
Spectral‑efficient hybrid precoding 
for multi‑antenna multi‑user mmWave massive 
MIMO systems with low complexity
Yang Liu1†, Qiutong Zhang1†, Xin He1, Xuemei Lei1*  , Yinghui Zhang1 and Tianshuang Qiu2 

1 Introduction
The rapid increase in mobile data growth and the diversification of the application sce-
narios of 5  G and beyond are creating unprecedented challenges for wireless service 
providers in overcoming a global bandwidth shortage. This shortage has motivated the 
exploration of the millimeter-wave (mmWave) frequency spectrum, which can provide 
hundreds of free GHz spectrum resources for future cellular communication networks 
[1]. However, mmWave easily leads to a high propagation loss due to its very small 
wavelength [2]. To solve this problem, researchers have combined mmWave and mas-
sive multiple-input multiple-output (MIMO) techniques to increase the capacity of the 
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communication systems [3]. A massive MIMO antenna array can overcome high path 
loss in the mmWave channel. Furthermore, the small wavelength and narrow beam char-
acteristics of millimeter waves allow systems to employ large-scale antenna arrays [4], 
which can be packed into small-form factors and achieve reasonable array gains. There-
fore, the combination of mmWave and massive MIMO systems can effectively realize the 
complementary advantages of the two technologies [5–8].

Implementing high-quality communication links in mmWave massive MIMO sys-
tems requires the deployment of large antenna arrays at base station (BS). Each BS needs 
to serve multiple mobile users (MU) simultaneously for efficient system performance. 
Therefore, precoding is applied to generate the transmitted signal at the BS for multi-
plexing various data streams to different users and canceling out noise, inter-user inter-
ference and fast fading in the mmWave massive MIMO systems. Traditional full digital 
precoding reduces the interference between data streams and users and the complexity 
of receiver computation [9, 10]. However, full digital precoding schemes require every 
antenna element to be driven by its own dedicated energy-intensive radio frequency 
(RF) chain, imposing extremely high costs and energy consumption [11]. In contrast, an 
antenna array of full analog precoding is connected to only one RF chain by a phase 
shifter [12, 13]. Since the phase shifter cannot control the amplitude, the performance 
of full analog precoding scheme is restricted. To solve these problems, hybrid precoding 
schemes have been proposed that implement cost-effective variable phase shifters in the 
RF domain and allow reduced-dimensional signal processing schemes to be carried out 
digitally in the baseband [14]. Hybrid precoding can reduce the number of RF chains 
without obvious performance loss [15], thus, achieving a tradeoff between system per-
formance and hardware complexity. Because of the characteristics of anti-multipath fad-
ing [16], anti-interference, high spectral efficiency [17], high energy efficiency [18], etc., 
hybrid precoding has become an important signal processing technology in mmWave 
massive MIMO systems [19–22].

Hybrid precoding algorithms in mmWave massive MIMO system can be divided into 
three categories according to the number of users and the number of antennas. The first 
is the single-user system in which the user carries multiple antennas. [23] proposed a 
hybrid precoding that selects analog and digital precoder from a discrete Fourier trans-
form (DFT)-based codebook to maximize the spectral efficiency in single-user system. 
The theoretical basis of this algorithm is to minimize the chordal distance between the 
optimal unconstrained precoder obtained from the maximum right singular vector of 
the channel and the hybrid beamformers selected from the statistical DFT codebook. 
However, it aims to minimize the performance loss under limited feedback CSI under 
transmitters assumptions. [24] proposed a double-pilot-based hybrid precoding system, 
which predicts the analog precoding by using deep learning method and updates the 
equivalent channel frequently for the digital precoding by enhancing the frequency of 
equivalent channel estimation. This method is flexible but with high consumption of 
pilot and computation time because the time-varying influence. [25] proposed a hybrid 
precoding algorithm based on switches that selects a subset of antennas to feed through 
the RF switching network and delivers a lower-dimensional array to the digital domain. 
Although this algorithm permits low-complexity and hardware implementation, devis-
ing such a hybrid beamformer can be computationally expensive for large-dimensional 
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systems due to the binary nature of the selection problem. Since the single-user system 
cannot meet the practical needs that the system simultaneously serves multiple user 
devices, multi-user systems has been attracted more attention. There are two catego-
ries in multi-user systems: One is that each user carries a single antenna, and the other 
is that each user adopts multiple antennas to transmit signals. In single-antenna multi-
user system, it is difficult to jointly consider the changes of user-specific signal qual-
ity and multi-user interference. [26] proposed a low-cost hybrid precoding algorithm 
based on quantized CSI feedback for a single-antenna scenario and revealed that pure 
analog precoding outperforms hybrid precoding in terms of the ergodic achievable rate 
under certain conditions, as derived in closed forms with respect to the SNR, the num-
ber of users and the number of feedback bits. However, directly quantized feedback still 
causes a huge amount of overhead to maintain a usable accuracy. In [27], a deep learn-
ing quantized phase hybrid precoding algorithm was proposed. This algorithm estimates 
the channel vectors with a deep compression sensing algorithm and trains the hybrid 
precoding neural network with the estimated channel vectors in the offline state. Then, 
the analog precoding matrix can be obtained by ideal phase quantization and the digi-
tal precoding matrix can be obtained via ZF algorithm in the online state. However, the 
performance of deep learning-based CSI feedback architecture will decline significantly 
when the dataset is insufficient. Furthermore, the compressed sensing method used to 
obtain the estimated channel matrix is iterative, which will also cause poor real-time 
performance.

Since single-antenna multi-user systems cannot meet the requirements of multi-
ple antenna configurations for user terminals, multi-antenna multi-user systems with 
larger antenna array and stronger interference have been attracted more attention in 
recent years. Hybrid precoding in multi-antenna multi-user mmWave massive MIMO 
system can be divided into joint optimization and two-stage optimization for analog 
precoding and digital precoding according to the design steps. In [28], a convolutional 
neural network (CNN) framework was first proposed to optimize hybrid precoding 
for mmWave multi-user MIMO (MU-MIMO) systems in which the network takes the 
imperfect channel matrix as the input and jointly produces analog and digital precod-
ers as outputs. This method can effectively enhance the performance and efficiency of 
the system, but using multiple large-dimensional layers constructions may consume 
tremendous computation time in the training phase, which is impractical with the 
hardware constraints (e.g., limited computational capability and memory resources) 
of mobile terminals. Generally, the joint optimization algorithm should be an essen-
tial part of designing a precoding scheme because the comprehensiveness of prob-
lem formulation. Nevertheless, the signaling overhead is very heavy because the joint 
optimization requires CSI for the whole system which is equipped with large dimen-
sion antenna arrays. Additionally, the optimal solution is hardly tractable because the 
jointly optimization is a non-convex mixed integer optimization. Moreover, the digi-
tal precoding and analog beamforming are asynchronous process in practical applica-
tion. Therefore, to eliminate the hardware restrictions and consider the asynchronism 
of analog and digital precoding process, the two-stage algorithms are used in practi-
cal design [29–32]. Although the two-stage method may not achieve optimal precod-
ing design compared to the joint optimization with comprehensiveness of problem 
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formulation, the solution of the two-stage method needs less feedback and training 
signals for being considered as a non-synchronous process. Therefore, the two-stage 
method has been widely appreciated in recent years. [29] proposed an alternating 
optimization scheme to design the analog precoder and combiner, and [30] sorted 
the antenna sub-arrays according to the capacity of the channel before optimization. 
The above two algorithms adopt the iterative optimization theory, which increases 
the computational complexity of implementation. In [31], the author developed an 
adaptive two-stage reduced dimensionality multi-user hybrid precoder algorithm 
with limited feedback. The considered model assumes that each user only supports 
a single data stream. This problem becomes more complicated if the transmission of 
multiple data streams per user and the hybrid structure implemented by the user are 
also taken into account. [32] proposed a two-stage hybrid precoding algorithm based 
on equal gain transmission (EGT) aiming at maximizing the end-to-end mutual infor-
mation (EEMI). Apart from the low complexity of its implementation, the developed 
scheme is a more generic hybrid block diagonalization (HBD) solution, as it not only 
takes the frequency selectivity into account but also removes the reliance on the high-
resolution analog network. However, the traditional EGT method regards the prob-
lem of finding optimal analog precoding/combiner matrix as a multivariate coupling 
variable optimization that has non-convex nonlinearity. Moreover, the spectral effi-
ciency performance of this algorithm was degraded in the case of serious interference 
between users. To achieve a tradeoff between system performance and complexity, 
two-stage hybrid precoding with low complexity and high spectral efficiency becomes 
a crucial solution to combat path loss and interference in multi-antenna multi-user 
mmWave massive MIMO system.

In this paper, we propose a spectral-efficient hybrid precoding algorithm for a down-
link multi-antenna multi-user mmWave massive MIMO system. To reduce the hardware 
restriction and iterative process of the algorithm while ensuring the performance, we 
split the design into analog precoder/combiner and the digital counterparts. Because the 
large spectral efficiency can be obtained by increasing the equivalent baseband channel 
gain, we first propose to extend the dimension of the analog precoding matrix into a full 
rank matrix and find the optimal analog combiner in analog precoder/combiner pro-
cessing. Then, we perform the analog combiner based on an EGT method to aggregate 
the channel gain. Different from traditional EGT algorithms [32], we propose to repre-
sent the codebook by a discrete Fourier transform (DFT) matrix because each column 
vector in DFT matrix is unrelated and the column vectors can be combined linearly to 
synthesize the array response vector in any direction [33], which makes the analog com-
biner design to be a sparse precoding optimization problem containing only unary varia-
bles. Moreover, because the number of receiving antennas per user in mmWave massive 
MIMO is much smaller than the number of BS antennas and the hardware restrictions 
in practical applications, the exhaustive search on the DFT bases is acceptable. Finally, 
BD precoding is performed based on the equivalent channel matrix to eliminate the 
inter-user interference. The contributions of the paper are summarized as follows. 

(1) We divide the calculation of hybrid precoding into analog and digital stages to 
reduce the signaling overhead and formulate the spectral efficiency optimization 
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as maximizing the equivalent channel gain in multi-antenna multi-user mmWave 
massive MIMO system.

(2) We propose to denote the analog precoder as a square matrix to obtain a large 
equivalent channel gain and use the EGT method to reap the diversity benefit of an 
analog phased-array. Then, we construct a DFT basis by discretizing the codebook 
which is extracted from the equivalent channel gain, so that we can select vectors 
from the DFT basis for analog combiner design. The proposed design can obtain a 
large array gain by enlarging the sum squares of diagonal terms with low computa-
tional complexity.

(3) Furthermore, we use a low-dimensional block diagonalization digital precoding and 
combining to attenuate the complexity and significantly maximize the spectral effi-
ciency by reducing the inter-user interference of the multi-antenna multi-user sys-
tem.

(4) The theoretical analysis shows that the proposed hybrid precoding scheme can 
improve the spectral efficiency with low complexity. We also provide numerical 
results to demonstrate that the proposed scheme can achieve a better spectral effi-
ciency and bit-error-rate than some existing schemes under both Saleh–Valenzuela 
mmWave and Rayleigh channels.

The rest of this paper is organized as follows: In Sect. 3, the system model for a multi-
user massive MIMO system is described. In Sect. 4, a low-complexity hybrid precoding 
algorithm is proposed for downlink multi-antenna multi-user mmWave massive MIMO 
systems, aiming to enhance the sum spectral efficiency (SSE) performance. Moreover, 
the computational complexity of the proposed algorithm and other traditional algo-
rithms are compared in a theoretical analysis. The simulation results and the conclusion 
are presented in Sects. 5 and 6, respectively.

Notation: We use bold-faced lower-case and upper-case letters to denote column vec-
tor and Rayleigh matrices, respectively. (·)−1 and (·)H represent the inversion and con-
jugate of a matrix, respectively. E[·] denotes the expectation value. �·� and �·�F denote 
the norm of a vector and the Frobenius norm of a matrix, respectively. Finally, CN (0, 1) 
represents the complex Gaussian distribution with zero mean and unit variance.

2  Methodology
In this paper, we first introduce the research background and related hybrid precoding 
methods for mmWave massive MIMO systems in Sect.  1. Compared with single-user 
scenario, multi-user scenario satisfies the practical demand for multi-user service in 
modern communication systems. Compared with multi-user single-antenna scenario, 
the multi-user multi-antenna scenario meets the number requirements of cells which 
needed to be served in the actual mmWave communication system. However, existing 
hybrid precoding algorithms cannot maximize their spectral efficiency with low compu-
tational complexity because the antenna array is more complex and there is more inter-
ference in multi-user multi-antenna scenarios. Therefore, hybrid precoding with low 
complexity and high spectral efficiency becomes the key solution to combat interference 
and path loss in mmWave massive MIMO systems.
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We propose a spectral-efficient hybrid precoding algorithm in a downlink multi-user 
multiple-antenna mmWave massive MIMO system to maximize the sum spectral efficiency 
and reduce the complexity of the system. To reduce the iterative process of the algorithm 
while ensuring the performance, we split the precoding design into the RF precoding and 
the digital precoding design. In RF precoding, we extend the dimension of the analog pre-
coding matrix into a square matrix and find the optimal analog combiner by selecting some 
of the discrete Fourier transform bases, which enhances the equivalent baseband channel 
matrix gain. Then, to ensure the spectral efficiency performance, we directly aggregate the 
channel gain through the equal gain transmission method. In terms of optimizing digital 
precoding, BD technology is used under equivalent channels to eliminate the inter-user 
interference.

To verify the effectiveness of the proposed algorithm, we have conducted a variety of 
experiments to obtain comparison results by calculating the computational complexity and 
simulating in the same environment in both mmWave and Rayleigh channel. The specific 
analysis can be found in Sect. 5.

3  System model
3.1  Multi‑user massive MIMO system model

A downlink transmission of a TDD-based multi-antenna massive MU-MIMO system is 
depicted in Fig. 1. The base station (BS) is equipped with Nt transmission antennas and Nt

RF 
RF chains to communicate with K independent users. Each user is equipped with Nr receiv-
ing antennas and Nr

RF RF chains to support Ns data streams. To ensure the effectiveness of 
transmission, the number of transmitted steams is constrained by KNs ≤ Nt

RF ≤ Nt for the 
BS and Ns ≤ Nr

RF ≤ Nr for each user.
The transmitted symbols are processed by a Nt

RF × KNs digital precoder FBBk and 
mapped onto Nt

RF RF chains. Then, the symbols are processed by a Nt × Nt
RF analog pre-

coder FRF . Since the analog precoder is composed of analog phase shifters, it can only con-
trol the phase of the signal and each entry of FRF is normalized to satisfy F i,j = 1√

Nt
 , 

where 
∣

∣F i,j

∣

∣ denotes the amplitude of the 
(

i, j
)

-th element of FRF . The digital precoder FBBk 
enables both amplitude and phase modifications.

We assume Hk ∈ CNt×Nr as the downlink channel matrix for the k-th user. The received 
signal of the k-th user can be expressed as

(1)yk = HkFRFFBBksk + nk , k = 1, 2 · · · ,K ,

Fig. 1 System model of multi-user hybrid precoding
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where S =
[

sT1 , s
T
2 , · · · sTK

]T is the signal vector of K users, S ∈ CKNs×1 satisfies 
E
[

SSH
]

= P
KNS

IKNS , P represents the average transmit power of the BS, and IKNS is a 
KNs × KNs identity matrix. nk ∈ CNr×1 is the vector of the i.i.d. CN (0, 1) additive white 
Gaussian noise (AWGN). The received signal yk after combining at the k-th user can be 
represented as

where W RFk is the Nr × Nr
RF analog combiner matrix and W BBk is the Nt

RF × Ns base-
band combiner for the k-th user.

If H̃k = WH
RFkHkFRF , k = 1, 2, · · ·K  is denoted as the equivalent baseband channel 

matrix, then (2) can be re-expressed as

Therefore, the sum spectral efficiency of K users can be expressed as

where Ri = P
KNs

K
∑

i=1,i �=k

WH
BBkH̃kW BBk + σ 2WH

BBkW
H
RFkW RFW BBk is the covariance 

matrix of interference and noise.

3.2  Channel model

In this paper, the general channel matrix is set as 
H =

[

HT
1 ,H

T
2 , · · · ,HT

K ,
]T =

[√
β1Ḣ

T
1 ,

√
β2Ḣ

T
2 , · · · ,

√
βK Ḣ

T
K

]T
 , where 

√
βk  indicates 

large-scale path fading and Ḣk indicates the normalized channel matrix for the k-th user, 
satisfying E

[

∥

∥Ḣk

∥

∥

2

F

]

= NtNr . In the mmWave channel, the main feature is the limited 

number of scattering clusters in the propagation path [34–36]. To characterize the lim-
ited scattering property of mmWave channels, the Saleh–Valenzuela geometric model is 
adopted in this paper [37, 38]. Specifically, the channel Hk ∈ CNt×Nr from the BS to the 
k-th user can be modeled as

where Ncl is the number of clusters and each cluster comprises Nray propagation paths. 
αk
ul is the complex amplitude associated with the l-th path in the u-th scattering cluster. 

akr
(

θ rul

)

 and akt
(

φt
ul

)

 represent the receive and transmit array response vectors for the 
k-th user, respectively, whereas θ rul and φt

ul are the arrival and departure azimuth angles 
(AOA and DOA) of the (u, l)-th path. The truncated Laplacian distribution is employed 
to generate θ rul and φt

ul [39]. Although the proposed algorithms can be implemented on 
any antenna array, we use a uniform linear array (ULA) as the array model, the array 
response vector can be defined as

(2)ŷk = WH
k W

H
RFkHkFRFFBBksk +WH

BBkW
H
RFknk , k = 1, 2, · · ·K ,

(3)ŷk=WH
BBkH̃kFBBksk+

K
∑

i=1,i �=k

WH
BBkH̃kFBBisi+WH

BBkW
H
RFknk , k=1, 2, · · ·K .

(4)R =
K
∑

k=1

log2

(∣

∣

∣

∣

INs +
P

KNs
R−1
i WH

BBkH̃kFBBkF
H
BBkH̃

H

k W BBk

∣

∣

∣

∣

)

,

(5)Hk =
√

NtNr

NclNray

Ncl
∑

u=1

Nray
∑

l=1

αk
ula

k
r

(

θ rul

)

akt
(

φt
ul

)H
,
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where � is the wavelength of the signal, and d is the distance between adjacent antenna 
elements. It is always assumed that d = �

2.

4  Proposed hybrid precoding algorithm
Generally, the joint optimization of the digital hybrid precoder and analog combiner 
should be an essential part of designing a processing scheme for optimal sum spectral 
efficiency [28, 40]. However, the optimal solution is hardly tractable because the jointly 
optimization is a non-convex mixed integer optimization. Moreover, the digital precod-
ing and analog precoding are asynchronous process in practical application. Therefore, 
to eliminate the hardware restrictions and consider the asynchronism of analog and digi-
tal precoding process, we divide the calculation of the hybrid precoding into analog and 
digital steps [29–32]. In the first step, the BS and each MS design the analog precoding 
and combining vectors to maximize the desired array gain for equivalent channel matrix. 
In the second step, the digital precoder is designed based on the equivalent channel 
matrix after the application of the proposed analog precoder in the first stage, to manage 
the multi-user interference. In general, the two-stage method is an asynchronous calcu-
lation of analog precoding and digital precoding based on the equivalent channel matrix.

4.1  The analog precoder/combiner design

Owing to the large number of antennas in massive MU-MIMO systems, the channel 
gains of the equivalent channel H eq can be scaled up through appropriate phase-only 
control in the RF domain. In traditional multi-user hybrid precoding algorithms [41, 
42], because the dimension of the analog precoding matrix FRF is Nt × Nt

RF , the rank of 
the baseband equivalent channel matrix H eq is reduced after passing through the chan-
nel. This result is a reduction in the gain of the baseband equivalent channel matrix, 
thereby reducing the sum spectral efficiency. To obtain a large array gain, it is necessary 
to increase the rank of FRF . We first denote the analog precoding matrix as an Nt × Nt 
full rank matrix. Thus, the improved equipment baseband multi-user channel H eq can 
be expressed as

To reap the diversity benefit of an analog phased-array, we utilize the analog precoding 
based on EGT method. The analog precoding matrix can be expressed as

where ϕ(i,j) is the phase of the 
(

i, j
)

-th element of (W RFH)H.
Since the diagonal elements in H eq represent the equivalent channel gain, the off-

diagonal elements in H eq indicate the inter-chain interference. Therefore, to obtain 

(6)aULA(θ) =
1√
N

[

1, ej
2π
�
d sin (θ), · · · , ej(N−1) 2π

�
d sin (θ)

]T
,

(7)H eq =











H̃1

H̃2

...

H̃K











=











WH
RF1 0 · · · 0

0 WH
RF2 · · · 0

...
...

. . .
...

0 0 · · · WH
RFK



















H1

H2

...
HK









FRF .

(8)F i,j =
1√
Nt

ejϕi,j ,
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the large array gain, we propose to increase the sum of the squares of the diagonal ele-
ments in H eq by finding the precoding combiners W RFk(k = 1, 2 · · ·K ) of K users. The 
optimization problem is described in

where w(m)

RFk is the m-th column of W RFk , 
∥

∥

∥

∥

(

w
(m)

k

)H
Hk

∥

∥

∥

∥

1

 is the 
(

(k − 1)Nr
RF +m

)

-th 

diagonal element of H eq and �·�1 denotes the 1-norm of a vector, corresponding to the 
m-th RF chains of the k-th user. Because all W RFk(k = 1, 2 · · ·K ) are independent of 
each other, the above equation is equivalent to maximizing (9) for all K users. Then, the 
analog combiner can be obtained from the following optimization,

Due to the non-convex constraints of W RFk , we cannot directly solve the problem in (9). 
Therefore, we modify the constraints of the analog combining matrix by

where h(n)k  denotes the n-th column of Hk . Moreover, in the geometric MIMO channel 
models, including the Rayleigh fading and mmWave channels, h(n)k  is the linear combina-

tion of the array response vectors of all AOAs. That is, each addition term 
∣

∣

∣

∣

(

w
(m)

RFk

)H
h
(n)
k

∣

∣

∣

∣

 

in 
∥

∥

∥

∥

(

w
(m)

RFk

)H
Hk

∥

∥

∥

∥

1

 is the absolute value of the weighted sum of the array response vec-

tors akt
(

φt
il

)

 of all AoAs projected onto w(m)

RFk . Therefore, we can set w(m)

RFk in the form of an 
array response vector (6) to extract the gain from projections,

where w = 2π
�
d sin θ represents the corresponding spatial frequency.

To obtain the large array gain, we require that the rank of the baseband equiva-
lent channel matrix H eq does not decrease after the analog combining matrix W RFk 
is multiplied by the channel matrix Hk . Therefore, we require the columns of W RFk 
to be pairwise orthogonal so that the rank of H eq is lower bound by Nr

RF > Ns . Tradi-
tional EGT algorithms, such as [43, 44], find the optimal analog combiner via iterative 
methods, which has non-convex nonlinearity and is time-consuming and computa-
tionally complex. Considering that each column (representing the antenna response 
in each incidence direction) of DFT codebook is orthogonal to each other, we pro-
pose a DFT codebook-based analog combiner whose orthogonal beam columns are 

(9)
max
W RFk

K
∑

k=1

Nr
RF
∑

m=1

∥

∥

∥

∥

(

w
(m)

RFk

)H
Hk

∥

∥

∥

∥

2

1

s.t.
∣

∣

∣
W

(i,j)
RFk

∣

∣

∣
= 1√

Nr
RF

,∀i, j
,

(10)
max
W RFk

Nr
RF
∑

m=1

∥

∥

∥

∥

(

w
(m)

RFk

)H
Hk

∥

∥

∥

∥

2

1

, k = 1, 2 · · ·K

s.t.
∣

∣

∣
W

(i,j)
RFk

∣

∣

∣
= 1√

Nr
RF

,∀i, j
.

(11)
∥

∥

∥

∥

(

w
(m)

RFk
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specified by DFT codeword. The DFT base is a sparse base so that the problem for-
mulation is transformed from multivariate coupling variable optimization problem to 
unitary sparse optimization problem, which reduces the computational complexity. 
According to the form of w(m)

RFk , we discretize w into Nr levels over [0, 2π) and con-
struct Nr

RF  discrete Fourier transform (DFT) bases. The DFT base is a sparse base 
with orthogonal properties. It can be expressed as

where C is a candidate set of w(m)

RFk with Nr
RF DFT bases. Therefore, the design of the 

modified analog combiner can be re-expressed as

To solve the problem in (14), we sort all the 
∥

∥

∥

∥

(

w
(m)

RFk

)H
Hk

∥

∥

∥

∥

1

 in descending order and 

construct the W RFk with the first Nr
RF DFT bases in c(w) . Although various cross-domain 

collaborative filtering (CDCF) algorithms are presented to address the sparsity problem 
[45, 46], as seen from the above analysis in our method, each user needs to solve (14) 
only once to obtain the corresponding analog combining matrix W RFk . In addition, the 
number of receiving antennas per user should be much smaller than the number of BS 
antennas, which makes the exhaustive search on the DFT bases acceptable.

4.2  The digital precoder design

After obtaining the analog precoder FRF and combiner W RFk , in this section, we apply a 
digital BD precoding scheme to eliminate the interference among users and maximize the 
spectral efficiency of the system. The BD scheme is an extension of the ZF scheme in multi-
user MIMO systems. Each user’s linear precoder and combiner can be obtained by two 
singular value decomposition (SVD) operations [47]. In our hybrid case, the BD scheme is 
designed based on the effective channel matrix H̃k , ∀k . To eliminate interference among 
multiple users, the following constraints need to be imposed on the baseband equivalent 
channel matrix

It can be concluded from (15) that FBBi must be found in the null space of the other 
users’ channel matrices. Thus, H̄k is defined as

We compute the SVD of H̄k and obtain

(13)C =
{

c(0), c(
2π

Nr
RF

), · · · , c(
2π

(

Nr
RF − 1

)

Nr
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)
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,
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∥

∥

∥
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where �̄k is a diagonal matrix that consists of nonnegative singular values of H̄k and its 
dimension is equal to the rank of H̄k . V̄Nr

RF

k  and V̄ (K−1)Nr
RF

k  are composed of right singular 
vectors corresponding to zero singular values and nonzero singular values, respectively. 
Multiplying V̄Nr

RF

k  by H̄k , we get

Thus, V̄Nr
RF

k  is an orthogonal basis for the null space of H̄k . This means that only the k-th 
user can receive the signal transmitted from the direction of Nr

RF . Thus, we know

Then, the digital precoder of the k-th user can be defined as FBBk = V̄
Nr
RF

k  , and the digi-
tal precoding matrix is

Therefore, after eliminating the inter-user interference by digital precoder FBBi , the 
equivalent baseband channel matrix H eq can be expressed as

The BD-baseband equivalent channel matrix HBD of the k-th user can be expressed as 
HBDk = H̃k V̄

Nr
RF

k  . The SVD of H̃k V̄
Nr
RF

k  is defined as

where VNs

k  represents the right singular matrix corresponding to a nonzero singular 
value, and V (Nr

RF−Ns)

k  represents the right singular matrix corresponding to a zero-singu-
lar value. Thus, we define the digital precoder as

The baseband combiner of the k-th user is chosen as
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Therefore, the sum spectral efficiency achieved by the proposed hybrid precoding 
scheme is

The DFT orthogonal basis is used to construct the analog combining matrix W RFk , 
where WH

RFkW RFk = I . Thus, we obtain

The sum spectral efficiency of K users can finally be expressed as

where � is a diagonal matrix, whose elements are the power loading coefficients, which 
can be found by water-filling on the singular values �Ns

k  from all users collected together, 
assuming a total power constraint.

4.3  Computational complexity analysis

In this subsection, the computational complexity of the proposed hybrid precoding algo-
rithm is discussed. The complexity of the proposed algorithm comes from the assign-
ment of analog precoders and the calculation of digital precoders. Table  1 provides 
the complexity comparison between the proposed hybrid precoding and some other 
schemes. The full-digital BD precoding scheme has the highest computational complex-
ity. Considering the typical mmWave MIMO system with Nt = 256,Nr = 16,K = 8 , 
Nt
RF = 8,Nr

RF = 1 , we can observe that the complexity of the proposed BD precoding 
scheme is approximately 67,108,864 multiplications, which is only approximately 0.45% 
as complex as the full-digital BD precoding scheme.

Compared with the existing hybrid precoding algorithms based on the single-user sys-
tem [23–25] and the single-antenna multi-user systems [26, 27], our work can be applied 
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in multi-antenna multi-user systems with low complexity and high spectral efficiency. 
To avoid high computational complexity caused by non-convex mixed integer optimi-
zation of joint optimization [28], the proposed precoding and combining schemes use 
two-stage design. Compared with the two-stage hybrid precoding algorithms in [29–32], 
the proposed algorithm achieves a tradeoff between system performance and complex-
ity because the multi-user equivalent channel matrix enabled by the proposed analog 
precoder can directly aggregate the channel gains in massive MIMO system. In addition, 
compared with the traditional EGT algorithms in [30, 41, 42], a DFT basis is constructed 
to significantly reduce the computational complexity. Moreover, the proposed algorithm 
can make full use of the multi-antenna array gain to achieve a higher sum rate so that a 
higher spectral efficiency performance can be guaranteed. Compared with [31, 48, 49] 
and the conventional BD precoding schemes, the proposed algorithm has the optimal 
spectral efficiency and BER performance with the lowest computational complexity.

5  Simulation results and discussion
In this section, we compare the performance of the proposed algorithm with the spa-
tially sparse hybrid precoding scheme [48], the MMSE combiner hybrid precoding 
scheme [49], the limited feedback hybrid precoding scheme [31], and the conventional 
BD precoding scheme. In addition, we also provide the simulation results of the spec-
tral efficiency to evaluate the performance of the proposed hybrid precoding scheme in 
Rayleigh fading channel to verify the practicability of this algorithm in different chan-
nels, because the Rayleigh fading channel can effectively describe the wireless environ-
ment with obstacles which can scatter many signals. For mmWave channel, the clustered 
mmWave channel model is employed to characterize the limited scattering feature of the 
mmWave channel. Both the transmission and receiving antenna arrays are ULAs with 
antenna spacing d = �

2 . Since the BS usually employs directional antennas to eliminate 
interference and increase antenna gains [20], the AoDs are assumed to follow a uniform 
distribution within 

[

−π
6 ,

π
6

]

 . Moreover, due to the random position of users, we assume 
that the AoAs follow a uniform distribution within [−π ,π ] , which means that omnidi-
rectional antennas are adopted by users. For Rayleigh fading channel, variable settings 
are consistent with those in the mmWave channel.

5.1  Spectral efficiency

To verify the spectral efficiency performance of the proposed algorithm, Fig. 2 depicts 
the performance comparison of the sum spectral efficiency against the SNR in mmWave 
channel and Rayleigh channel, with Nt = 128 and Nr = 16 . It can be seen that the pro-
posed scheme is significantly superior to the other schemes in both channels. The EGT 
enabled by the RF precoder can directly aggregate the channel gains so that the spec-
tral efficiency performance can be guaranteed. When SNR = 0 dB, the sum spectral 
efficiency of the proposed scheme in mmWave channel is 47.7 bits/s/Hz, and it is 47.26 
bits/s/Hz in Rayleigh channel. Comparing Fig. 2a and b, we find that when the number 
of BS antennas is 128, the performance of the proposed scheme in the Rayleigh channel 
is worse than that in the mmWave channel. It is probably due to the fact that the DFT 
bases selection in the proposed scheme essentially captures the dominant paths of the 
mmWave channels.
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5.2  Robustness evaluation

Figure 3 compares the sum spectral efficiency versus the number of BS antennas in both 
channels given K = 8, 16 user antennas, and SNR = 0 dB. The number of scattering 
clusters is 8, and each cluster has 10 paths so that the Rayleigh channel is complex with 
multiple scattered clusters and the mmWave channel is sparse. We find that the perfor-
mance improves with an increase in the number of BS antennas for all hybrid structures. 
Moreover, because the useful information only exists in a few paths in mmWave sparse 
channel, it is more difficult to obtain the exact channel state information. In this case, 
the proposed algorithm has better spectral efficiency than the traditional BD method, 
so it can get better performance when used in the massive MIMO systems with different 
channels.

Simulation results regarding the performance for different numbers of users are 
provided in Fig. 4, with Nt = 256,Nr = 16 and SNR= 0 dB. It can be clearly seen that 
the performance in both channels improves with the increase in the number of users 
for all hybrid structures and the performance of the proposed scheme is optimal by 
using an improved low-dimensional BD precoder and combiner. When the number 
of users is 8, the sum spectral efficiency gap between the proposed scheme and the 
hybrid BD precoding scheme is 2.738 bits/s/Hz in mmWave channel and 2.136 bits/s/

Fig. 2 Achievable spectral efficiency comparison for the MIMO system in (a) mmWave channel; (b) Rayleigh 
channel

Fig. 3 Achievable spectral efficiency comparison against the number of BS antennas in (a) mmWave 
channel; (b) Rayleigh channel
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Hz in Rayleigh channel. Therefore, the proposed algorithm can significantly cancel 
inter-user interference in multi-user systems.

Simulation results regarding the performance for different numbers of BS RF chains 
are provided in Fig. 5, with Nt = 256,Nr = 16 . It can be clearly seen that the perfor-
mance improves as the number of RF chains increase for all hybrid structures and the 
proposed scheme is significantly superior to the other schemes. The proposed scheme 
can be safely recommended for implementation in systems with a large number of 
RF chains, because it is less vulnerable to the inter-user interference than the other 
schemes in this case. However, as the number of RF chains increases to 13, the per-
formance of all the algorithms tends to be stabilized. This is because when the num-
ber of RF chains grows beyond an optimal value, inter-user interference substantially 
becomes more severe and the sum spectral efficiency is gradually influenced.

Simulation results regarding the performance for different numbers of data 
streams are provided in Fig. 6, with Nt = 256,Nr = 16 . Figure 6 shows that when the 
number of data streams is 8, the spectral efficiency achieved by the proposed scheme 
is 130.9 bits/s/Hz in mmWave channel and 134.3 bits/s/Hz in Rayleigh channel. It 
can be clearly seen that the performance improves as the number of data streams for 
all hybrid structures increase, and that the proposed scheme is significantly superior 

Fig. 4 Achievable spectral efficiency comparison against the number of users K in (a) mmWave channel; (b) 
Rayleigh channel

Fig. 5 Achievable spectral efficiency comparison against the number of RF chains in (a) mmWave channel; 
(b) Rayleigh channel
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to the other schemes. However, as the number of data streams increases to 5, the 
performance of the proposed algorithm tends to be decrease in both channels. This 
is because the pursuit of the large array gain slightly introduces the inter-stream 
interference in the RF domain, which will degrade the system spectral efficiency 
after the baseband BD processing.

Figure 7 illustrates the bit-error-rate (BER) performance achieved by the proposed 
scheme for the 256× 16 massive MIMO system. The proposed hybrid precoding 
method achieves better BER performance than other hybrid precoding methods. 
This is because the proposed scheme generates multiple subchannels with the equal 
gain transmission for each user, which improves the total BER performance. From 
Fig. 7, we can also find that as the SNR increases, the BER achieved by each algo-
rithm decreases. Furthermore, by comparing the achieved robustness performances 
between the Rayleigh channel and mmWave channel, due to the poor scattering 
nature of mmWave channel, we find that the proposed scheme achieves a better 
robustness performance in Rayleigh channel than in mmWave channel.

Fig. 6 Achievable spectral efficiency comparison against the number of data streams in (a) mmWave 
channel; (b) Rayleigh channel

Fig. 7 BER performance comparison for the massive MIMO system in (a) mmWave channel; (b) Rayleigh 
channel
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6  Conclusion
In this paper, we propose a high spectral-efficiency hybrid precoding algorithm for 
downlink multi-user mmWave massive MIMO systems with low complexity. We 
extend the dimensions of the analog precoding matrix into a square matrix and find 
the optimal analog combiner to increase the gain of the equivalent baseband channel 
matrix. Then, a block diagonal (BD) precoding is performed based on the equivalent 
channel seen from the baseband to eliminate inter-user interference. The proposed 
scheme, with its lower implementation and computational complexity, achieves a 
capacity performance that is close to and sometimes even higher than those of con-
ventional BD processing. The simulation results indicate that the proposed scheme 
can achieve a better spectral efficiency and bit-error-rate (BER) performance than 
other precoding schemes in both the Rayleigh fading channel and mmWave channel.
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