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Abstract 

This paper investigates energy-efficient communication within an integrated sensing 
and communication system. The system employs a dual-function radar-communica-
tion base station. This base station concurrently serves multiple mobile users for com-
munication purposes while also performing target sensing within a designated range 
cell. An active reconfigurable intelligent surface (RIS) is utilized to enhance commu-
nication efficiency. The focus of this work is to optimize the communication energy 
efficiency by jointly allocating the transmit power and configuring the RIS elements. 
This optimization is achieved while satisfying constraints on both the probing power 
required for target sensing and the quality-of-service demands of the communica-
tion users. Two novel optimization methods are proposed, combining techniques 
from alternating optimization, sequential programming, and fractional programming. 
Through numerical simulations, the effectiveness of the developed algorithms is vali-
dated. Additionally, the performance of the system utilizing an active RIS is compared 
to that of a system with a passive RIS, specifically in terms of their respective communi-
cation energy efficiencies.

Keywords:  Integrated sensing and communications (ISAC), Reconfigurable intelligent 
surface (RIS), Energy efficiency (EE)

1  Introduction
Future-generation wireless networks are expecting a skyrocketing increase in their 
needs to support both high spectral efficiency and massive connectivity in addition to 
high-precision sensing through integrating sensing and communication systems into a 
unique platform, which consequently poses higher energy consumption requirements 
[1]. Accordingly, the energy efficiency (EE), defined as the ratio of spectral efficiency in 
(bits/sec/Hz) over the system consumed power in (Watt), has been emerged as a new 
prominent performance metric for designing sustainable and green wireless networks 
with integrated sensing and communication (ISAC) capabilities [2, 3]. Then, no wonder 
to see such convergence and interest from both academia and industry, to study how 
the enabling technologies for future 6  G networks can help in developing perceptive, 
sensing-enabled networks with enhanced EE [4, 5].
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EE for future 6 G networks is a key requirement for some of the 17 United Nations 
Sustainable Development Goals, e.g., Goal 9 (Industry, innovation, and Infrastructure), 
Goal 11 (Sustainable Cities and Communities), and Goal 13 (Climate Action) [1]. On the 
other hand, the increasing demand for wireless data services has led to the proliferation 
and densification of wireless infrastructures, which calls for EE in order to reduce OPEX 
for telecommunication operators. This paper focuses on the communication energy-
efficient design of a wireless system incorporating two of the principal innovations 
brought by 6 G systems, i.e., ISAC [2, 6], and reconfigurable intelligent surfaces (RISs) [4, 
7]. Indeed, the impressive progress of MIMO technologies has been an enabler for the 
realization of both sensing and communication tasks through shared transceivers and 
RF components [6]; similarly, progress in meta-material technologies has made it pos-
sible to introduce in the design of future wireless systems RISs, with the aim of tuning 
the propagation environment for increased performance and efficiency [7–9]. Research-
ers have developed energy-efficient designs for RIS-aided downlink multi-user MISO 
systems, with no sensing capabilities, and developed energy-efficient designs for both 
the transmit power allocation and the RIS passive beamforming for RIS-aided downlink 
multi-user MISO system, under maximum power and individual quality of service (QoS) 
constraints for the users [4]. Additionally, the use of RISs for radar sensing purposes only 
has also been investigated in the recent past [10, 11]. The paper [12] is one of the first 
that considers a RIS-aided ISAC scenario; here, however, a passive RIS is considered and 
the optimized performance metric is not the EE.

On a parallel theme, RIS has recently presented as one of the principal drivers of 
6  G wireless networks due to its ability to synthesize the propagation environment 
in such a way that enables the network to improve its performance merits [3, 13–15]. 
In other words, RISs are revolutionizing wireless communication by acting as intel-
ligent walls consisting of a large number of reflecting elements that have the ability 
to manipulate radio waves through changing the phase shifts and/or signal amplitude 
of the reflected signals from these reflecting elements [16]. This technology offers a 
plethora of benefits, including enhanced signal coverage and quality, particularly in 
challenging environments. RIS also improves network capacity by directing signals 
toward specific users, reducing interference and maximizing the use of the limited 
radio spectrum [17]. Furthermore, unlike static BSs, RIS can dynamically adjust its 
configuration in real time, enabling targeted beamforming and improving user expe-
rience and system efficiency. Finally, by optimizing signal propagation, RIS contrib-
utes to a more sustainable network by reducing the energy consumption needed 
for BSs to reach users. Overall, RIS holds immense potential to transform wireless 
communication by offering improved coverage, capacity, and efficiency, paving the 
way for a more robust and flexible future for wireless networks [17]. Recently, RISs 
have been also employed to enhance the outage performance of NOMA-based cog-
nitive non-terrestrial network, which has been considered by many researchers and 
key technological players as the promising architecture for future 6 G networks [18, 
19]. Also, RISs have been leveraged to the enhance the performance of the satellite-
terrestrial relay network and secrecy performance of internet of things network (IoT) 
[20, 21]. The contributions presented in papers [22, 23] offer comprehensive insights 
into various aspects of RIS-assisted communication systems. Beginning with [22], the 
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investigation delves into covert communications within an active RIS-aided multiple-
input single-output non-orthogonal multiple access (NOMA) framework, proposing 
an alternative optimization algorithm to maximize covert rates effectively. Building 
upon this, [24] discusses the co-optimized performance of multi-RIS-assisted inte-
grated satellite-unmanned aerial vehicle-terrestrial networks (IS-UAV-TNs), empha-
sizing the installation of RIS on UAVs to reshape wireless transmission paths and 
employing NOMA protocols to address spectrum shortage. This paper introduces a 
multi-objective optimization problem considering various parameters and utilizes 
deep reinforcement learning (DRL) algorithms to achieve real-time interaction with 
the communication environment. Transitioning to [25], the focus shifts to studying 
the performance of RIS-assisted networks in the presence of hardware impairments 
and interference, providing analytical expressions for outage probability (OP) and 
conducting asymptotic analysis to evaluate system performance under high signal-
to-noise ratios (SNRs). Lastly, [23] explores the role of user clustering techniques in 
optimizing resource allocation and enhancing network performance in NOMA-based 
communication. It organizes and categorizes various clustering methods, highlight-
ing their applicability in diverse communication scenarios. These papers collectively 
contribute to advancing our understanding and optimizing the deployment of RIS in 
next-generation wireless networks, addressing challenges such as covert communica-
tions, dynamic network environments, hardware impairments, and resource alloca-
tion optimization.

The improvement has not only restricted to the communication functionality but also 
has been extended to the sensing functionality and furthermore has been exported to 
ISAC systems [11, 12, 26]. One of the main advantages of the RIS is its ability to improve 
the performance of the wireless systems while being almost passive in terms of energy 
consumption [5, 13]. In [13], the authors have developed energy-efficient designs for 
both the transmit power allocation and the RIS passive beamforming for RIS-aided 
downlink multi-user MISO system, under maximum power and individual quality of 
service (QoS) constraints for the users. Their developed algorithms are proven to pro-
vide higher EE compared with relay-assisted communication system. In [5], the authors 
have investigated the resource allocation problem for wireless networks with spatially 
distributed RISs. Specifically, under minimum rate constraints of the users, they maxi-
mized the EE of a network with spatially distributed RISs that are used to serve multiple 
wireless users, through optimizing the on–off status of each RIS as well as the passive 
beamforming matrix of the RISs.

The comparison between active RISs and relays employing active transmitting 
antenna underscores several fundamental differences in their functionality and imple-
mentation. Firstly, in terms of hardware complexity, relays necessitate active electronic 
components like digital-to-analog converters (DACs) and power amplifiers, lead-
ing to higher costs and power consumption, especially for multiple-antenna designs. 
Conversely, active RISs, comprising metallic or dielectric patches on a grounded sub-
strate, rely on low-power electronic circuits for configurability and Zener diode for 
implementing a reflection-type amplifier, resulting in lower complexity and potential 
cost savings, as demonstrated by recent large-scale prototypes. Regarding noise, while 
relays are susceptible to additive noise and self-interference, active RISs functioning 



Page 4 of 22Rihan et al. J Wireless Com Network         (2024) 2024:20 

as anomalous reflectors is unaffected by additive noise but may encounter phase noise 
limitations and controlled dynamic noise that is affected by the amplification gain 
which in any cases is not comparable with the noise generated in relays with transmit-
ting antennas. Spectral efficiency comparisons reveal that relay systems are constrained 
by half-duplex operation and self-interference, whereas active RISs offer more flexibil-
ity in signal combination and can optimize surface reflection coefficients. Power-wise, 
relays require dedicated power sources, while active RISs can operate with minimal 
dynamic power source for configurability of both the reflection and amplification gains, 
with power allocation being integral to both systems but in differing manners. Addi-
tionally, the scaling of average signal-to-noise ratio with the number of elements differs 
between relays and RISs, with RISs exhibiting quadratic scaling in far-field scenarios 
due to their unique reflective properties. However, the comparison’s implications on 
performance are nuanced, considering factors such as path loss and transmission dis-
tance. Overall, this comprehensive comparison highlights the distinct advantages and 
considerations associated with both active RISs and relays in wireless communication 
systems.

Active RISs [10, 27] permit to overcome the double path-loss effect at the price of 
increased energy consumption for amplification of the reflected signal. The power 
consumption model in active-RIS is different from that of passive RIS, which moti-
vates us study the EE in ISAC scenarios with active-RISs [28]. The state-of-the-art 
works related to active and passive RIS-based communication and sensing are dis-
cussed in [29]. Although the RIS has indicated great potentials with both the com-
munication and sensing applications, it has been realized that passive version of the 
RIS suffers from the so-called double fading or multiplicative fading effect1 [30]. One 
method to alleviate the multiplicative fading effect is to deploy the RIS very close to 
either the transmitter or the receiver, but this severely restricts the coverage range of 
the passive RIS [27]. Active RIS has recently been introduced to combat the multipli-
cative fading effect, and the improvements accompanying its deployment are inves-
tigated for both the communication and sensing applications [10, 27, 31, 32]. With 
active-RIS, each RIS element is equipped with reflection-type amplifier to enlarge the 
reflected signal which in turn overcomes the multiplicative fading effect while still 
maintain its low complexity at the cost of slight increase in the power consumption. 
Since the power consumption model in active-RIS is different than its passive RIS 
counterpart, the study of the EE of wireless networks that involve both communica-
tion and sensing functionalities with active-RIS will be highly challenging and worth 
investigation.

This paper addresses the challenge of maximizing communication EE within an 
ISAC downlink system employing an active RIS. Our work leverages a dual-func-
tion base station capable of performing MU-MISO communication while concur-
rently sensing a target with the aid of the active RIS. We formulate an optimization 
problem to maximize the system’s EE by jointly optimizing power allocation and 
the active beamforming of the RIS. This optimization considers individual user rate 

1  This means that the reflected signal, which suffers an accumulated attenuation through the cascaded channel from 
the transmitter to the receiver through the RIS, is generally several orders of magnitude smaller than that following the 
direct path from the transmitter to the receiver.
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requirements, minimum beampattern gains toward the sensing direction, and power 
constraints related to the active RIS. The key novelty lies in our approach to solving 
this complex fractional programming problem. We propose an alternating optimiza-
tion algorithm that effectively decouples the optimization variables. This allows us to 
decompose the problem into two manageable sub-problems: active beamforming and 
power allocation. For the beamforming problem, we introduce two novel algorithms 
based on Nested Fractional Programming (NFP) and Sequential Fractional Program-
ming (SFP). Additionally, we present a solution to the power allocation problem using 
Dinkelbach’s algorithm. Extensive simulations validate the effectiveness of our pro-
posed alternating optimization framework. Our work demonstrates that the power 
allocation and RIS beamforming algorithms can achieve an 85% increase in com-
munication EE compared to a baseline system, all while allocating sufficient prop-
ping power for target sensing over line-of-sight (LoS) channels, within the same total 
power budget.

The remaining part of this paper is organized as follows. Section  contains the system 
and signal models, along with the formulation of the considered optimization problem. 
Section  presents the proposed algorithms, while simulation results are investigated in 
Sect. . Finally, concluding remarks are given in Sect. .

Notation: Matrices and vectors are denoted by boldface upper case and lower case, 
respectively. (·)H and (·)−1 are the matrix Hermitian and the inverse, respectively. | · | , 
� · �F , and tr(·) denote modulus, Frobenius norm, and matrix trace. j =

√
−1 is the 

imaginary unit and C is the set of complex numbers. CN (0, σ 2) is a zero-mean complex 
circularly symmetric Gaussian random variable with variance σ 2.

The list of abbreviations in the paper is listed in Table 1 at the end of the paper.

Table 1  List of abbreviations

The technical term The 
abbreviation

Additive White Gaussian Noise AWGN

Alternating Optimization AO

Convex Optimization Toolbox CVX

Direct Current DC

Dual-Functional Radar and Communication Base-Station DFRC-BS

Energy Efficiency EE

Integrated Sensing and Communications ISAC

Multiple Input Multiple Output MIMO

Multiple Input Single Output MISO

Sixth Generation Mobile Communication System 6G

Multi-user Multiple Input Single Output MU-MISO

Nested Fractional Programming NFP

Quality of Service QoS

Reconfigurable Intelligent Surface RIS

Spectral Efficiency SE

Sequential Fractional Programming SFP

Signal to Interference plus Noise Ratio SINR

Uniform Linear Array ULA

Zero-Forcing ZF
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2 � System model
As shown in Fig. 1, we consider a RIS-assisted ISAC system that consists of a dual-
functional radar and communication basestation (DFRC-BS) equipped with an uni-
form linear array (ULA) of M antennas that serves K-single antenna users on the 
downlink while simultaneously sensing a target in a given range-cell. An active RIS 
with N elements is deployed close to the mobile users to improve the overall system 
performance. It is assumed that the target is located far-away from the RIS so that 
the RIS does not impact the sensing task but only helps in improving the communi-
cation system performance. The direct communication channel between the DFRC-
BS and the users is available, but they are degraded due to unfavorable propagation 
conditions.

We denote by hd,k ∈ C
1×M and hr,k ∈ C

1×N the direct communication channels 
between the DFRC-BS and the user k and between the RIS and the user k, respectively. 
Moreover, the matrix G ∈ C

N×M represents the channel between the DFRC-BS and the 
RIS, while the diagonal matrix � = diag[φ1,φ2, . . . ,φN ] represents the active RIS con-
figuration. Despite the inherent challenges in assuming the availability of perfect CSI in 
passive RIS scenarios, the utilization of active RIS justifies the assumption of possessing 
perfect CSI knowledge within our scenario [33]. This justification is reinforced by the 
existence of contemporary channel estimation approaches that can significantly leverage 
the deployment of active RIS [34]. Notice that φn = ane

jθn , with an a positive real ampli-
fication factor for the n-th element of the RIS. We assume that � = A� , with A and � 
diagonal matrices, containing on their diagonal the coefficients an and ejθn , respectively, 

Fig. 1  Active RIS-assisted multiuser ISAC system
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∀n . While we acknowledge that assuming infinite phase shift resolution may not fully 
reflect real-world scenarios, it was adopted for simplification purposes to establish theo-
retical foundations and facilitate analytical tractability, with a focus on studying EE. To 
provide further justification for this assumption, we summarize the outcomes of [35]. 
It has been mathematically demonstrated that, even with a modest number of RIS ele-
ments (e.g., 3), the performance degradation resulting from assuming continuous phase 
shift is less than 10% with only 3 bits. Furthermore, when increasing the number of RIS 
elements to 300 while maintaining the same 3-bit resolution, the performance degra-
dation drops to below 1% . Consequently, for scenarios involving a moderate number of 
reflecting elements, assuming continuous phase shift results in a performance degrada-
tion of up to 1% , while significantly enhancing analytical tractability.

Then, hk = hd,k + hr,k�G ∈ C
1×M denotes the composite channel from the DFRC-

BS to user k. Letting s1, . . . , sK  be the unit-energy K information symbols, and s0 an unit-
energy fictitious data symbol to be associated with the sensing beam, the discrete-time 
version of the signal transmitted by the DFRC-BS is x �

∑K
k=1

√
pkwk sk +

√
p0w0s0 

where pk and wk are the transmit power, and the precoding vector associated 
with the k-th beam. The vector x is subject to a power budget constraint, such 
that E[|x|2] = tr(PWH

W) ≤ Pmax , where W � [w0,w1,w2, . . . ,wK ] ∈ C
M×(K+1) , 

P � diag[p0, p1, p2, . . . , pK ] ∈ R
(K+1)×(K+1).

The discrete-time signal received at the k-th mobile user can be expressed as 
yk = hkx + hr,k�GnRIS + nk , where nk ∼ CN (0, σ 2) is the additive white Gaussian 
noise (AWGN) at user k, and the vector nRIS ∼ CN

(

0N , σ
2
RISIN

)

 denotes the dynamic 
noise introduced by the active-RIS. The signal to interference plus noise ratio (SINR) at 
user k is2

Then, the communication spectrum efficiency in (bps/Hz) is given based on (1) by 
R �

∑K
k=1 log(1+ γk) . We are assuming that the DFRC-BS is simultaneously working 

in the tracking mode to sense a target at an azimuth angle of φ in addition to provide the 
communication service to K users. The probing power used to track the target at angle φ 
is Pr = M−1

a
H (φ)WP̄W

H
a(φ) = a

H (φ)WPW
H
a(φ) , where the vector a(φ) ∈ C

M×1 
denotes the transmit steering vector in the direction of angle φ , and P = M−1

P̄ . Since 
the DFRC-BS employs an ULA, the steering vector a(φ) can be written as 

a(φ) =
[

1, ej
2πd
�

sin(φ), . . . , ej
2πd
�

(M−1) sin(φ)
]T

 , where d is the array inter-element spacing 

and � represent the signal wavelength. Without loss of generality, it is assumed that 
d = �

2.

(1)
γk=

pk |hkwk |2

p0|hkw0|2 +
K
∑

i=1,i �=k

pi|hkwi|2+σ 2
RIS

∥

∥hr,k�
∥

∥

2

2
+ σ 2

.

2  If σ 2

RIS
= 0 , an = 1 for all n, the model reduces to a passive RIS.
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2.1 � Total power consumption model

The total power consumption model to be considered in this work consists of the DFRC-
BS transmit power, plus the hardware static power dissipated in the DFRC-BS, user ter-
minals, and the active RIS. We have thus Ptotal =

∑K
k=1

(

ξpk + PUE,k
)

+ PBS + PRIS,a . 
In this relation, ξ is the efficiency of the transmit power amplifier; PUE,k is the power 
dissipated in the hardware of the k-th communication user terminal. Additionally, PBS 
and PRIS,a denote the total static power dissipated at the DFRC-BS and in the active RIS, 
respectively. Regarding PBS , we assume that the DFRC-BS transmit power amplifier 
operates in the linear region so that its circuit power does not depend on the commu-
nication rate [4]. The power consumption in the active RIS depends on the number of 
reflective elements and the phase shift resolution of its reflecting elements [27], so it can 
be expressed as PRIS,a = N (Pc(b)+ PDC)+ ξRIS,aPout , where Pc(b) is the static power 
consumption for each reflective element with b bits resolution,3 while the power PDC 
represents the DC biasing power consumption for each reflective element. The coeffi-
cient ξRIS,a represents the active RIS amplifier efficiency, while the output power from 
the active RIS can be expressed as, Pout = ��GP�2F + σ 2

RIS,a��IN�2F.

2.2 � Methods and problem formulation

Our main objective is to optimize, with respect to the matrices P and � , the system’s 
communication EE, defined as follows:

with B referring to the signal bandwidth. To avoid trivial solutions, the maximization of 
the EE is to be carried out under power budget constraints and QoS constraints for the 
communication and sensing tasks. In the following, in order to come up with a tracta-
ble problem, we assume that the phase shifters of the RIS can have infinite resolution 
and that all the channels in the scenario are perfectly known at the DFRC-BS. Moreover, 
we assume that the communication beamformers w1, . . . ,wK  are designed according to 
a Zero-Forcing (ZF) criterion, so that the interfering terms in the denominator of the 
SINR in (1) disappear and only the AWGN-related last two summands survive. As to the 
sensing beamformer w0 , denoting by δ the angle, with respect to the DFRC-BS antenna 
array, of the range cell under test, we assume that w0 is the normalized response of the 
DFRC-BS antenna array at the angle δ . Denoting by WZF an [M × (K + 1)]-dimensional 
matrix containing the K + 1 beamformers on its columns, the EE maximization problem 
can be expressed as follows 

(2)ηEE =
B
∑K

k=1 log2 (1+ γk)

Ptotal
,

(3a)

max
P,�

ηEE(WZF )

s.t.B log2

(

1+
pk

σ 2
RIS

∥

∥hr,k�
∥

∥

2 + σ 2

)

≥ Rmin,k , ∀k

3  Discrete phase shifts achieve similar performance as continuous ones if a resolution of at least 6 bits is used. Thus, we 
assume continuous phase shifts with a power value of 7.8 mW per element, which is equivalent to 6-bit resolution [4]
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 where Pa is the power budget at the active RIS, Rmin,k denotes the QoS constraint for 
each individual communication user k as shown in constraint (3a), and ηEE(WZF) 
is the EE function in (2) while employing the ZF beamformer. Also, constraint (3b) is 
used to guarantee that the sensing power toward the direction δ is upper-bounded by 
Ps = ηPmax , with 0 ≤ η ≤ 1 is the portion of the DFRC power allocated for radar sensing 
functionality. This parameter leverages the trade-off between the communication and 
sensing functionalities that share the same power budget, allocating η of this budget for 
sensing and (1− η) of the budget for communication. Constraint (3c) ensures that the 
DFRC-BS transmit power remains below the maximum feasible threshold Pmax . In con-
straint (3d), the power budget at the active RIS is satisfied.

3 � Communication EE optimization
Problem (3) is challenging due to (3b)–(3c). A tractable approach is to decouple the opti-
mization variables and employ alternating optimization (AO) [36], with respect to � 
with constant P , and to P with constant � . Since ηEE is upper-bounded over the feasible 
set, the AO must eventually converge in the value of the objective.

3.1 � Optimization with respect to �

Before going into the mathematical details of the case of fixed P , let us talk about 
of Dinkelbach’s algorithm. Dinkelbach’s algorithm is a powerful iterative optimiza-
tion technique used conventionally to solve fractional programming problems. The 
algorithm is particularly effective in situations where the objective function involves 
a ratio of two convex functions. Dinkelbach’s algorithm iteratively solves a series of 
modified optimization problems, each of which involves replacing the original frac-
tional objective function with a simpler, equivalent function. At each iteration, the 
algorithm converges toward the optimal solution by solving the modified problem 
and updating the solution accordingly. One of the key advantages of Dinkelbach’s 
algorithm is its ability to handle fractional programming problems efficiently and 
converge to the globally optimal solution under certain conditions.

For fixed P , the problem in (3) reduces to: 

(3b)a
H (δ)WZFPW

H
ZFa(δ) ≤ ηPmax,

(3c)tr(WZFPW
H
ZF ) ≤ Pmax,

(3d)��GP�2F + σ 2
RIS,a��IN�2F ≤ Pa.

(4a)max
�

∑K
k=1 log2

(

1+ pk
σ 2

(

1+ σ 2
RIS

σ 2

∥

∥hr,k�
∥

∥

2

2

)−1
)

ξRIS,a

(

��GP�2F + σ 2
RIS,a��IN�2F

)

+ C1

s.t.
∥

∥hr,k�
∥

∥

2

2
≥ σ−2

RIS

(

pk(2
Rmin,k − 1)−1 − σ 2

)

,∀k
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 with C1 =
∑K

k=1

(

ξpk + PUE,k
)

+ PBS + N (Pc(b)+ PDC) . Let Rk(�) denote each sum-
mand in the numerator of (4).

Since Rk(�) is not concave, Dinkelbach’s algorithm cannot be used directly. Then, 
we propose two approaches.

3.1.1 � Nested Fractional Programming

This approach consists of a reformulation procedure involving an external fractional 
program for the EE ratio and an internal fractional program for the SINR terms at the 
EE numerator. We apply the quadratic transform from [37 1] to decouple the EE as:

This reformulated objective is not concave over � , due to the first summand. Then, we 
apply the quadratic transformation also to each SINR term in Fq(�) , and further recast 
Fq as Fqq as:

The optimization problem in (4) can ultimately be reformulated after the two uses of the 
quadratic transform into: 

 where z = {zk}k . We note that y and z are the auxiliary variables introduced in the first 
and second fractional programming, respectively. For fixed � and y, the optimal zm is:

After updating the variable z , the optimal y is given as:

(4b)��GP�2F + σ 2
RIS,a��IN�2F ≤ Pa.

(5)Fq=2y

(

K
∑

k=1

Rk(�)

)

1
2

−y2
(

ξRIS,a

(

��GP�2F+σ 2
RIS,a���

2
F

)

+C1

)

.

(6)
Fqq(�, y) = 2y

(

K
∑

k=1

log
(

1+2pkRe{zk}−zHk

(

σ 2+σ 2
RIS

∥

∥hr,k�
∥

∥

2

2

)

zk

)

)

1
2

− y2
(

ξRIS,a

(

��GP�2F + σ 2
RIS,a��IN�2F

)

+ C1

)

.

(7a)
maximize

�,y,z
Fqq

(

�, y, z
)

s.t.
∥

∥hr,k�
∥

∥

2

2
≥ σ−2

RIS

(

pk(2
Rmin,k − 1)−1 − σ 2

)

, ∀k

(7b)��GP�2F + σ 2
RIS,a��IN�2F ≤ Pa , z ∈ C

N

(8)z⋆k = pk

(

σ 2 + σ 2
RIS

∥

∥hr,k�
∥

∥

2

2

)−1
,∀k .

(9)y⋆ =

√

∑K
k=1 Rk(�)

ξRIS,a

(

��GP�2F + σ 2
RIS,a��IN�2F

)

+ C1

.
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Finally, when z and y are both fixed, the optimization problem in (7) is a convex problem 
of � and can easily be solved using standard numerical tools such as CVX. The conver-
gence of Algorithm 1 that solves the problem in (7) is guaranteed according to [37].

Algorithm 1  Nested Fractional Programming for Optimizing � 

1: Initialization: Initialize Φ to a feasible value.
2: Repeat
3: Update z by (8) and y by (9).
4: Update Φ by solving (7) for fixed y and z.
5: until the value of the function Fqq in (6) converges.

3.1.2 � Sequential Fractional Programming

To apply the sequential method, a concave lower bound of the numerator of the EE 
is needed. This can be achieved by the inequality, log(1+ x

y ) ≥ log(1+ x̄
ȳ )

+ x̄
ȳ (

2
√
x√
x̄
− x+y

x̄+ȳ − 1) , which holds for any x, y, x̄ , and ȳ , and holds with equality if 

and only if x = x̄ and y = ȳ . Let us use x = x̄ = pk , and y = σ 2 + σ 2
RIS

∥

∥hr,k�
∥

∥

2

2
 , and 

ȳ = σ 2 + σ 2
RIS

∥

∥hr,k�̄
∥

∥

2

2
 with y  = ȳ or �  = �̄ , where � is any feasible RIS reflection 

matrix. We obtain

By utilizing the lower bound of the concave function on the right-hand side of (10) and 
employing a simple linearization technique to the term 

∥

∥hr,k�
∥

∥

2

2
 in constraint (4a), the 

optimization problem presented in (4) can be transformed into a concave maximiza-
tion problem subject to convex constraints. This transformed problem can be efficiently 
solved using the Sequential Fractional Programming approach [38].

3.2 � Optimization with respect to the power allocation matrix

For fixed � , the problem in (3) reduces to: 

(10)

log2

(

1+
pk

σ 2 + σ 2
RIS

∥

∥hr,k�
∥

∥

2

2

)

≥ log2

(

1+
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σ 2 + σ 2
RIS

∥
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∥

∥

2

2

)

+
pk

(

σ 2 + σ 2
RIS

∥
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∥

∥

2

2
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1+
pk + σ 2 + σ 2

RIS

∥
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∥

2

2

pk + σ 2 + σ 2
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∥
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∥

∥

2

2

)
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2
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ξ
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s.t.pk ≥ (σ 2
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∥
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2

2
+ σ 2)(2Rmin,k − 1) , ∀k

(11b)tr(aH (δ)WZFPW
H
ZFa(δ)) ≤ ηPmax,
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 where C2
∑K

k=1 PUE,k + PBS + N (Pc(b)+ PDC)+ ξRIS,aσ
2
RIS,a���2F . The optimiza-

tion problem in (11) is non-convex in general. However, for fixed � , the numera-
tor of the objective function is concave in P , while its denominator is convex in 
P . Moreover, (11a), (11b), and (11c) are all affine constraints with respect to P , 
while (11d) is a strictly convex constraint with respect to P . Accordingly, problem 
(11) is a single-ratio concave-convex fractional problem and thus it can be glob-
ally solved by Dinkelbach’s algorithm [37]. This method is summarized in Algo-
rithm  2, where B �

{

P=diag[p0, p1, p2, . . . , pK ] : (11a)∩(11b) ∩ (11c) ∩ (11d)
}

 and 
P
⋆
i � diag[p⋆0,i, p⋆1,i, p⋆1,i, . . . , p⋆K ,i] refer to the transmit power allocation solution in Step 

3 at each iteration. 

Algorithm 2  Dinkelbach’s algorithm to solve (11)

1: Initialization: K, b, PDC , PUE , Pc(b), PBS , σ
2, σ2

RIS, ξ, ξRIS,a, Pa,G, ε > 0, λ0 =
0,hr,k,Φk∀k = 1, 2, · · · ,K.

2: for i = 1, 2, · · · do
3: Solve the concave maximization:

P�
i = argmax

P∈B

K∑

k=1

log2

(
1+pk

(
σ2
RIS ‖hr,kΦ‖22 + σ2

)−1
)

− λi−1

(
ξ

K∑

k=1

pk+ξRIS,a ‖ΦGP‖2F +C2

)
.

4: Set:

λi =

K∑
k=1

log2

(
1 + p�k,i

(
σ2
RIS ‖hr,kΦ‖22 + σ2

)−1
)

ξ
K∑

k=1
p�k,i + ξRIS,a ‖ΦGP�‖2F + C2

5: if |λi − λi−1| < ε then
6: Output: P�

i .
7: end if
8: end for

Let us denote the number of iterative gradient updates in the Nested and Sequen-
tial FP algorithms for the RIS phase-shift optimization sub-problem as Inest and 
Iseq , respectively, and the number of iterations of Dinkelbach’s algorithm for trans-
mit power optimization as Idin . Consequently, the Nested FP and Sequential FP algo-
rithms for the active-RIS scenario exhibit maximum asymptotic complexities of 
O
(

Iam
(

2InestMN 5 + IdinK
4
))

 , and O
(

Iam
(

IseqMN 4 + IdinK
4
))

 , respectively. On the 

(11c)tr(WZFPW
H
ZF) ≤ Pmax,

(11d)��GP�F ≤
√

Pa − σ 2
RIS,a��IN�2F .
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other hand, the complexities of the proposed nested FP and sequential FP with a passive 
RIS are O

(

Iam
(

InestN
3 + IdinK

4
))

 , and O
(

Iam
(

IseqN
2 + IdinK

4
))

 , respectively.

4 � Results and discussion
We used MATLAB to simulate the considered system with K = 8 users and a radar 
target at angle 60◦ , with the positions of all components shown in Fig. 2. The single-
antenna users are randomly distributed inside a circle of radius 25 m centered at 
(200m,  0). All the results are averaged over 104 users’ positions and channel realiza-
tions. The channels between the DFRC-BS and RIS follow the Rician fading channel 
model [39], with Rician factor α . Additionally, we assume the channels between the 
DFRC-BS and users, and between the RIS and users, follow the Rayleigh model with 
path-loss exponents 3.5 and 2, respectively [40]. Simulation parameters are in Table 2, 
unless specified otherwise [4, 27]. We assume Rmin,k = Rmin for all k and we set Rmin 
to be a fraction of the rate that each user would attain in the ideal case of mutually 
orthogonal channels and uniform power allocation. We compare the Nested Fractional 
Programming (Nested FP), Sequential Fractional Programming (sequential FP), and 
the case of passive RIS presented in [4] with the same power budget. The table also 
includes the circuit dissipation power parameters for BS, RIS, and the mobile users 
based on [4, 27].

Fig. 2  The considered simulation setup
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Table 2  Simulation parameters

Parameters Values

RIS central element placement (d0,30m)

DFRC-BS element placement (0,0)

Small-scale fading model for all channels ∈ CN (0, 1)

Large-scale fading model at distance d 10−3.53

d3.76

Transmission bandwidth B 15 MHz

Algorithmic convergence parameter ǫ 10−4

DC power consumption for each active RE PDC −8 dBm

Active RIS dynamic noise power −134 dBm

Circuit dissipated power at DFRC-BS PBS 1.5 dBW

Circuit dissipated power coefficients at DFRC-BS ξ 1.25

Maximum transmit power at DFRC-BS Pmax 4.0 dBW

Dissipated power at each user PUE ,k 10 dBm

Dissipated power for active and passive RIS element 10 and 8 dBm

Power of background noises at users and RIS σ 2 = σ 2
RIS

−80 dBm

The maximum active RIS power budget 10% Pmax

Circuit dissipated power coefficients at the RIS ξRIS,a 1.25

Figure 3 shows the communication EE of active and passive RIS-based systems as a 
function of the maximum transmit power budget Pmax , where the minimum rate con-
straint is set to zero. The proposed active RIS system outperforms its passive counter-
part, and both systems achieve higher communication EE when a lower proportion of 
power, η , is allocated for sensing. This shows the trade-off between the communication 
and sensing functionalities that compete for a shared power budget. The active and pas-
sive RIS-based systems reach a saturation point in terms of their communication EE per-
formance when the maximum transmit power of the ISAC is greater than or equal to 
26 dBm. Beyond this limit, any power used in communication, sensing, and hardware 
circuitry in the DFRC-BS, RIS, and mobile users is not utilized, to avoid decreasing the 
communication EE of the system. Since the EE and spectrum efficiency (SE) are related 
through (EE = (B× SE)/Pmax) , such a behavior of SE versus Pmax was expected, as con-
firmed in Fig. 5.

Figure 4 shows how different Rmin values affect the communication EE. Although both 
systems follow a similar trend, the active RIS system performs better in terms of com-
munication EE. In some channel scenarios, the design problems were deemed infeasi-
ble, and the rate constraint was removed to analyze the system’s behavior under extreme 
conditions. At low Pmax values, both systems achieve low communication EE due to the 
insufficient transmit power. As Pmax increases beyond 16 dBm while enforcing strict 
QoS constraints, the communication EE decreases faster due to the excess ISAC base 
station power allocated to meet the user rate constraint.
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Fig. 3  Average communication EE versus Pmax for Rmin = 0 bits/Hz with N = 64 , Pc(b) = 7.8mW, M = 64 , 
K = 8

Figure 6 illustrates how the communication EE of active and passive RIS systems 
changes with circuit dissipated power consumption of each reflecting element 
Pc(b) , while considering different number of reflecting elements N. Figure  6 dem-
onstrates the existence of an intersection point between the EE curves of active and 
passive RIS designs with each value of N. Therefore, there is a trade-off between 
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Fig. 4  Average communication EE versus Pc(b) for different number of reflecting elements N, M = 64 , K = 8

the rate improvement achieved by deploying a large number of reflecting ele-
ments and the effect on the system’s communication EE. Similar conclusions can be 
drawn from Fig. 8 that shows the effect of increasing the number of RIS elements 
and accordingly the power consumption related to Pc(b) on the communication EE 
performance.
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Fig. 5  Average SE versus Pmax for Rmin = 0 bits/Hz with N = 64 , Pc(b) = 7.8mW, M = 64 , K = 8

Figure  7 illustrates the feasibility of the problem with respect to the minimum rate 
required per user. As expected, the feasibility of the problem decreases with the increase 
of the minimum required for each user ( Rmin,k).
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Fig. 6  Average communication EE versus Pc(b) for different number of reflecting elements N, M = 64 , K = 8

5 � Conclusion
This study focused on enhancing the communication EE of RIS-based multi-user 
ISAC systems. Two algorithms based on alternating maximization have been devel-
oped for the considered framework. The findings indicate that the proposed active 
RIS system outperforms passive RIS systems for small number of reflecting elements, 
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Fig. 7  Feasibility rate versus the fraction of R ( Rmin,k/R ) at Pmax = 25dBW , M = 64 , K = 8

but once the number of elements exceeds a specific number, their consumed power 
inverts the trend making passive RIS more energy efficient than active counterpart. 
The impact of the fraction of power allocated for sensing function and the circuit 
consumed power dissipation of the RIS reflecting elements on the overall EE perfor-
mance of the ISAC system was investigated.
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Fig. 8  Average communication EE versus N for different Pc(b) values, with N = 64 , Pc(b) = 7.8mW, M = 64 , 
K = 8
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