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In this article, we are to find the root of a square matrix A. Specially, if matrix A has multiple eigenvalues, we present a
manual solution so as to find the root of it. In other words, we focus on solving the equation X2 = A and find the
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Introduction

In recent years, several articles are written about the root
of a matrix, and we can refer to [1-6] for instance. In 2007,
Kh. Ikramov tried to solve the matrix equation XX = I
and XX = I. At first, he considered the problem as

XX = |:Z zi| and then generalized it to general case

XX = I, and XX = I, [7]. If matrix A has different eigen-
values A1, A9, . . ., Ay, then the root of A, i.e. solution of the
equation X? = A is achieved as the following:

X=VEV™Y, E=diag/a, o Vi, ()

where V is a matrix, columns of which are eigenvectors of
A. If matrix A is not diagonalizable, the solution is not so
simple. In this article, first of all, we are to solve the follow-
ing matrix equation in different cases and try to generalize
the result for greater dimensions:

— ab
XX=[C d]:A. (2)

In section “Solution of X2 = A”, we solve the matrix
equation (2). In section “Solution of X2 = A in which A
abc
0de
00f
and ultimately in section “Second root of 3 x 3 matrix’,
generalizations of it are verified.

is of dimension 3’, we solve the equation X2 =

*Correspondence: a-nazari@araku.ac.ir
Department of Mathematics, Arak University, P. O. Box 38156-8-8349, Arak, Iran

@ Springer

Solutionof X2 = A4

ab
Let A = cd

equation (2) in four cases as the following:

. In this section, we are to solve the

Case 1 - The matrix A has two different eigenvalues.
Case 2 - The matrix A has two nonzero different simple
eigenvalues and b # 0.

Case 3 - The matrix A has two nonzero different simple
eigenvalues and b = 0.

Case 4 - The matrix A has two different simple eigenval-
ues which are zero.

For the first case, as the right-hand side matrix is diago-
nalized, the solution of (2) is as (1).

Lemma 1. (Case two) If A has a multiple nonzero eigen-
value, and b # 0, then solution of the equation (2) is as
below:
3a+d b

c a+3d

atd atd
2 4 2

X =

Proof. Writing the characteristic equation of A, we have:

M—A=)>—(a+d)xr+ad—bc=0.

Consider its eigenvalues as follows:

d d
)\1=a+ ) )\2=ﬂ+

2 2

+t, (t = 0).
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In this case, as we see in (1) , we attempt to find the root
of matrix A, setting

a+d 0

E= 2
0 9%+t

If so, the matrix of corresponding eigenvalues with these
eigenvalues is as below:

2b 2b

1 d—a+2t —1
d—ad—a+2t ‘27 3

In this case,

X =lim VEV~! = lim
t—0 t—0

2b. #(b—u+2t)+(a—d)(2b‘/#+t)

—2b,/ 2 42p, [ Hd 1t
4bt 2t
(d—a)\ 2 (d—a+2t), L +ta—d)
i (@=b) 42 + [@d-at20)/ 444 +1

3a+d b
d d
_ 4,/444 2 /4

X

c a+3d

atd
W5

is solution of the problem. O

at+d
2y 5

Theorem 1. (Case 3) If A has two simple nonzero eigen-
values, b = 0 and ¢ # 0, then the matrices

| Va ¢ | —va ¢

are some solutions of (2).

a0
cd

setting X2 = A is the solution above.

IfA = |: :|andX = [z 3:/:| is the root of it, then

Corollary 1. If A has a zero multiple eigenvalue and
b = ¢ = 0, then in addition to the two solutions
in (4), an infinite number of solutions exist as the following

for (2):

o R R K B LA

in whicha, B,y #0 € C.

Lemma 2. (Case 4) If A has two zero eigenvalues, then
one of the following cases occurs:

a)Ifb=c =0, then X = 0 is a solution of the equation.
b) If b = 0 and c # O, then the equation has no solution.
¢)Ifc = 0and b # 0, then the equation has no solution.
d) If bc # O, then the equation has no solution.
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Xy

Assuming X = oy | wecan verify all four cases pre-

sented before. Case (a) is trivial. For case (b), if » = 0 and
¢ # 0, then from X2 = A, we must have:

wr+axy=0
x+yz=0

= y=0o0r(x+w)=0.
x+wy=0

zZx+w)=c

If y = 0, then x = w = 0 which is in contradiction with
¢ # 0. If x + w = 0, then we must have ¢ = 0, which is
impossible. Therefore, in this case, the second root of A
does not exist.

Case (c) is similar to case (b) and for case (d), according
to the characteristic equation of matrix A, we have:

A2 —(@a+d)r+ab—bc=0.

By our assumption, matrix A has two zero eigenvalues,
then

a+d=0
ad — bc = 0.

As aresult, a = —d and bc = —a? and as b and ¢ are
nonzero, so a # 0. Thus, in removing b and d, we have:

A= a =& .
cC —a

Now, we claim that this matrix has no square root. If

X = [z i’} ] is its root, then according to X? = A, we have:

w? + xy = —a?, (3)

¥ +yz=a, (4)
_2

Xy W= ——, (5)

xz+wz =g, (6)

from (5), we have:

s
yx +w) = Ta (7)

and also from (6), with ¢ # 0, we have:
zx+w) =c=x+w#0andz # 0. (8)
According to both (5) and (6), we achieve % = _7‘2’2 =

z= _“—gzy, (4) implies that X2 — y;—gz = a and regarding (6)
and (8), conclude that

—c2

(W =c ©)
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The relation (3) implies that

2 c*
w——y—

and ultimately considering (4) and (9), we have:

x> —w?=2a (10)
from (9) and (10), we have:
2
2
(x—w)(—a)—2a=>x—W——cy (11)
cy a
from (9), we have:
2
x+w= —i; (12)
¢y
the relations (11) and (12) imply that
9 2c az N c a®
X=——)— — = x=——y— —
a 4 cy y ZCy
from (7), we have:
c 2 \2 czyz_a:> a2 B o
P 2cy az 4ctyz 7

and this is impossible and proves the lemma.

Solution of X2 = A in which A is of dimension 3

The second root of all square matrices that have differ-
ent eigenvalues are achieved. In this article, the cases are
studied in which eigenvalues are not different.

The second root of a matrix A is X = VEV ™!, where V
is a matrix, rows of which are eigenvectors of A and also
V is diagonal matrix, and the entries on its diagonal are
square root of eigenvalues of A, because

X2 = (VEV(*D) VEV( 1) VEV( 1) _ VE2V(71) — A

In this section, we solve the problem for the triangular
matrix A. Next, we attempt to solve the problem for a
more generalized case.

Theorem 2. The second root of matrix

[a b c
A=|0de |,

|100d
in which a # d and d # 0 equals:

r b

ﬁﬁ+ﬁ

J— e
X=|0 Vd AL

L0 0 d
in which

—be(Vd — Ja) + (d
m =

(a— d)2
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Proof M=al=d A3 =d+t({t —> 0 = E =

Ja 0 0
0 vd o0
0 0 d+t
1
AXi=MX1i=>X1=1]0
0
—b N
AXg =M Xo=>Xo=|a—d
0
—be—t T
AX3 = A3X3 = X3 = ( t(afdft) : 1)
bet-tc
1 -b td+t2—ta
V=10a-d %
0 0 1
b
Va NN
X=lmVEV'=| 0 d ¢
t—0 2Vd
0 0 +d
—be(d — Ja) + (d —
m =
(a— d)2
O
149
Example 1. The second root of A = |0 4 1 | equals:
004
4 26
1379
_ 1
X=|021
00 2
dbc
Theorem 3. The second root of A = | 0 d e |, in which
00a

a # dand d # 0 equals X such that

(be-+ca—cd) (Ja—/d)+ 500

b
¥ ‘/37 (a—d)?
= e
0 Vd Ja+d
0O O Ja
)\.1=d,)\.2=d+t(t—>0),
Vd 0 0
M =a=E= 0 Vd+¢t O
0 0 Ja
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12

t

Proof. AX;i=1X;,i=1,2,3=V =101 £
00

(be+ca—cd)(Ja— f)+be(d 2)
(a—d)?
e

Va+/d
Ja

=X=limVEV 1=
t—0

Ja
0
0

- &2

9 -6 17
0 9 14
0 0 25

Example 2. Second root of A = is equal

abc
0de
00a

_b
va Ja+d
anda # Oequals XsuchthatX = | 0 +/d
0 0

Wa—eb«fﬂf@ d)
(a—d)?

Theorem 4. Second root of A = inwhicha # d

e
Va+d
Ja

andnisasn =

M=a, m=d, A3=a+t(lt— 0

N
vd 0

0 i=123=
0 0

E= » AXi = AiXis

a+t

be+ct+ca—cd
1 b adr

0d—a 2=
0 O 1

Proof. 'V =

b
) ﬁﬁ+«/ﬁ
— i —1 __ e
:X_llmyfov =| 0 Jd N

0 0 Ja

and
(—be—ca+cd)(a+d) +eb«/ﬁ+c\/2(a—d)

n= 2/a O

(a—d)?

Example 3. Second root of A =

=31
-1 42

[SSENI'
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abc
Theorem 5. Second rootof A= |0ad |,thata #0is
00a
b 4ca—bd
Va3 e
X=10+a 37
0 0 a

M=a,=a+t({t—0),A3 =a+ 2t

Ja 0 0
(t_)o):E: 0 \/ﬂ+t O )
0 0 Jat2t
1 bd+tc bd+2ct
T2 42
Proof: AXIZ)\-le,i: 1,2,3:‘/: 0 % gt )
0 1 1

«/Z b 4ca—bd
2J/a 8aya

a
— 1 -1 _ d
:>X—hmV1t5l/0 =| 0 a 27
0 0 a
O
49 -3
Example 4. Calculate the second rootof A =| 0 4 11 |,
00 4
9 9 =147
4
X=|02 %%
00 2

Second root of lower triangular matrix

In order to find the second root of the lower triangular
matrix that has iterated eigenvalue (the four cases men-
tioned previously), we do as the upper triangular matrix
since (AH)™y = (A"y)’.

000
a00
bcd
(a) If a # O, then A has no lower triangular second root.

Theorem 6. IfA = , d #0then

(b) If a = O, then A has infinite second roots as
0 0 0
X = 4 0 O | wheretis a free parameter.
bVd—tc ¢ \/E
d  Jd
00 1,100
Example 5. Find the second root of | 0 0 1,200
00 1,600
such that sum of all entries is 100.
0 ¢ 10=3t 0 10 20
X=|00 30 |=X=|0030
00 40 0 0 40

Theorem 7. Find the second root of a lower triangular
matrix which has three eigenvalues (all are 0);
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000
a00
bcO

considering A = ,withb # 0, we have the

following:
(a) If a = ¢ = 0, we can find infinite second roots of A.
(b) If at least a or c is not 0, then A has no lower triangular

second root.

Example 6. Calculate the second root of A
00 1,390

00 O such that sum of all entries is 1,391.
00 O
01309 [01 0
X=|10 0 t|=X=]1001,39 or
0 0 O |00 O
700 1,390 ]
X=100 1
(00 ©

Theorem 8. The second root of the matrix A =
al0b

0a0 |,whena # b, and a # 0, equals:
00d
be(Va-vargd)
ﬁ (a—d)? Jatd
0 Ja 0
0 0 Vd

Example 7. Calculate the second root of A =
90 —19

09 O
05 16
95 —19
321 7
The solutionisX =0 3 0
032 4

Second root of 3 x 3 matrix
In this section, we find the solution of equation X2 = A,
when A is special 3 x 3 non-triangular matrix.

alOb
0aO |,
00d

Theorem 9. The second root of matrix A =

when a # b, and a # 0, equals

bc(ﬁ—ﬁ+%) b

Ja

@a? Jaivd
0 Ja 0
0 e V4
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Proof. At first, we find the eigenvalues of matrix A. From
det(A — AI) = 0, we have A = a,a,d. Thus,

Ja 0 0
E: 0 w\/d-i-t 0
0 Jd

The matrix eigenvector associated to these eigenvalues
has the following form:

b
1 t(a—acl+t) b
V=10 1 0 )
0 ale+t d—a

where ¢ is a free parameter. Then, we have:

. | [d=a o o 71°
v-l= adjd = —— % d—a ——— |
_ —d+t
detA d—a b 0 1
and then we have:
_b
) va x1p Jatvd
VEV. =| 0 Jatt d | (13)
—0 x93 1
where

Jabc(a —d + t) + be/a + t(d — a) —tbc\/_

2= td—a)a—d+t)

ca+td—a) —cld— a)\/g
d—a)a—d+1) ’

X32 =

Now, we take limit of all elements of matrix (13) when ¢
tends to zero; therefore,

Ja be(Wd—Jats ),

X =limVEV ! = (e Vardd
=um Vt—)O - 0 \/CE 0
0 W vd

O

Theorem 10. The square root of 3 x 3 permutation

010 001
matrices Pip = 100 |, Pi3 = 010 | and
001 100
100 Hl =i Hlo
Py = | 001 | equals | X520, | 010
1—i o i+l
010 0 0 1] [ioil
and O % 17 , respectively, where i = /—1.
0 izt il
2 2
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Proof. We present proof only for Pjp. From det(P1y —

M) = 0, we have A = 1,1,—1. Thus, the matrix
1 0 0 111

E=|0 +/1+¢0|,and the matrix V=] 11 —1 |.Then,
0 0 i 100

1 «/1-i2-t+t: ~/l-i2-t—i 1_ m
VEV " = 7\/1‘2”*’ 7VH2"f‘H 1—JV1+1¢t |
0 0 1

and by taking limit when ¢ tends to zero, we obtain
solution. O
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