ " (x’y)|x|| = ")dx[/ g (x’y)|y|| 5 dx]

| (1-é0)(p-1)

= (w(0, )" Hy7e ! / HO (x, ) %f"(x) dx. (10)
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Then by (6) and the Fubini theorem (cf [30]), it follows that

80)(p-1)
]<1(Plo)/ [/ HO(x, ) 1|10 fp(x)dx]dy
_ Ko )/ (0, %) [x[P1-5) 1P (1) .

Hence, still in view of (6), inequality (8) follows. O

3 Main results and applications
Theorem31fp>1,%+%:1,0<a1§a2<n, wo >0, u+o0=»xy €{aa-=
ﬁﬂk -1 (k e N)}, 8§ € {-1,1}, K(0) is indicated by (6), f(x),g(y) = 0, satisfying 0 <

S5 PO 1P () dix < 00 and 0 < [ |y|10-2)"1g4(y) dy < oo, then we have

3 3
/ ./ ief 12 I+ e cosard f(x)g(y) dxdy

[|x8y]” + (x%y)Y cos o ]MY —

< K(o)[ / ” |31 £ () dx]p [ / ” |y|20-2)1g4(y) dy] 5, (11)

) )
J = / |y|p<7 1{/ max In[|x )’ly + (% J’)y cos ;] f(x) dx}p dy

ief1,2) [|2%y]” + (¥%y)Y cos oy ]*Y — 1

<K¥(0) / P05 () i 12)

where the constant factors K(o) and K¥ (o) are the best possible. Inequalities (11) and (12)

are equivalent.

In particular, for oy =y = € (0,7), y =1 in (11) and (12), we find

K@) k@)= L[ (sec®) (s @) 2T (13)
o) =K(O .—2—G|:<SCCE) +(CSC§) ][m],

and the following equivalent inequalities:

o0 [e'e) ) S
/ / In(|x°y| + x ycosa)lf(x)g(y)dxdy

—oo (|x%y] + X3y cosa)* —

<k [ e eas] | [T poriaoa) a4)
© Al In(xy| + 2y cosa) 4

Loor [ aorememay o] &
<k’(o) / 2P (x) dx., (15)

Proof 1f (10) takes the form of an equality for a y # 0, then there exist constants A and B,
such that they are not all zero, and

1-80)(p-1) (1-0)(g-1)
X
| |||1U fp()_ W“T a.e.in R.
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We suppose that A ## 0 (otherwise B = A = 0). Then it follows that

B
P A=30)-1p () = |y|‘1(1‘”)m a.e.inR,
x

which contradicts the fact that 0 < [ [x[P1=%?)=1fP(x) dix < co. Hence (10) takes the form

of a strict inequality. So does (8), and we have (12).
By the Holder inequality (cf. [29]), we find

I-= / <|y|"11’ / h(‘”(x,y)f(x)dx>(|ylll7”g(Y))dy

<Jr [ f |y|10=2) g (y) dy} " (16)

(o]

Then by (12), we have (11). On the other hand, suppose that (11) is valid. Setting

o] p-1
gy = |y|""'1< / h(‘”(x,y)f(x)dx) (y€R),

then it follows that J = [, [y|70=2)"1g4(y) dy. By (8), we have ] < 0o. If ] = 0, then (12) is
trivially true; if 0 < J < 0o, then by (11), we obtain

0 </ 17"y dy =] =1

<K(o) [ f N PP () dx] ’ [ f N Iyl 747" g? () dyi| " oo, (17)
e[t <] [t a8)

Hence we have (12), which is equivalent to (11).
We set Es := {x € R; |x|® > 1}, and Ef=E;NR, ={x¢€ R,;x’ > 1}. For & > 0, we define
two functions f(x), g(y) as follows:

2¢
|x|8(077)71, X € Elg, ~ 0; ye (_OO) _1) U (1, OO);
80):=

&)= !0, x €R\E;, 1

o+
|J’| 9 ’ )’E [_111]'

Then we obtain

£ [ / " 0= dx] ’ [ / " o131 dy} '

o0 (o]

TR 1
1

- 2(/ K201 dx)p (/ y*t dy) ol
Ef 0 &

)

We find

1
I(x):=

/1 ) In[|xy” + (x%y)? cosai]lylﬁ%_ dy = I(~x),

Lielt2)  [Jady|Y + (x8y)Y cosa; MY —1
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and then /(x) is an even function. In fact, setting ¥ = —y, we obtain

I(~x) = f 1 m Inf|(2)’yl” + (=2)9)” cosallyl”" 7" dy
piei2) [[(=x)%y]7 + ((=x)°y)? cos ] —1
U Y] + (Y)Y cosa]| Y] !
=/ max dy =1(x).
i) [|K0Y)Y + (#°Y)Y cosa;]MY -1

It follows that

~
Il

/ / 1O (x,)F (1) (y) dx dy

2¢e 2¢
)’ () dx = 2/ ) (%) dx

Es E}

u=;c5;v 9 /
E

Setting v = x° in the above integral, by the Fubini theorem (cf. [30]), we find

3

* In(lu|” +u” cosoz‘)|u|“27€‘1
a2l / max d du | dx.
_dier2)  (|ul” +u¥ cosa;)) v —1

+
8

1

o0 v In(ju|” + u” cosa«)|u|"+27€_
1=2 / y2el |: f max d
1 _

pic(L2)  (Jul” +u” cosay)Y —1

/-oo e /" In[z” (1 + cos ;)]

-9 v max

: o L2} [u(l +cosay)r]* —1
In[u” (1 - cos ;)]

c+21
+ max u 4 dugdv
ie(1,2} [u(1l — cosa;)V/¥ ]+ — 1:| }

o [T e [ In[w” @+ cosar)] In[u? (1 - cos )] } or2 }
-2/1‘ 12 {/(; [[u + u du dv

(1+cosap)7]* =1 [u(l —cosay)7]* -1

< T In[u” (1 + cosay)] In[u” (1 - cosa;)] o261 }
_ 2e—-1 r
= 2/1 v {/(; |:[ + ]u du ¢ dv

u(l +cosar)’?]* =1 [u(l —cosa)V]* -1
+9 /“’O 261 /" In[u¥ (1 + cosas)]
1 1 L[ +cosan)7]* -1

Infze” (1 - cos ay)] a2
[u(1 - cosay)7]* — J” 7 dugdv

du] dv

-1

2e 2e

1 /1 In[u” (1 + cosa)]u’ a In[u” (1 - cosay)]u’ a! 4

= — u
e Jo [u(1 + cosa)Vr]* -1 [u(1 = cosay)VV]* -1

+ 2/ (/ y2e-1 dv)
1 u
2

In[ (1 + cosa)]u” T In[u? (1 - cosa)]u" 1 J
[(1 + cosap)7]* —1 [u(l — cosay)/r ] —1 u

2

1 /‘1 In[u’ (1 + coscxz)]u”%*1 .\ In[u” (1-cosay)]u’ et "
0 [(1 + cosa)/7]* -1 [u(1 —cosoy)V/¥]* -1

&

/'°° |:1n[uy(1 + Cosaz)]ua_%"l In[u” (1 - cos al)]ua—%_l ] ., }
Uyg.
1

[u(1 + cosan)V]* -1 [u(1 = cosay)V/v]* -1
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If the constant factor K(o) in (11) is not the best possible, then there exists a positive
number k, with K(o) < k, such that (11) is valid when replacing K(o') by k. Then we have
el < ekL, and

/’1 In[z (1 + cos az)]u“%_l In[u” (1 - cos al)]u“%_l 4
+ u
0 [(1 + cosax)/7]* —1 [#(1 - cosay)Y]* -1

2¢e 2¢e
/"o In[u’ (1 +cosax)]u’ 71 In[u’(1—-cosay)]u’ » " 4
+ u
1 [ + cosa)V/r]* -1 [u(1 = cosa)V]* -1

=¢el <ekL = k. (19)

By (7) and the Levi theorem (cf’ [30]), we have

K(o) /00 In[u” (1 + cos ) u® L du /°° In[ee” (1 — cos o) ]u® ' du
o) =
0 [u( + cosa)V7]* -1 0 [u(1 = cosa)VV]* -1

2¢e 2e
L (In[w’ (1 +cosan)]u® ™ In[u’(1-cosay)]u’ a7
li 0 du
0 ¢~ +

[u(1 + cos o)V ]+ ~ 1 [u(1 - cosay)V7]* -1
2e 2%
/"" . [In[w’ (1 +cosax)lu’ 77" In[u’(1-cosay)]u’ » !
+ lim du
1 =0t | [u(l+cosap)r ] —1 [u(1 - cosay) 7 ]* -1
2e 2%
: /1 In[u? (1 + cosax)]u’ ™ In[u’ (1 - cosay)]u’ e
= lim du
e=0" [ Jo | [w(l+cosar)r]* -1 [u(1 - cosay)/7]* —1

/“X’ In[z” (1 + cos az)]ua_%_l In[u” (1 cos al)]uo—%_l P
+ » :
1 [(1 + cosap)V7 ] -1 [u(1 - cosoy) 7 F — 1 =

which contradicts the fact that k < K (o). Hence the constant factor K(o') in (11) is the best
possible.

If the constant factor in (12) is not the best possible, then by (16), we would reach a
contradiction: that the constant factor in (11) is not the best possible. O

Theorem 4 On the assumptions of Theorem 3, replacing p >1 by 0 < p < 1, we have the
equivalent reverses of (11) and (12) with the same best constant factors.

Proof By the reverse Holder inequality (cf [29]), we have the reverses of (9) and (16). It is
easy to obtain the reverse of (12). In view of the reverses of (12) and (16), we obtain the
reverse of (11). On the other hand, suppose that the reverse of (11) is valid. Setting the same
g(y) as Theorem 3, by the reverse of (9), we have J > 0. If ] = 0o, then the reverse of (12) is
trivially value; if ] < 0o, then by the reverse of (11), we obtain the reverses of (17) and (18).
Hence we have the reverse of (12), which is equivalent to the reverse of (11).

If the constant factor K(o) in the reverse of (11) is not the best possible, then there exists
a positive constant k, with k > K(o'), such that the reverse of (11) is still valid when replacing
K(o) by k. By the reverse of (19), we have

2¢e 2¢e
/‘1 In[u? (1 +cosax)u® 0" In[u’ (1= cosay)]u’ 77" 4
u
0 [u(1 + cosap)V7]* -1 [u(l —cosoy)V/7]* -1

/ " [Infu” (1 + cosea)]u’™ 7 Infu? (1~ cosen)lu” 7~
! [(1 + cos o) ~1 [u(1 - cosap)r]* -1

1
} du > k. (20)
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For ¢ — 0%, by the Levi theorem (cf. [30]), we find

/‘°° In[u? (1 + coswz)]u"*%’1 In[u” (1 - cos ozl)]u“’%’1 "
1 [u(1 + cosan)V7]* -1 [u(1 = cosa)VV]* -1

/"O{ In[u? (1 + cosay)]u®t  In[u? (1 - cosoy)]u®! }
du.
1

[u(Q +cosax)7]* =1 [u(l —cosay)V7]* =1 1)

There exists a constant 8y > 0, such that o — %80 > 0, and then K(o — 57") eR,.For0<

dolql

. o+21 (7_5_0_1
e< L (g<0),sinceu” 7 <u’"27,uec(0,1], and

0 /1 In[u” (1 + cos oez)]u"‘%o‘l In[u” (1 - cos ozl)]u"‘%o‘l P
+ u
0 [u(1 + cosap)VV]* —1 [u(l - cosay)V/r]* -1

5
< K<0 - —°>,
2

then by the Lebesgue control convergence theorem (cf [30]), for ¢ — 0*, we have

2¢e 2e
/1 { In[u’ (1 +cosa)]u’ @ In[u’(1—cosay)]u’ et
0

d
[u(1 +cosan)r]* -1 " [#(1 - coson)7]* -1 } ¢

Uin[u” (1 + cosan)]u®t  In[u” (1 - cosoy)]u’!
/0 { [u(l +cosax)7]* =1 [u(l —cosay)V7]* -1 }

(22)

By (20), (21), and (22), for ¢ — 0%, we find K(o') > k, which contradicts the fact that k >
K (o). Hence, the constant factor K(o) in the reverse of (11) is the best possible.

If the constant factor in reverse of (12) is not the best possible, then by the reverse of
(16), we would reach a contradiction: that the constant factor in the reverse of (11) is not
the best possible. d

Corollary 5 For § = —1 in (11) and (12), replacing |x|*f (x) by f(x), we obtain
o0
0< / [P (x) dx < 00,
—00

and the following equivalent inequalities with the homogeneous kernel and the best possible
constant factors:

o) o Y 14 . Y
/ / max In[(|y” + sgn(x)y” cosa;)/|x[”] F)g() dxdy
00 J —o00 LElL

[ly]” + sgn(x)y” cosa; )Y — |x|*

< K(o)|: f N PP () dxi| ’ [ f N 101 (y) dy] " (23)

00 (¢]

/ i} |y|"“l{ / ™ max ALY+ sen()y” cos i) /lxl7]

oo i€(L2} [|y]7” + sgn(x)y? cosa;]M7 — |x|*

o0

p
e dx} dy
<K”(0) f h 2P (i) ., (24)

In particular, for oy = a3 = o € (0,7), y =1 in (23) and (24), we obtain the following
equivalent inequalities:
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/ /"O In[(|y| + sgn(x)ycosa /|x|]f( 9g() dxdy

[ly| + sgn(x)y cos a]* — |x|*
< k(cr)|: / h |[PA-LEP () dxr [ / h |y| 101 (y) dy] 5, (25)

/ ) Iyl”“_l{ / * In[(ly| + sgn@)ycos o)/ |x]

»
o [y + sgn(x)ycosa]* — |x|xf(x) dx} dy

o0

<Kk(0) / PO P () i, (26)
where k(o) is indicated by (13).

4 Two kinds of operator expressions
Supposethatp>1,1%+% =1,0<a;<ay<m,u,0>0,u+0=A,y €l{a;a= 2k—-1(k e

N)}, 8 € {-1,1}. We set the following functions:

2k+1’

@) = P01 y(y) = |y () o= PU (k€ R),

therefore, Y1 7(y) = |y|?° L. Define the following real normed linear space:

Lyy(R):= {f? Ifllp = (/_ e@|fW)|° dx) < oo}
L,y1»(R) = {h: Al y1-r = </_ 1//1_p(y)|h(y) |p dy)ﬁ . oo},

Lys(R) = {g: 18l = ( / ¢<x)|g(x)|"dx>” < oo}.

(a) In view of Theorem 3, for f € L, ,(R), setting

o In[|xy|” + (x°y)” cos ;]
H; = d R )
1) /_m A 17 + (9)7 cos a7 - fWdx (eR)

by (12), we have

VFhll s = ( [ oo dy)p <K (@)l < . 7)

Definition 1 Define a Hilbert-type integral operator with the non-homogeneous kernel
in the whole plane 77 : L, ,(R) — L, ,1-»(R) as follows: For any f € L,,(R), there exists a
unique representation T1f = H € L, ,1-»(R), satistying, for any y € R, T1f(y) = Hi(y).

In view of (27), it follows that || T1f 1|, y1-» = | Hill,y1-» < K(0)|[f |, and then the oper-
ator T is bounded satisfying

T -
1T Iy _ o,

1710 = <
el ® I lpe

Since the constant factor K(o) in (27) is the best possible, we have || T1|| = K(o).
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If we define the formal inner product of 7f and g as

rf.0)= [ ( [ h<5>(x,yw)dx)g<y) dy
:f / KO (x, )f (x)g () dx dy,

then we can rewrite (11) and (12) as follows:

(TV58) < ITall - 1f Nl gl gy 1T Nlpyi-r < 1111 - I1f llpg-

(b) In view of Corollary 5, for f € L, 4(R), setting

Y In[(ly|” + sgn(x)y” cosa;)/|x|"]
H0) '_/ i) [[yl” + sgn(x)y” cosa 7" — [x ka( dx (ER),

by (24), we have

VFal i = ( [~ oo dy)” <K(@)f s < 0. 28)

Definition 2 Define a Hilbert-type integral operator with the homogeneous kernel in the
whole plane T3 : L,4(R) — L, ,1-»(R) as follows: For any f € L,,4(R), there exists a unique
representation Tsf = Hj € L, ,1-»(R), satisfying, for any y € R, Tof (y) = Ha(y).

In view of (28), it follows that || Tof [|,,,y1-» = [|H2ly1-» < K(0)|[f |54 and then the oper-
ator T is bounded satisfying

1 Tof g1

1Tl =
FeLpe®  fllpe

<K(o).

Since the constant factor K(o) in (28) is the best possible, we have | T, || = K(o).
If we define the formal inner product of Tf and g as

Y Y V
(Tof.2) _/ / mas In[(ly]” + sgn(x)y Cosa)/|x|| |Af(xg(y dxdy,

[ly|¥ + sgn(x)y¥ cos a;]Y

then we can rewrite (23) and (24) as follows:

(Tof,8) < I T2l - 1f llpg 1€l g5 ITof N pyre < IT201 - 1f llpg-
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