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Elastodynamic response of an anisotropic medium due to a line-load
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Two-dimensional elastodynamic displacements and stresses for a monoclinic solid have been obtained in rela-
tively simple form by the use of the eigenvalue method, following Laplace and Fourier transforms. The main aim
of this paper is to present a straightforward analytical eigenvalue method for a monoclinic solid which avoids the
cumbersome nature of the problem and is convenient for numerical computation. The use of matrix notation avoids
unwieldy mathematical expressions. A particular case of normal line-load acting in an orthotropic solid is discussed
in detail. The corresponding deformation in time-domain is obtained numerically. The variations of elastodynamic
displacements and stresses for an anisotropic medium with the horizontal distance have been shown graphically. It
has been found that anisotropy is affecting the trend of distribution curves significantly.
Key words: Monoclinic, orthotropic, eignevalue method, two-dimensional deformation integral transforms, elas-
todynamic.

1. Introduction
The elastodynamic displacement response of an unbound-

ed homogeneous linearly elastic solid to a line-load varying
with time as a Dirac delta function provides a foundation
to solve for the response to more general two-dimensional
distributions of body forces and/or distributions of disloca-
tions. The displacement Green’s functions for a homoge-
neous isotropic linearly elastic solid are classical results in
elastodynamic theory. The three-dimensional time-domain
result has been obtained, amongst others, by Stokes (1849),
Lamb (1904), Love (1944), Maruyama (1963), Achenbach
(1973), Niwa et al. (1980), Karabolis and Beskos (1984).
The dislocation problems of shear and tensile faults within
the earth have received great attention in the geophysical
literature from many investigators, e.g., Maruyama (1966),
Okada (1985, 1992), Bonafede and Rivalta (1999a, b). The
post-seismic deformation of a spherical, self-gravitating,
stratified earth models has been extensively discussed by
Piersanti et al. (1995), and others.

The corresponding solutions for anisotropic solids have
also received a great deal of attention in the past. The gen-
eralization of the solution to include anisotropy is, however,
very difficult. For a transversely isotropic medium, some
relevant contributions are those of Buchwald (1959), Payton
(1983), Yeatts (1984), Mura (1987) and Pan (1989).

The work by Lighthill (1960) for asmyptotic solution and
by Duff (1960) on integral expressions for the Cauchy prob-
lem are the early treatments on general anistropy by the use
of Fourier transform. Among the other relevant contribu-
tions for anisotropic solids, we mention those of Burridge
(1967), Tverdokhlebov and Rose (1988), Wang and Achen-
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bach (1992, 1993, 1994). Most of the solutions obtained in
these papers are based on the use of a suitable combination
of Radon transform and/or Fourier and cosine transforms.

Garg et al. (1996) obtained the representation of seismic
sources causing static antiplane strain deformation of an or-
thotropic medium. The corresponding static plane strain de-
formation of an orthotropic elastic medium has been dis-
cussed by Garg et al. (2003). In the present paper a novel
analytical eigenvalue method is presented for a monoclinic
solid. The application of Laplace and Fourier transforms
to the equations of motion for plane strain deformation of a
monoclinic solid reduces them into a single linear homoge-
neous vector-matrix differential equation of second order, on
which an eigenvalue method is applied to obtain a solution
in the transformed domain. The procedure developed in this
paper is relatively simple, straightforward, avoids the cum-
bersome nature of the problem and convenient for numerical
computation. The form of the single governing equation for
a monoclinic solid derived in this paper is new, which is ob-
tained by a different approach. As a particular case, a nor-
mal line-load acting in the interior of an orthotropic elastic
solid has been considered and the corresponding displace-
ments and stresses in the time-domain have been obtained by
inverting them numerically. The same method may also be
applied to two-dimensional sources, such as strip-load. The
variations of displacements and stresses for an anisotropic
medium with the horizontal distance have been shown graph-
ically. The deformation at any point of the medium is use-
ful to analyse the deformation field around mining tremors
and drilling into the crust of the earth. It may also find ap-
plications in various engineering problems, crystal physics
and solid-earth geophysics regarding the deformation of an
anisotropic solid. In fact, the study of a single force acting in
a monoclinic solid forms a basis for further investigations.
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2. Basic Equations and Theory
The equations of motion in the Cartesian co-ordinate sys-

tem (x1, x2, x3) for zero body force are

∂τ11

∂x1
+ ∂τ12

∂x2
+ ∂τ13

∂x3
= ρ

∂2u1

∂t2
, (1)

∂τ21

∂x1
+ ∂τ22

∂x2
+ ∂τ23

∂x3
= ρ

∂2u2

∂t2
, (2)

∂τ31

∂x1
+ ∂τ32

∂x2
+ ∂τ33

∂x3
= ρ

∂2u3

∂t2
, (3)

where τi j (i, j = 1, 2, 3) are the components of the stress
tensor, (u1, u2, u3) are the components of the displacement
vector and ρ is the density of the elastic medium.

The stress-strain relations for a monoclinic elastic me-
dium, with x1x2-plane as plane of elastic symmetry, are
(Atanackovic and Guran, 2000)

τ11 = d11e11 + d12e22 + d13e33 + 2d16e12, (4a)

τ22 = d12e11 + d22e22 + d23e33 + 2d26e12, (4b)

τ33 = d13e11 + d23e22 + d33e33 + 2d36e12, (4c)

τ23 = 2d44e23 + 2d45e13, (4d)

τ13 = 2d45e23 + 2d55e13, (4e)

τ12 = d16e11 + d26e22 + d36e33 + 2d66e12, (4f)

where ei j (i, j = 1, 2, 3) are the components of strain tensor
and are related with displacement components (u1, u2, u3)
through the relations

ei j = 1

2

[
∂ui

∂x j
+ ∂u j

∂xi

]
, 1 ≤ i, j ≤ 3. (5)

The two-suffix symmetric quantities di j (i, j = 1, 2, · · · , 6)

are the elastic moduli for the monoclinic elastic medium.
If the medium has three coordinate planes as the planes

of elastic symmetry, the quantities di j are the elastic moduli
for the orthotropic elastic medium in which (Mase and Mase,
1999)

d16 = d26 = d36 = d45 = 0. (6a)

Further a transversely isotropic with x3-axis coinciding with
the axis of symmetry is a particular case of orthotropy in
which

d22 = d11, d23 = d13, d55 = d44, d66 = 1

2
(d11 − d12).

(6b)

Isotropy is also a particular case of an orthotropy in which

d11 = d22 = d33 = λ + 2μ, d12 = d13 = d23 = λ,

d44 = d55 = d66 = μ, (6c)

where λ and μ are Lamé elastic moduli.
For convenience, we shall write (x1, x2, x3) = (x, y, z)

and (u1, u2, u3) = (u, v, w).
The equations of motion for a monoclinic elastic medium

in terms of displacement components can be obtained from

Eqs. (1)–(5). We find[
d11

∂2u

∂x2
+ d66

∂2u

∂y2
+ d55

∂2u

∂z2
+ 2d16

∂2u

∂x∂ y

]

+
[

d16
∂2v

∂x2
+ d26

∂2v

∂y2
+ d45

∂2v

∂z2
+ (d12 + d66)

∂2v

∂x∂ y

]

+
[
(d13 + d55)

∂2w

∂x∂z
+ (d36 + d45)

∂2w

∂ y∂z

]
= ρ

∂2u

∂t2
, (7)

[
d16

∂2u

∂x2
+ d26

∂2u

∂y2
+ d45

∂2u

∂z2
+ (d66 + d12)

∂2u

∂x∂y

]

+
[

d66
∂2v

∂x2
+ d22

∂2v

∂y2
+ d44

∂2v

∂z2
+ 2d26

∂2v

∂x∂y

]

+
[
(d36 + d45)

∂2w

∂x∂z
+ (d23 + d44)

∂2w

∂y∂z

]
= ρ

∂2v

∂t2
, (8)

[
(d55 + d13)

∂2u

∂x∂z
+ (d45 + d36)

∂2u

∂y∂z

]

+
[
(d45 + d36)

∂2v

∂x∂z
+ (d44 + d23)

∂2v

∂y∂z

]

+
[

d55
∂2w

∂x2
+ d44

∂2w

∂y2
+ d33

∂2w

∂z2
+ 2d45

∂2w

∂x∂y

]
= ρ

∂2w

∂t2
.

(9)

We now consider the plane-strain deformation, parallel to
the xy-plane, in which the displacement components are
independent of z and are of the type

u = u(x, y, t), v = v(x, y, t), w = 0.

We assume that the displacement components and their time-
derivatives are initially zero.

The non-zero stresses for the plane-strain problem (paral-
lel to xy-plane) for a monoclinic medium are to be obtained
from Eqs. (4) and (5). We find

τ11 = d11
∂u

∂x
+ d12

∂v

∂y
+ d16

(∂u

∂y
+ ∂v

∂x

)
, (10)

τ22 = d12
∂u

∂x
+ d22

∂v

∂y
+ d26

(∂u

∂y
+ ∂v

∂x

)
, (11)

τ33 = d13
∂u

∂x
+ d23

∂v

∂y
+ d36

(∂u

∂y
+ ∂v

∂x

)
, (12)

τ12 = d16
∂u

∂x
+ d26

∂v

∂y
+ d66

(∂u

∂y
+ ∂v

∂x

)
. (13)

The equations of motion, given in Eqs. (7)–(8), for plane-
strain deformation of a monoclinic elastic medium are[

d11
∂2u

∂x2
+ d66

∂2u

∂y2
+ 2d16

∂2u

∂x∂y

]

+
[

d16
∂2v

∂x2
+ d26

∂2v

∂y2
+ (d12 + d66)

∂2v

∂x∂y

]
= ρ∂2u

∂t2
, (14)

[
d16

∂2u

∂x2
+ d26

∂2u

∂y2
+ (d66 + d12)

∂2u

∂x∂y

]

+
[

d66
∂2v

∂x2
+ d22

∂2v

∂y2
+ 2d26

∂2v

∂x∂y

]
= ρ∂2v

∂t2
, (15)
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and equation (9) reduces to an identity.
We now reduce Eqs. (14) and (15) in the non-dimensional

variable form. We define the following non-dimensional
quantities

u′ = u

h
, v′ = v

h
, x ′ = x

h
, y′ = y

h
, t ′ = ωt, (16)

where ω =
√

d66
ρh2 is the “known frequency” and ‘h’ is a

known fixed quantity which has the dimension of length. Let

a = d11

d66
, b = d22

d66
, c = d12

d66
, d = d26

d66
, e = d16

d66
(17)

be the dimensionless elastic moduli.
The field equations (14) and (15) in the non-dimensional

form, after suppressing the dashes, are as[
a

∂2u

∂x2
+ ∂2u

∂y2
+ 2e

∂2u

∂x∂y

]

+
[

e
∂2v

∂x2
+ d

∂2v

∂y2
+ (c + 1)

∂2v

∂x∂y

]
= ∂2u

∂t2
, (18)

[
e
∂2u

∂x2
+ d

∂2u

∂y2
+ (1 + c)

∂2u

∂x∂y

]

+
[

∂2v

∂x2
+ b

∂2v

∂y2
+ 2d

∂2v

∂x∂y

]
= ∂2v

∂t2
. (19)

In Eqs. (18) and (19), x is the dimensionless vertical dis-
tance, y is the dimensionless horizontal distance. u is the
dimensionless vertical displacement component, v is the di-
mensionless horizontal displacement component and a, b, c,
d, e are dimensionless elastic coefficients.

We define the Laplace transform f̂ (x, y, p) of f (x, y, t)
by the relation (Debnath, 1995)

L[ f (x, y, t)] = f̂ (x, y, p) =
∫ ∞

0
e−pt f (x, y, t)dt, (20)

where p is the Laplace transform parameter. We know the
following properties of Laplace transform.

L

[
∂2

∂t2
f (x, y, t)

]
= p2 f̂ (x, y, p) − p f (x, y, t = 0)

−
[

∂

∂t
f (x, y, t)

]
t=0

,

L

[
∂

∂x
f (x, y, t)

]
= ∂ f̂

∂x
(x, y, p),

L

[
∂

∂y
f (x, y, t)

]
= ∂ f̂

∂y
(x, y, p). (21)

The Laplace transform of Eqs. (18) and (19) gives[
a

∂2û

∂x2
+ ∂2û

∂y2
+ 2e

∂2û

∂x∂y

]

+
[

e
∂2v̂

∂x2
+ d

∂2v̂

∂y2
+ (c + 1)

∂2v̂

∂x∂y

]
= p2û, (22)

[
e
∂2û

∂x2
+ d

∂2û

∂y2
+ (1 + c)

∂2û

∂x∂y

]

+
[

∂2v̂

∂x2
+ b

∂2v̂

∂y2
+ 2d

∂2v̂

∂x∂y

]
= p2v̂. (23)

The Fourier transform f̄ (x, k, p) of f̂ (x, y, p) is given by
the relation

f̄ (x, k, p) ≡ F[ f̂ (x, y, p)] =
∫ ∞

−∞
f̂ (x, y, p)ei kydy,

(24)
so that

f̂ (x, y, p) = 1

2π

∫ ∞

−∞
f̄ (x, k, p)e−i kydk, (25)

where k is the transformed Fourier parameter. We know the
following properties of Fourier transform (Sneddon, 1951),

F

[
∂2

∂x∂y
f̂ (x, y, p)

]
= (−i k)

d

dx
f̄ (x, k, p),

F

[
∂2

∂x2
f̂ (x, y, p)

]
= d2

dx2
f̄ (x, k, p),

F

[
∂2

∂y2
f̂ (x, y, p)

]
= −k2 f̄ (x, k, p). (26)

Applying the Fourier transformation on Eqs. (22) and (23),
we obtain

[
a

d2ū

dx2
− 2i ek

dū

dx
− k2ū

]

+
[
e

d2v̄

dx2
− i k(1 + c)

d v̄

dx
− k2dv

]
= p2ū, (27)

[
e

d2ū

dx2
− i k(1 + c)

dū

dx
− k2dū

]

+
[d2v̄

dx2
− 2i dk

d v̄

dx
− k2bv̄

]
= p2v̄. (28)

The above two differential equations can be written in the
following homogeneous vector-matrix differential equation

A
d2 N

dx2
+ B

d N

dx
+ C N = 0, (29)

where

A =
[

a e
e 1

]
, B =

[ −2i ek −i k(1 + c)
−i k(1 + c) −2i dk

]
,

C =
[ −p2 − k2 −k2d

−k2d −p2 − bk2

]
, N =

[
ū
v̄

]
. (30)

We note that matrices A, B, C are all symmetric. Matrix
A depends upon dimensionless elastic moduli only while
matrices B and C depend upon dimensionless wave number
k. The governing equation (29) for a monoclinic solid is a
new contribution.

We now assume a solution of matrix equation (29) of the
form

N (x, k) = E(k)esx , (31)

where s is a parameter and E(k) is a matrix of the type 2×1.
Substitution of the value of N from Eq. (31) into differen-

tial equation (29) gives the following characteristic equation

a0s4 + 4a1s3 + 6a2s2 + 4a3s + a4 = 0, (32)
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where

a0 = a − e2,

a1 = −i k(ad − ce)

2
,

a2 = {−p2(a + 1) + k2[−ab + c2 + 2c − 2ed]}/6,

a3 = {2i kp2(e + d) − 2i k3cd + 2i ek3b}/4,

a4 = [p4 + p2k2(b + 1) + k4(b − d2)]. (33)

To solve biquadratic equation (32), we make use of Des-
cartes’ method, in which we remove the second term by
using the transformation

z∗ = a0s + a1. (34)

Then the equation (32) is transformed into

(z∗)4 + 6H(z∗)2 + 4Gz∗ + (a2
0 I − 3H 2) = 0, (35)

where

H = a0a2 − a2
1; G = a2

0a3 − 3a0a1a2 + 2a3
1,

I = a0a4 − 4a1a3 + 3a2
2 . (36)

Following the Descartes’ method, the left hand side of
Eq. (35) can be resolved into a product of two quadratic fac-
tors as

z∗4 + 6H z∗2 + 4Gz∗ + (a2
0 I − 3H 2)

= (z∗2 + nz∗ + q)(z∗2 − nz∗ + q ′), (37)

where

q + q ′ = n2 + 6H, qq ′ = a2
0 I − 3H 2,

n(q ′ − q) = 4G. (38)

When n = 0, then q and q ′ are determined from first two
equations in (38). Otherwise, eliminating q and q ′ from three
equations in (38), we get

α3 + 3b1α
2 + 3b2α + b3 = 0, (39)

where

α = n2, b1 = 4H,

b2 = 4(12H 2 − a2
0 I )

3
, b3 = −16G2. (40)

Using the Cardan’s method, the cubic equation (39) is re-
duced to

δ3 + 3H1δ + G1 = 0, (41)

where

δ = α+b1, H1 = b2−b2
1, G1 = b3−3b1b2+2b3

1. (42)

The roots of the Eq. (41) are

δ = u0 + v0, (43)

where u0 and v0 are given by

u3
0 =

−G1 +
√

G2
1 + 4H 3

1

2
, v3

0 =
−G1 −

√
G2

1 + 4H 3
1

2
,

(44)

satisfying the condition

u0v0 = −H1. (45)

Thus, n is given by

n2 = δ − b1, (46)

and q and q ′ are then to be calculated from Eqs. (38) and
(46). From Eq. (37), we obtain

z∗
1 = −n +

√
n2 − 4q

2
, z∗

2 = −n −
√

n2 − 4q

2
,

z∗
3 = n +

√
n2 − 4q ′

2
, z∗

4 = n −
√

n2 − 4q ′

2
,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(47)

as the roots of biquadratic equation (35). Hence the eigen-
values of the problem are s1, s2, s3, s4, where

sL = z∗
L − a1

a0
for L = 1, 2, 3, 4, (48)

which are usually distinct. The corresponding eigenvectors
are

X T
L = [PL , 1] (49)

where

PL = −[es2
L − i ksL(1 + c) − k2d]

as2
L − 2i kesL − p2 − k2

= −[s2
L − 2i kdsL − p2 − bk2]

es2
L − i ksL(1 + c) − k2d

for L = 1, 2, 3, 4, (50)

and (· · ·)T denotes the transpose of the matrix (· · ·). Thus,
a general solution of the vector-matrix differential equation
(29) for a monoclinic elastic medium becomes

N (x, k) =
4∑

L=1

(BL X LesL x ), (51)

where B1, B2, B3, B4 are constants to be determined from
prescribed boundary conditions. The case of repeated eigen-
values can be tackled by making suitable modification in the
expression on the right side of Eq. (51), as discussed by Ross
(1984).

Equation (51) gives

ū(x, k) = B1 P1es1x + B2 P2es2x + B3 P3es3x + B4 P4es4x ,

(52)

v̄(x, k) = B1es1x + B2es2x + B3es3x + B4es4x . (53)

We define the dimensionless stresses by the following rela-
tions

τ ′
11 = τ11

d66
, τ ′

12 = τ12

d66
. (54)

The expressions for the stress components in the non-
dimensional form (after suppressing the dashes) for the
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present two-dimensional plane-strain problem are calculated
from Eqs. (10), (13), (17) and (54). We find

τ11 =
(

a
∂u

∂x
+ c

∂v

∂y
+ e

∂u

∂y
+ e

∂v

∂x

)
,

τ12 =
(

e
∂u

∂x
+ d

∂v

∂y
+ ∂u

∂y
+ ∂v

∂x

)
. (55)

The Laplace-Fourier transformation of Eq. (55) gives

τ̄11 =
(

a
∂ ū

∂x
− i kcv̄ − i keū + e

∂v̄

∂x

)
,

τ̄12 =
(

e
∂ ū

∂x
− i kd v̄ − i kū + ∂v̄

∂x

)
. (56)

Putting the value of transformed displacements ū and v̄ from
Eqs. (52) and (53) and their derivatives in Eq. (56), we find
the following expressions for transformed stresses

τ̄11 = [Q1 B1es1x +Q2 B2es2x +Q3 B3es3x +Q4 B4es4x ], (57)

τ̄12 = [R1 B1es1x + R2 B2es2x + R3 B3es3x + R4 B4es4x ], (58)

where

QL = a PLsL − i kc − i kePL + sLe,

RL = ePLsL − i kd − i k PL + sL .

⎫⎬
⎭ for L = 1, 2, 3, 4.

(59)
From now onwards, for the sake of simplicity, we are con-
sidering elastic materials which have orthotropic symmetry.
For an orthotropic material, we have

d = 0, e = 0,

a0 = a, a1 = 0

a2 = [−p2(a + 1) + k2(−ab + c2 + 2c)]

6

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(60)

a3 = 0, a4 = [p4 + p2k2(1 + b) + bk4], (61)

H = a

6
[−p2(a + 1) − k2(ab − c2 − 2c)]

I = a[p4 + p2k2(1 + b) + bk4]

+ 1

12
[−p2(a + 1) + k2(−ab + c2 + 2c)2]

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

, (62)

n = 0, q = 3H + √
12H 2 − a2 I ,

q ′ = 3H − √
12H 2 − a2 I

}
, (63)

z∗
1 = √−q, z∗

2 = −z∗
1, z∗

3 =
√

−q ′, z∗
4 = −z∗

3, (64)

s1 = z∗
1

a
, s2 = −s1, s3 = z∗

3

a
, s4 = −s3, (65)

PL = i ksL(1 + c)

as2
L − p2 − k2

= −s2
L + p2 + bk2

−i ksL(1 + c)
for L = 1, 3

and

P2 = −P1, P4 = −P3

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(66)

From Eqs. (52), (53) and (66), we get the following relations
for an orthotropic elastic medium

ū(x, k) = C1 P1es1x − C2 P1e−s1x + C3 P3es3x − C4 P3e−s3x ,

v̄(x, k) = C1es1x + C2e−s1x + C3es3x + C4e−s3x , (67)

where C1, C2, C3 and C4 are constants to be determined
from prescribed boundary conditions. From Eqs. (57)–(60)
and (66) we get the following transformed stresses for an
orthotropic medium

τ̄11 = [(a P1s1 − i kc)C1es1x + (a P1s1 − i kc)C2e−s1x

+ (a P3s3 − i kc)C3es3x + (a P3s3 − i kc)C4e−s3x ],

τ̄12 = [(−i k P1 + s1)C1es1x + (i k P1 − s1)C2e−s1x

+ (−i k P3 + s3)C3es3x + (i k P3 − s3)C4e−s3x ].(68)

3. Application: An Impulsive Line-load in an Infi-
nite Orthotropic Elastic Medium

We assume that a normal line-load is acting vertically
downwards in the interior of an infinite orthotropic elastic
medium. We shall determine the resulting displacements
and stresses at any point of the medium. We take the x-
axis vertically downwards and the given normal impulsive
line-load P0, per unit length, acting on the z-axis (Fig. 1).
The elastic medium which occupies the region x > 0 shall
be called Medium-I and the region for which x < 0 shall
be called Medium-II. Medium-I and Medium-II have the
identical elastic properties.

The boundary conditions for the displacements are

u(x = 0+, y, t) = u(x = 0−, y, t),

v(x = 0+, y, t) = v(x = 0−, y, t), (69)

and for stresses are

τ12(x = 0+, y, t) = τ12(x = 0−, y, t),

τ11(x = 0+, y, t) − τ11(x = 0−, y, t) = −P0δ(y)δ(t). (70)

Here, δ(y) is Dirac delta function, having the following prop-
erties,∫ ∞

−∞
δ(y)dy = 1, δ(y) = 1

2π

∫ ∞

−∞
e−i kydk, F[δ(y)] = 1.

(71)
We define the dimensionless force P ′

0 as

P ′
0 = P0

d66
. (72)

We first write Eqs. (69) to (72) in non-dimensional forms
and then after suppressing the dashes, apply the Laplace and
Fourier transforms. We find

ū(0+, k, p) = ū(0−, k, p),

v̄(0+, k, p) = v̄(0−, k, p), (73)

τ̄12(0
+, k, p) = τ̄12(0

−, k, p),

τ̄11(0
+, k, p) − τ̄11(0

−, k, p) = −P0. (74)

The coefficients C1 and C3 in Eqs. (67) and (68) must
be zero for the transformed displacements and stresses in
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x

y
x = 0

z

P0δ(y)δ(t)

Medium II (x<0)
(Orthotropic elastic
constants a,b,c)
density ρ

Medium I (x > 0)
(Orthotropic elastic
constants a,b,c)
density ρ

Fig. 1. An impulsive line-load on z-axis.

Medium-I. Therefore, transformed displacement and stress
components in Medium-I, are

ū = [−C2 P1e−s1x − C4 P3e−s3x ],

v̄ = [C2e−s1x + C4e−s3x ], (75)

τ̄11 = [(a P1s1 − i kc)C2e−s1x + (a P3s3 − i kc)C4e−s3x ],

τ̄12 = [(i k P1 − s1)C2e−s1x + (i k P3 − s3)C4e−s3x ]. (76)

Similarly, transformed displacement and stress components
in Medium-II, are

ū = [C1 P1es1x + C3 P3es3x ], v̄ = [C1es1x + C3es3x ], (77)

τ̄11 = [(a P1s1 − i kc)C1es1x + (a P3s3 − i kc)C3es3x ],

τ̄12 = [(−i k P1 + s1)C1es1x + (−i k P3 + s3)C3es3x ]. (78)

Applying the boundary conditions in (73) and (74), we get
the following values of the coefficients C1, C2, C3 and C4,

C1 = −C2 = −C3 = C4 = P0

2a(P1s1 − P3s3)
. (79)

Thus, using Eq. (79), Equations (75)–(78) give the dimen-
sionless displacement and stress components in the Laplace-
Fourier transformed domain in an infinite orthotropic elastic
medium due to an internal impulsive line-load.

With the help of relations in Eq. 6(b) for a transversely
isotropy, we obtain the solution of the corresponding prob-
lem for transversely isotropic elastic medium. Since, we
have considered two-dimensional plane strain problem, par-
allel to xy-plane, the case of transversely isotropy coincides
with that of perfectly isotropic elastic medium.

To get the displacement and stress components in the
physical domain, we require to invert the Laplace and
Fourier integrals. We invert them numerically.

4. Inversion Techniques
To get the function f (x, y, t) in the physical domain from

f̄ (x, k, p), first we invert the Fourier transform by using

f̂ (x, y, p) = 1

2π

∫ ∞

−∞
f̄ (x, k, p)e−i kydk

= 1

π

∫ ∞

0
{ f̄e cos ky − i f̄0 sin ky}dk, (80)

where f̄e and f̄0 are even and odd parts of the function
f̄ (x, k, p), respectively. Thus expression (80) gives us
the Laplace transform f̂ (x, y, p) of the function f (x, y, t).
Now, the function f̂ (x, y, p) in the expression (80) can be
considered as the Laplace transform ĝ(p) of some function
g(t). Following Honig and Hirdes (1984), the Laplace trans-
formed function ĝ(p) can be inverted numerically as out-
lined below.

The function g(t) can be obtained from ĝ(p) by using the
relation

g(t) = 1

2π i

∫ C+i ∞

C−i ∞
ept ĝ(p)dp, (81)

where C is an arbitrary real number greater than all the real
parts of the singularities of ĝ(p). Taking p = C + iy, we get

g(t) = eCt

2π

∫ ∞

−∞
ei ty ĝ(C + i y)dy, (82)

Now, taking e−Ct g(t) as h(t) and expanding it as Fourier
series in [0, 2L], we obtain approximately by the formula

g(t) = g∞(t) + ED, (83)

where

g∞(t) = C0

2
+

∞∑
k=1

Ck(t), 0 ≤ t ≤ 2L ,

Ck = eCt

L
Re

[
e

i kπ t
L ĝ

(
C + i kπ

L

)]
, (84)

ED is called the discretization error and it can be made
arbitrarily small by choosing C large enough.

Since the infinite series in Eq. (84) can be summed up only
to a finite number of terms, say N , so the approximate value
of g(t) becomes

gN (t) = C0

2
+

N∑
k=1

Ck(t), 0 ≤ t ≤ 2L , (85)

and

ET (t) =
∞∑

k=N+1

Ck(t) (86)

is termed as truncation error. The truncation error must be
added to the discretization error to produce the total approx-
imate error in evaluating g(t) using the above procedure.

For rapid convergence, the discretization error is reduced
by using the Korrecktur method and then the ∈-algorithm is
used to reduce the truncation error.

The Korrecktur method formula, to evaluate the function
g(t) is

g(t) = g∞(t) − e−2C L g∞(2L + t) + E ′
D, (87)

where
|E ′

D| � |ED|.
Thus, the approximate value of g(t) becomes

gNk (t) = gN (t) − e−2C L gN ′(2L + t), (88)
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Fig. 2. Dimensionless normal displacement distribution on the plane x = 1.0 for an orthotropic medium.

Fig. 3. Dimensionless tangential displacement distribution on the plane x = 1.0 for an orthotropic medium.

where N ′ is an integer such that N ′ < N .
We shall now describe the ∈-algorithm which is used to

accelerate the convergence of series (85). Let N be an odd
natural number and

Sm =
m∑

k=1

Ck(t) (89)

be the sequence of partial sum of Eq. (85) and ∈-sequence
be defined as

∈0,m= 0, ∈1,m= Sm,

∈n+1,m=∈n−1,m+1 + 1

∈n,m+1 − ∈n,m
, n, m = 1, 2, 3, · · · . (90)

The sequence ∈1,1, ∈3,1 · · · ∈N ,1 converges to g(t) + ED −
C0/2 faster than the sequence {Sm} of partial sums. The
actual procedure to invert the Laplace transform consists of
Eq. (88) together with the ∈-algorithm. The values of C
and L are chosen according to the criteria outlined by Honig
and Hirdes (1984). The method for evaluating the integral in
Eq. (80) is described by Press et al. (1986), which involves
the use of Romberg’s integration with adaptive step size.
It, also uses the results from successive refinements of the
extended trapezoidal rule followed by extrapolation of the
results to the limit when the step size tends to zero.
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Fig. 4. Dimensionless normal stress distribution on the plane x = 1.0 for an orthotropic medium.

Fig. 5. Dimensionless tangential stress distribution on the plane x = 1.0 for an orthotropic medium.

5. Numerical Results and Discussion
Using the numerical inversion techniques described in

Section 4, the dimensionless displacement and stress compo-
nents have been computed numerically in the time-domain.
For numerical computation purposes, we use the following
values of elastic constants given by Love (1944) for Topaz
material

d11 = 2870, d22 = 3560, d33 = 3000

d12 = 1280, d23 = 900, d13 = 860

d44 = 1100, d55 = 1350, d66 = 1330

in terms of a unit stress of 106 grammes wt/cm2. We assume
that the dimensionless force P0 is of unit magnitude.

The response represented by dimensionless displacement
and stress component is calculated on the plane x = 1.0,
against horizontal distance ‘y’ for the different values of time
t , namely t = 0.4, 0.5 and 0.6. The distribution curves for an
orthotropic medium are shown in Figs. 2–5. As the response,
due to a normal line load, is symmetrical about the xz-plane,
we have drawn various figures for the region y ≥ 0. Fig-
ures 2–3 represent the distribution of dimensionless displace-
ment components while Figures 4–5 represent the distribu-
tion of dimensionless stress components due to an impulsive
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Fig. 6. Dimensionless normal displacement distribution on the plane x = 1.0 for orthotropic and transversely isotropic media.

Fig. 7. Dimensionless tangential displacement distribution on the plane x = 1.0 for orthotropic and transversely isotropic media.

source. The variation of the dimensionless normal displace-
ment (u/1010) is shown in Fig. 2, for three values of times,
t = 0.4, 0.5 and 0.6 for an orthotropic medium. The vari-
ation of the dimensionless tangential displacement (v/105),
corresponding to different values of t , is shown in Fig. 3. In
Fig. 2, the dimensionless normal displacement correspond-
ing to t = 0.4 lies almost between the corresponding curves
for t = 0.5 and 0.6 whereas, in Fig. 3, the dimensionless
tangential displacement corresponding to t = 0.6 lies be-
tween the corresponding curves for t = 0.4 and 0.5. Three
curves corresponding to different values of ‘t’ are plotted in
Fig. 4 to show the variation of dimensionless normal stress

(τ11/1011). The variation of the dimensionless shear stress
(τ12/108) is exhibited in Fig. 5.

It is observed that with the increase in distance y for
each value of time t , the displacement and stress distribu-
tion curves for an orthotropic medium follows an oscillatory
pattern and if we move further away (increase the value of y
more) they are approaching towards zero values. This obser-
vation justifies the radiation conditions used in the solution
of the problem and this justification gives the numerical val-
idation of the theoretical work done in the present paper.

To make the paper more interesting and to draw reader’s
attention, the effect of anisotropy is examined. Various dis-
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Fig. 8. Dimensionless normal stress distribution on the plane x = 1.0 for orthotropic and transversely isotropic media.

Fig. 9. Dimensionless tangential stress distribution on the plane x = 1.0 for orthotropic and transversely isotropic media.

tribution curves are plotted for transversely isotropic and or-
thotropic elastic medium in Figs. 6–9. In these figures, dis-
tribution curves are drawn for orthotropic and transversely
isotropic media for one fixed value of time t = 0.5. While
considering the above mentioned orthotropic medium as a
transversely isotropic medium the following relations

d22 = d11, d23 = d13, d55 = d44, d66 = 1

2
(d11 − d12)

are taken into consideration.
In Figs. 6–7 the variations of normal dimensionless dis-

placements (u/1010) and tangential dimensionless displace-

ments (v/105) against the horizontal distance (y) are shown.
The variations of the normal dimensionless stress (τ11/1011)
and tangential dimensionless stress (τ12/108) are exhibited
in Figs. 8–9.

It is evident from Figs. 6–9, that the orthotropy has sig-
nificant effect on displacement and stress curves. Figures
6–7 show the effect on displacement distribution curves
for transversely isotropic as well as orthotropic media and
it is revealed that the magnitude of dimensionless normal
and tangential displacement components are large for or-
thotropic medium in comparison to transversely isotropic
medium. Further anisotropy is affecting the trend of distri-
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bution curves. Figures 8–9 for dimensionless stress distribu-
tion curves show that the effect of an anisotropy is mainly
on magnitude but not on trend of the curves. Thus, it is
concluded that the two types of anisotropy—transversely
isotropy and orthotropy, have different behaviour due to
the application of a normal line-load, and the difference is
mainly quantitative in nature.
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