Li et al. Mathematical Sciences 2013, 7:8
http://www.iaumath.com/content/7/1/8

® Mathematical Sciences

a SpringerOpen Journal

ORIGINAL RESEARCH Open Access

Eigenvalue problem for p-Laplacian with
mixed boundary conditions

Guofa Li'", Haihong Liu? and Bitao Cheng'

Abstract

The existence of the second eigenvalue is also illustrated.

Variational methods
MSC: 35P30;47F05

Eigenvalue problem for p-Laplacian with mixed boundary conditions is concerned on a bounded domain. The
existence of nonnegative eigenvalues are obtained by using the Lusternik-Schnirelman principle. Boundedness of
eigenfunctions is obtained by using the Moser iteration. The simplicity and isolation of the first eigenvalue are proved.
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Introduction
In this paper, we study the following eigenvalue problem

—Apu(x) = AulP~2u, in Q,
u=0, ono, (1.1)
V() [P28% = A |ulP—2u, onT,

where Ayu = div(|VulP~2|Vu)) is the p-Laplacian oper-
ator, 1 < p < +00,Q is a bounded domain in
RN with C! boundary 8Q, 0 UT' = 3Q and o N
I' = ¢, T is a sufficiently smooth (N — 1)-dimensional
manifold, and #n is the outward normal vector on
RIOR

Throughout the paper we define X := {u € W (Q) :
u|, = 0} is a closed subspace of W17 (Q2) with the norm
|u||P = fQ(|Vu|p + |ul?)dx. Eigenvalue problems for the
p-Laplacian and p(x)-Laplacian have been studied exten-
sively for many years and many interesting results have
been obtained. These results are on the structure of
the spectrum of Dirichlet, no-flux, Niemann, Robin, and
Steklov problems as demonstrated in [1-8]. Problem (1.1)
is a mixed boundary value problem, and is different from
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the classical ones. References [9,10] studied the following
problem

—Au = Au, in Q,
u=0, ono, (1.2)
g—z = ABu, onl,

where 8 = Z—Z. Problem (1.1) is a generalization of (1.2) as
p = 2and B = 1. In this paper, we extend their results and
study the complete character of eigenvalue problem (1.1)
which is an abstract one and has never been known.

Methods

Since our methods of proofs of the theorem are different
from the others, we must consider the boundary o and
I'. We use the multiplicative inequality in [11,12] to proof
the boundedness of eigenfunctions. For example, problem
(1.1) includes the following classical problem

X"(x) + AX(x) = 0,

X(0) =0,
X'() — X)) =0,

0<x<|

(1.3)

as its special case, which leads to the equation for eigen-
value A > 0,

1
tan\/Xl = ﬁ .
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Thus, we get the sequence of eigenvalues A = 0,3,
satisfying
k—1 2k —1
k=D k=D o
l 21

Related eigenfunctions are {sin(0xx)}x=12,..-

It is well known that an eigenvalue problem plays a very
important role in the studying of all kinds of linear and
nonlinear problems. Therefore, the research in present
paper would be useful to the understanding of spectrum
of nonlinear operator and related problems.

The sketch of the paper is as follows. We first estab-
lish the eigenvalue sequence in next section. Next, we
consider the boundedness of eigenfunctions in section
‘Boundedness of eigenfunctions. The simplicity and isola-
tion of the first eigenvalue are considered in the section
‘Simplicity and isolation of the first eigenvalue. In the
section ‘Existence of the second eigenvalue, we consider
the existence of the second eigenvalue.

Results and discussion

Eigenvalue problem for the p-Laplacian

Weak solutions

Definition 2.1. A pair (#,A) € X x R is a weak solution
of (1.1) provided that

/quV’_zVqudx:A(/ |u|p_2uvdx+/ Iulp_zuvds),
Q Q r
(2.1)

for any v € X as u = 0 on 0. Where u is nontrivial, A is an
eigenvalue, and u is called an associated eigenfunction.

It follows from (2.1) that all eigenvalues A are nonnega-
tive (by choosing v = u). It shows that if I" is of class C1'7,
then eigenfunction of (2.1) belongs to C1* (). Hence, Vu
exists on I', and the boundary conditions of the prob-
lem (1.1) make sense. The following lemma assures that
if an eigenfunction u is smooth enough, then u solves the
corresponding partial differential equation.

Lemma 2.2. Let (u, A) be an eigenpair, i.e., a weak solu-
tion of (2.1) such that u € WP (Q), then (u,)) solves
(1.1).

Proof. Let (u,)) € WP (Q) x Rt be an eigenpair of
(2.1). We recall the first formula of Green [13], it follows
from (2.1) that

0
/(—Apu)vdx+/ |Vu|p_2—uvds
Q r on

=\ (/ |u|p_2uvdx—|—/ |u|1”_2uvds)
Q r
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for any v € X. Thus, taking any v in C§°(£2) we have
/ (Apu + A|u|p_2u) vdx = 0,
Q

which implies —A,u = AulP~2u in Q. Furthermore, since
the range of the trace mapping X — LP(I") is continuous
and compact (see [14]), and v = 0 on o, we have

]
/ |Vu|p_2—uvds = A/ |ulP~2uvds, Vv e LP(T).
r on r
O

Therefore, |Vu|P_Zg—Z = AlulP2uonT.

Existence of L-S sequence for (1.1)
The existence of a sequence of eigenvalues can be proved
by the Ljusternik-Schnirelman principle, we call this
sequence as L-S sequence {A,}.

Let Q be a bounded domain in R” with C! boundary.
We define the following functionals F and G on X

F(u) = / a(x)|u(x)Pdx + / b(s)|u(s)|Pds, (2.2)
Q r

G(u) =/ (IVu@) P + [u@x)]?) dx+/ B(s)|u(s)|Pds,
Q r
(2.3)

where a € L*°(Q2) and b, 8 € L*°(I") such thata, b, 8 > 0.
Consider the following eigenvalue problem

F'(u) = nG (), u € Sg,n € R,

where Sg is the level Sg = {y € X : G(u) = 1}.

For any positive integer n, denoted by A, the class of all
compact, symmetric subsets K of Sg such that F(u#) > Ois
on K and y (K) > n, where y (K) denotes the genus of K,
ie, y(K) := inf{k € N : 31 : K — R¥\{0} such that % is
continuous and odd}.

Theorem 2.3. Let F(u), G(u) be defined in (2.2) and
(2.3) with a(x) = b(x) = B(x) = 1. Then there exists
a nondecreasing sequence of nonnegative {A,} of (2.1)
obtained by using the L-S principle such that ., = i —
1 — 400 asn — +o0o, where each i, is an eigenvalue of
the corresponding equation F'(u) = uG'(u) that satisfies

1> > > pp>--->0, lim pp=0.
k—~400

Proof. With a(x) = b(x) = B(x) = 1in (2.2) and (2.3),
F(u) and G(u) become

Flu) = f )Pl + f () Pds, G(w)
Q I

=/ (IVu@) P + [ux)|?) dx—|—/ lu(s)|Pds.
Q r
O
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Thus, F/ (1)
/|u|p72uvdx+/ \ulP~2uvds
Q r
=pu </ (|Vu|p_2VuVV+ |u|p_2uv) dx
Q

+[|u|p_2uvds>,
r

foranyv € X, or

1
/ IVulP2VuVvdx = ( — 1) (f lulP~2uvdx
Q M Q
+ / |u|”_2uvds) Vv e X.
r

Combining (2.1) and the existence of the L-S sequence
principle, we obtain A, = i —1— 4ooasn — +oo.

= nG'(u) is equivalent to

Boundedness of eigenfunctions

Let  be a bounded domain in R” with C! boundary and
1 < p < +4o0. We shall show the eigenfunctions are in
L°°(R2), which is the boundedness for solutions of (1.1).

Theorem 3.1. Let (u, \) be an eigensolution of the weak
form (2.1), then u € L* ().

Proof. In this proof, we use the Moser iteration tech-
nique in [15]. We assume first that u > 0. We define
vp(x) = min{u(x), M} for M > Oand ¢ = VAijH
then Vo = (kp+ l)VAfI?VVM. It follows that ¢ € X NL*(Q)
and vy|r = min{u|r, M}. Taking ¢ as a test function we
have

fork > 0,

(kp + 1) / IVl =2Vl Vvpdx
Q

1 _ 1
=A (/ |u|P~ 2uv§§+ dx—|—/ |ul? 2uv§\§+ ds) ,
Q r

which implies that

K 1
&/ |VV/X/'IH|de <A </ |u|(k+1)17dx
(k+ 1) Jo Q

+ / |u|<k+1>Pds) .
r

Let M — oo; by Fatou’s lemma we obtain

kp+1 / |vuk+l|pdx <A (/ |u|(k+1)17dx
k+12 Jg Q

+ f |u|<k+1>Pds> .
r
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That is,
kp+1

G L, (T ) as
Q

k 1
<< kp + >/| (KD g
(k+1)?

+ A f |u| K+ DP g,
I

kp +1

k+1p
el <A+

M 1% k+1 P ”
(k+ 1) ey

k+1,P
+ M
(3.1)

When u = 0 in o, by the multiplicative inequality stated
(see Chapter 1, Section 1.4.7, Corollary 2 in [11]) and the
Moser iteration done in [12] of the form

12l a0y < ellell? + C)ullfy gy e > 0,
we obtain
1 ) < P+ N, g e > 0.
(3.2)

Combining (3.1) and (3.2), it has

kp+1 k1 kp +1
rE P <A1 +Cl(e —_
((kH)p )nu = (ratcen+ G F
< N )
Since ¢ — 0, we may assume that (l,i ﬂ)lp re > 0, then
T
+Dp
kp+1 1
Jual < (x (1+Cee) + )
Y2 kp+1
(k+1) o — *
X ||14||L(k+1)p(9)-
(3.3)

By Sobolevs embedding function X < L¥" (), where
=5 p,1fp < N and p* = 2p, if p = N. Then there
exists a constant ¢; > 0 such that

k+1 k+1
||z + ”Lp*(g) <cillu * Il,

which is
1

k+1

||u||L(k+1)P*(Q) =q [lzel|. (3.4)

By (3.3) and (3.4), for any k > 0, we can find a constant
¢y > 0 such that

1
(k
kp +1 ) 1 s

< C
p ) kp+l 2
(k + 1) T — e

()» 1+ C(e)) +
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which is
1

k+1 \/k+

2|l f k1 @ = (3.5)

Choosing kj such that (k; + 1)p = p*, taking k = k; in
(3.5), it has

||z ||L(k+1>p(gz)

k1+1 4//<1+

||u||L(1<1+1)p*(Q) =q ||u||Lp Q)

Next, we choose ky such that (ky + 1)p = (k; + 1)p*,
then taking k = ky in (3.5), we have

k2+1 4//<2+l

”u”L(kZJrl)P*(Q) =q el kg 1% Q)"

Therefore,

kn+1 «/kn+

2]l 7 ko417 @ =€ G ||”||L(k,,_1+1)p* «’

where the sequence {k;} is chosen such that (k, + 1)p =
(ky—1 4+ 1)p*, ko = 0.
w\ 1
It is easy to see that k, + 1 = (%) , hence

n 1 P
i=1 T+1 Lici /s

||M||L(kn+1)p*(§z) =q Cy ||M||Uz*(g2)'

There exists C > 0 such that

||u||L(kn+1)p*(Q) = C”””LP*(Q)’

foranyn = 1,2,---, with r, = (k, + 1)p* — 400 as
n — +0o0.

Next, we will prove u € L°°(2). Suppose u ¢ L (RQ),
then there exists £ > 0 and a set A of positive measure in
Q such that |u(x)| > Cllullp* () + &1 =K, forallx € A.

Hence,

1

™ 1
llmll'lf”M”Lrn(Q) > 11m inf (/ <r”) = liminfK|A|™
A n——+00

=K > Cllullz1),

which contradicts what has been established above.

If u (as an eigenfunction of (2.1)) changes sign, we con-
sider u*, and it is easy to know u* € X. We define for each
M > 0,vy(x) = min(ut(x), M). Taking again ¢ = kp+1
as a test function in W2 (Q), we obtain

(kp+ 1) / |Vu+|1”*2w+v§’4’vmdx
Q

:A(/ lut P2t kp+1dx+/ lut P2 " kPHdS)
Q

Proceeding the same way as above, we conclude that
ut € L%®(Q). Similarly we have u~ € L (). Therefore
u=u"+u" isin L®(Q).

Simplicity and isolation of the first eigenvalue
In this section, we will study the characterization of the
first eigenvalue of (1.1). In the succeeding text, we assume
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that € is a bounded domain in R” with C% boundary,

y > 0,and 1 < p < +oo. By (2.1) we have 11 =
inf Jo |VulPdx
ueX\{O y Jo lulPdx+ [ ulPds’

Simplicity of the first eigenvalue
Proposition 4.1. If (4, 1) is an eigenpair of (2.1) with
A > A1, then u has to change sign in Q.

Proof. If (u, 1) satisfies (2.1) for any v € X, by choosing
v = 1, we obtain

/|u|p_2udx+/ lulP~2uds = 0.
Q r

Therefore, u has to change sign.

Theorem 4.2. The principal eigenvalue 11 is simple; i.e.,
if u, v are two eigenfunctions associated with A1, then there
exists a constant k such that u = kv.

Proof. By proposition 4.1, we can assume that u, v are
positive in Q. We assume u, v are strictly positive in €2, we
take

ul — P
up—1

w—uf
yp1

m= N2 =

as test functions in the weak form of (2.1) satisfied by u, v,
respectively. We have

uP — P
f |VulP=2vuv ( ) dx
o up—

_x</ |ulP~2 < )dx—l—/ lulP~2u (4.1)
P _ P
X <uuplv >ds),
p_
2w () ax
Q w1
:A( |v|p_2v( : )dx+ P2y (4.2)
Q v r
P _ b
X Y Y ds|.
(%))
O
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Combining (4.1) and (4.2) yields

p_ b
0=/ |W|P‘2wv<” : )dx
Q ub=

Wy
+ [ |vV|P—2vVv( " )dx.
Q w1

Using V ("p—"p) = Vu —p%Vl/ + - 1)%%4, we

(4.3)

upfl
obtain

PP
|VulP=2vuv ror dx
Q 7

=/ |V inu|P u? —p/VPIVlnuW*Z(Vlnu,Vlnv) (4.4)
Q Q

+(p—1)/ |Vinu|Pv*
Q

and

.y
/|VVIPZVVV(V lf )dx
Q v

:/ |Vlnv|pvp—p/ W \VinvP~2(Viny,Vinu)  (4.5)
Q Q

+(p—1)f |Vinv|Puf.
Q

By (4.3), (4.4), and (4.5), we obtain

0:/ up(|Vlnu|p—|Vlnv|p—p|Vlnvlp_Z(Vlnv,Vlnu—Vlnv))
Q

+ /Q W (IVivlP — |VinulP — p|VinuP~>
x (Vinu,Vinv — Vinu)) .
(4.6)
When p > 2 by reference [1], we have

\Vinul? — |Vinvl? — p|VinvP~2(Vinv, Vinu — Vinv)
> C(p)|Vinv — VinulP,

\VInv|P — |VinulP — p|VinuP~2(Vinu, Viny — Vinu)
> C(p)|Vinu — Vinv|P.

Therefore, (4.6) implies that
0> / Cp)|Vinu — Vinv|P uf + ).
Q

Hence,
0 = |Vinu — Viny|.

This also implies that u = kv, as we wanted to prove.
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When p < 2, we have
\VinulP — |\Vinvl? — p|Vinv|P~2(Vinv, Vinu — Vinv)

|Vinvy — VinuP
(IVinu| + |Vinv))2—»r’

= Cp)

\VInvlP — |\Vinul? — p|VinuP~2(Vinu, Vinvy — Vi)

|Vinu — Vinv|P
(IVinu| + |Vinv|)2-»"

Arguing as above, we also conclude u = kv.

> Cp)

Theorem 4.3. Let u be an eigenfunction corresponding
to A # A1, then u changes signon T, that is, thesets {x € T :
u(x) > 0} and {x € T : u(x) < 0} have positive measure.

Proof. Assume that 1 does not change sign in 2, then we
can assume that # > 0 in € due to the Harnack inequality.
Let u; be an eigenfunction with A;; making similar calcu-
lation as the ones performed in the proof of lemma 4.2, we
arrive at

(Al—A)(fg(u’f—up)dx+fr(uﬁ’—up)ds>
—Ga=n [ (k)
Qur

> C/ |Vinuy — Vinul? (ullj + u”) dx.
Q

Hence, taking ku instead of u, for any k > 0, we have

/ (u‘f—kpup)dxfo,
Qur

which is a contradiction if k& < [o - dx/ [ wPdx.
Therefore, u changes sign in .

Suppose that u does changes sign on I', then we can
assume # < 0 on I'. Using u™ as a test function in (2.1),
we conclude that

/ IVulP~2VuVutdx = 0.
Q

Since u changes sign in €2, the left hand side is strictly
positive. This is a contradiction. Hence, u changes sign
onT.

Isolation of the first eigenvalue
Given A, an eigenvalue of (1.1) and u, an eigenfunction
associated with A, we define
Z(u) = {x € Q: ux) =0},
N(u) = the number of components of Q\Z(x),
N () = sup{N (u) : u is an eigenfunction associated
with A}.
We shall show N (1) is finite.
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Theorem 4.4. Let (u, 1) be a (weak) eigenpair of (1.1),
A # Ay, there exists a constant C such that |Tt| > Cr=FP
and |T~| > CA=#, whereTT ='N{u > 0},T~ = T'N{u <
0,B=WN-1)/p—1ifl<p<Nand =2ifp> N.

Proof If welet u~ € W2 (Q) be a test function in (2.1),
we obtain

/|Vu_|pdx:k(/ |u_|pdx+/ |u_|pds),
Q Q 'n{u<0}

(4.7)

that is,

lu™ 1P =+ Dl 15, ) + xf lu~|Pds.

'n{u<0}
O

When 1 < p < N, we choose o« = (N — 1)/(N — p)
and B = (N — 1)/(p — 1), by the Holder inequality and
the Sobolev embedding functions X < L*(I") and X —
LP(Q), there exists constants C1, Cy > 0, such that

lu™ 1P < .+ DCillu™ I + 2Callu” P77,

B
thatis, [T ~| > CA»~#, where C = [%tm] '

When p > N, we choose « = 8 = 2 and by the embed-
ding functions X < L?(I"), a similar argument works for
ut as above.

Theorem 4.5. The principal eigenvalue A of (1.1) is iso-
lated. That is, there exists a > Ay such that 11 is the unique
eigenvalue in [ 0, a).

Proof. We can prove this theorem as Theorem 5.16 of
[3] by assuming
I, =xel u,@x) <0}, ={xel:u,x) >0}
O

Existence of the second eigenvalue
Proposition 5.1. For any eigenvalue A of (2.1), we have

AN <A,

where N (1) is the maximal number of nodal domains asso-
ciated with A (see Theorem 4.4), and iy is the N(L)th
eigenvalue taken from the L-S sequence of Theorem 2.3.

Proof. Let r = N (1), then there is an eigenfunction u #
0 associated with A suchihat r=N(u). Let w1, wy, - ,w,
be the r-components of Q\Z(i). We define

o if
U, [#Pdx+ Jop,,, 1ulPds]7?

X € w;,
vi(x) = _
if x € Q\w;.

O
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Then by the Theorem C.3 in [3], we have v; € X for
i=12,---,r.

Let X, denote the subspace of X which is spanned by
{vi,v2,- -+ ,vy}. For eachv € X, v =) _|_; a;v;, we obtain

r r
o = [ wpds [ wpds =Y lalFoy = Y il
Q@ r i=1 i=1

Thus, the map v — F(»)YP is a norm on X,. Hence, the
compact set S, is defined by

A+1

which can be identified with the unit sphere of R”, and
which is r. By choosing v = v; as a test function, we obtain

/|Vu|p_2Vquidx=A(/ |u|p_2uvidx—|—/ Iulp_zuvids).
Q Q r

Hence,
/ |Vvi|pdxzk</ |vl~|1’dx+/ |vi|pds),
QNw; QNw; I'Nw;

Gv) = A+ DFW),i=1,2,---,r.

Sr={veX,:F(V)=1},

or

Thus, for v € S,, we have
r r
GW) =+ |l Fv) =+ oyl
i=1 i=1
= (A +1F@W) = L.
It implies S, C Sg. Hence

1
14+ A,

1
=, = inf F(v) > inf F(v) = ——.
Kr Ijlelgr inf (v) = infF(v) T

Therefore A, < A. This completes the proof.

Proposition 5.2. For any of the problems, Ay = inf{A :
A is an eigenvalue and ). > \1}.

Proof. The proof is similar to Theorem 5.19 in [3], we
omit it here. O

Conclusions

There are four important conclusions that can really be
drawn from this study: (1) there exists a nondecreasing
sequence of nonnegative {A,} of (2.1); (2) there is bound-
edness of eigenfunctions; (3) the first eigenvalue is simple
and isolated; and (4) there is an existence of a second
eigenvalue.
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