Mishra and Patel Mathematical Sciences 2013, 7:38
http://www.iaumath.com/content/7/1/38

® Mathematical Sciences

a SpringerOpen Journal

ORIGINAL RESEARCH Open Access

Approximation properties of
g-Baskakov-Durrmeyer-Stancu operators

Vishnu Narayan Mishra” and Prashantkumar Patel

Abstract

g-integers.

£eP.

convergence
MSC 2000: Primary 41A25, 41A35.

Purpose: The purpose of this paper is to introduce and study the Baskakov- Durrmeyer- Stancu operators based on

Methods: First we use property of g-calculus to estimate moments of these operators. Also study some
approximation properties, asymptotic formula including g-derivative and point-wise estimation for the operators

Results: We studied better error estimations for these operators using King type approach.
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Introduction
For f € C[0,00), a new type of Baskakov-Durrmeyer
operators studied by Finta [1] is defined as
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Very recently in [2], Gupta introduce g analogue of (1)
which is defined as
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Recently, Govil and Gupta [3] studied some approx-
imation properties for the operators defined in (1)
and estimated local result in terms of modulus
of continuity. Also, further properties like point-
wise convergence, asymptotic formula and inverse
result in simultaneous approximation have been
established in [4].

Starting with two parameters «, 8 satisfying the condi-
tion 0 < o < B in 1983, the generalization of Stancu
operators was given in [5] and studied the linear posi-
tive operators SZ’ﬁ : C[0,1] — CJ[0,1] defined for any
f € C[0,1] as follows:

“ k
S2 ) = > pusf (“‘) o<xsl ()
k=0 n +ﬁ

where p, r(x) = (Z)xk (1 — x)"k is the Bernstein basis
function.

In 2010, Ibrahim [6] introduced Stancu-Chlodowsky
Polynomials and investigated convergence and approx-
imation properties of these operators. Motivated by
such type operators Verma et al. [7] introduce the
Baskakov-Durrmeyer-Stancu operators £P), which is a
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Stancu-type generalization of the Baskakov-Durrmeyer
operators (1) as follows:

Ly (fx) = an,k(x) /0 b (f (”t h “) dt

n+ B
+pn0(x)f( +:3)

(4)

where the Baskakov and beta basis functions are given in (1).

During last decade, g-calculus was extensively used
for constructing various generalizations of many classical
approximation operators. In 1987, Lapus [8] introduced
q-Bernstein polynomial whose approximation properties
were studied in [9,10]. The recent work on such type of
operators can be found in [11-13].

A Lupas-Phillips-type g-analog of the operators E;“’ﬂ ) is
defined in (4) as follows:

L3P (fx) = ankoo f

+pno(x)f< ]aw)

t+
,kbz k(t)f < [ﬂ]q +ﬂ0l) dqt

(5)

where pzlk(x) and bZ,k (%) are given in (2).
Notice that

o0/A
J

The aim of this paper is to study the approxima-
tion properties of a new generalization of the Baskakov-
Durrmeyer operators with two parameter « and B based
on g-integers. We estimated moments for these opera-
tors and also studied the asymptotic formula based on
q-derivative for the operators defined in (5). Finally,
we give point-wise estimation and better error estima-

o0
_ —k —k
ka k(t)dqt =¢q7?2 and sz’k(x)q 2 =1.
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tions for operators ,cf;f,f ) using King’s approach. First, we
recall some definitions and notations of g-calculus. Such
notations can be found in [14].
We consider g as a real number satisfying 0 < g < 1.
We have

[n]q = { %, 77 b

n, g=1
and
[n],! = { [1’,1]{][” —1gln —2]g.. . [1g, Z - (1), 2.,
Furthermore,

(L+x)7 =(=%qn
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1, n=0.
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Also, for any real number «, we have

(1 +x)g°

(1 +x) 7(1 T

In special case when « is a whole number, this definition
coincides with the above definition.
The g-binomial coefficients are given by

= (nlg!
(k>q_ m»ofkgn'

The g-derivative D, f of a function f is given by

fx) — fgx) 0

Dy(f(x)) = Ty

The g-Jackson integral and g-improper integral defined as

/0 f@dgx=0-qa)_ flagd"q"
n=0

and

f(x)dqx_(l—q)az f< )i]4

provided sum converges absolutely.
De Sole and Kac [15] defined g-analog of beta function
. =1
of second kind B(t, s) = fooo (liwdx as follows:

xtfl
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B(t,s) = K(4, t)/ ————dgx,
NG Ve
where K(x,t) = 1+x xt (14 ) 1+ x)}]_t. This function
is g-constant in x i.e. K(gx,t) = K (x, 0).
In particular, for any positive integer n,

K@) =q"7", Kx0) =1, and By(ts)
Q=1 s — 1!
T tts—1]g!

Moment Estimation

Remark 1. Applying the product rule for differentiation,
we easily obtain the relation

7“¢** @)D, (pZ,k(x)) = ([k]q 4[], x) pha),
4716200 (b1, 0)) = (k= 1)y ¢ 71+ 21, %) B, (g,

where ¢*2(x) = x(1 4 gx) and ¢2(x) = x(1 + x).
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Lemma 1. [2] The following hold:

1. £LIa,x =1,
2. LIt x) = x,
[n]g+1 [2]
3. LIt x) = qy;q 1, x2 + 7l ”’1] x, for n> 1.

Lemma 2. Let us define Sy, (x) = LL(em, %), ey = t™,

m=0,1,2,... Then, we have
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q

n>m-+2.

From this recurrence relation, we obtain LI(t —

)" x) = O —p

T ) where [a] denotes the integer

Wlg >
part of a.

Proof. Using remark 1, we obtain
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2k = 1)y~ [ + 2t
- q[”l]q X)Sn,m(gx).

To simplify the integral, we make use of the chain rule
(which is applicable only for this particular transformation)
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for the transformation t = gz, which gives d,t = gd,z
(see page 3-4, [14]). Thus, in view of above remark, we get

¢*2<x>Dq(sn (%))
—q ank(qao f Nk~ g~ [+ 2]y 2]
khq ! @2 dgz + q 1 + 24 Sum+1(gx)
+ (q - Q[Vl]q %) Sy,m(gx)
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In order to obtain /; and I we make use of the g
integration by parts

b b
/ u(t)Dy(v(t))dyt = [u(Ov(t)]l — / v(qt)Dy(u(t))dyt.

Therefore, we get I; = —q‘l[m + 1]14Sum(gx) and I =
—q 7 2[m + 2]4Sn,m+1(gx). Combining the expression, we
have
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Lemma 3. The following hold:
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Proof. Using Lemma 1, for every n > 1 and x €[0, 00),
we have

LD A% =L500 =1,
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Finally,
LB (12, %) = ﬂaq(ﬁ x) + 2Ll o LIt x)
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Remark 2. ff we put g = land @ = B = 0, we get

the moments of Baskakov- Durrmeyer operators (1) as
L.t %) =xand £, (£, x) = (n+1)7x1+2x

Lemma 4. If we define the central moments as
1Whm(x) = Lyt ﬂ)((t —x)",x), m € N. Then
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Remark 3. Forallm € N,0 < a < ; we have the follow-
ing recursive relation for the images of the monomials ¢

under Eﬁ,’qﬁ (#", x) in terms of L1 (tj,x),j =0,1,2,...,mas

[l o

LB (M 5y = 3 ( ) ﬁq j
ni (") ,; s

Also, we have

(@B) m —k poB ik
Ly (=" x) = 2 0(,{)(—96)”’ Ly (&5, x).

(’Z)< (s

L, ).
By Lemma 2 and above equality, we have E,(féﬁ )((t —

x"x) = O (M), where [«] denotes the integer
]

q
part of .

Direct results
Let the space Cg[0,00) of all continuous and bounded
functions be endowed with the norm || f|| = sup{|f(x)] :

x € [0,00)}. Further let us consider the following
K-functional:
K (f,8) = inf {|If —gll +8llg" I}, (6)
gew?

where § > 0 and W? = (g € Cp[0,0) : g, g" €
CB [Or OO)}

By the method as given in p. 177, Theorem 2.4 of [16],
there exists an absolute constant C > 0 such that

Ka(f,8) < Can(f,/5), (7)
where
wy(i/8) = sup  sup | f(x+2h)—2f (x+h)+f (x)|

0<h<+/5 %€[0,00)
(8)

is the second order modulus of smoothness of f €
Cg[0, 00). Also, we set

a)(f,«/g)z sup  sup |f(x+h) —f(x)]. (9)

0<h<+/5 ¥€[0,00)
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In what follows, we shall use notation ¢(x) =

Jx(1 + x), where x € [0, 00).

Theorem 1. Let f € Cg[0,00) and 0 < q < 1. Then for
all x € [0,00), there exists an absolute constant M > 0
such that

E‘n":g(ﬁx) —f(x)) < Mawy (f, /‘Z,z + (MZ'I)Z) +o(f, /LZYI).
(10)

Proof Let g € W? and x,t €
expansion, we have

[0, 00). By Taylor’s

t
g0 = ¢ + @t —2) + / (t — we' wdu. (1)

Let us define auxiliary operators Eﬁ,aqﬂ ) as follows

Flap) _ r@p) _ a—ﬂx>
ZeP (f2) = LD () +f @) f(x+[n]q 2.

(12)
Now, we have E(a ﬁ)(t —x,x) =0.
Applying /.Z,,,q on both side of (11), we get
L (g,2) — g@) = ¢ @ L& (¢ — 0),2) + L &P
X (/ (t— u)g”(u)du,x)
— L:(Ol B) (/ (t — u)g”(u)du,x)
*+ Llg+p ]qiﬁ a— Bx
_ /! d .
+/x <+[n]q+ﬁ ”)g(”) ‘

On the other hand, we obtain
lg”ll (¢ — x)* and

a—px
Al e
X+
X

— u)g”(u)du‘ <
o — Bx

" ﬁx_ g /"
T )g (u)du§< s x) Il
—lg1 (P @~ xm)

( nl(x))

=llg"I

t
< ﬁg,f‘,}ﬁ) ([ t — uw)g" (wdu, x)
X

’H‘[:];% a—pBx
+ / <x +
x [n]q+ﬁ

<Ig" I (¢ = 002 %)+ g (1l )
<lg [ + (1 00)7]-

Notice that,

LoD (g,x) — g()

_u>g”(u)du‘
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Observe that

’»Cff,'q’ﬂ) (f,%) —f(x)‘ <

LeP (g0 - f — )|

—g(x)‘

o — Bx
+‘f(’“) - (“ [n]q+ﬂ>'

<4If — gl + 1g"1l [ + (1, @)’
0 lf 1 ().

Now, taking infimum on the right-hand side over all g €
Cé [0, 00) and from (7), we get

LD ) — f )] =4k (£ + (1, )°)

+ o, 1 (%))
q q 2
<Mwy (f, \/Mn,g(x) + (uh @) )
+oful @)
This complete the proof of Theorem 1. O

Central moments and asymptotic formula

In this section, we observe that it is not possible to esti-
mate recurrence formula Ei,‘f[éf) in g calculus; however,
there may be some techniques, but at the moment it can
be considered as an open problem. Here we establish the
recurrence relation for the central moments and obtain
asymptotic formula.

Let B,2[0, 00) = {f :for every x € [0, 00), | f(x)| <M(1+
%)), My being a constant depending on f. By C,2[0, 00), we
denote the subspace of all continuous functions belonging
to B,2[0, 00). Also, C* [0, 00) is subspace of all functions
f € C,2[0, 00), for which lim,_, lf_f_

Lf@)]

on C;Z [0,00) is [| fllx2 = SUPxe[0,00) 12

is finite. The norm

Lemma 5. If we define the central moments as

Tyn) =L — 010 = 3,0 / 51 (0

k=1
[(nlyt+ o ) q < o )m
X | ————x) djt + |— —x) ,
( [nlg +8 q 4" T Pno [n]y+8 q
then E,(ff’éf)(l,x) =1, (‘f‘q’f)(t —x,%) = [i]; f_’; and for

n > m + 2, we have the following recurrence relation:

+8)[m + Z]q
[”]q
= — x(1 + qx) [Dg(Tpmx)+mlgq Tym—1(qx)]

[n]q +p (q,3 ([Vl]q

i, —q ' [n+ 2]q) Tpmt1(qx)
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X ([ lqq x( 0l [B8l4"x+¢q o, x [,

o1 (] +/3)) ( ( 2a> ([nly +B)
_[3], g¥mt12 e
Blag (], T ,) I,

2
+ aﬂmn]q) } g3 [ml, + (1—q[n]qx+q’l[” + 2

(12

x (q”“x— n]: +ﬂ))<q'”—1>x] Tn,m_1<qx>+[{q'”x

[
5 {([ngz]ﬂs) <[2]qqu<([n]q+ﬂ) 81, " + q — -~
q

[n] (14

B x([n]q+ﬂ)> gy gty (e +ﬂ))

[Vl]q [n]q

_ _270[ ([n]q+,8) o? +qa[n]q
<x(" [n1q> My )}

{q2m+1 2([”]q+ﬂ) (qm+2 ([nlq +ﬂ)+ _ 2o x([”]rﬁ‘ﬁ))
q [}’I] [”]q [n]q
05 +[:]Z }} _3[”” - 1]qi| Tqm—2(gqx)
2
+ A+q°x);" {n[] P (q (b ]q+fn)§m+ la —q 1[n+2])
q
a _3([nlg +8) {([Vl]q +8) 51
* ([n]q+/3 "">q +[q iy g, e
20 ([Vl]q +8) -1 -1
_@_ i, }[m—l—l]q—q —q [n+2]y

el
[”]q +8 [”]q‘Hg q

+ H([n]q+/3) ([2]q _— (([n]q +5) (31, ¢"%+ 4 — [%]x
q

[”]q [Vl]q
- ([n]q+/3)>_ i1 zw>_< ( _La>
T, Blg g™ [ T,

([Vl]q+ﬁ) o+ qa[n]q _3 1
T, B )}q bla = (1t 2l

o) L
T g8 ) mg+p ),
{qu { (g +8) (11 oy

[

[n]q
[ 20 ([nlq +,3)>

+

3]qq x—i—q—@—x [}’l]q

< (( n]q +8)
[Vl]q
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omt1 2 (Mg +ﬂ)> _( < ) ([n]q +B)
T T, 17, I,

o +qalnlg || {qmﬂxz ([nlg +B) (qmﬁx ([nlg +B)
(]2 [nlg [l
+ q-—

q
B xaz + qalnl,
[n]q (n]q (n]2

m—2
“3[m — Y
e 1]q]<[n]q+ﬁ qx),, }

Proof. Applying g derivatives of product rule, we have

- [3]

2 _x([n]q+ﬂ)>

Dy (Tm(@)) =)y 351 g2) f b1 (0

k=1

(Mbt+a
X
(nlg+8

m—1
- qx) dqt_[m]qu,o(qx)
q
< o >m—1
 — _
W8 *),

+) Dy(pl (%) / —kbqka)(
k=1

[y t+a )m
—x
q_Fﬁ q

a A
X i+ DyPro() ([n]q ; x)q '

Using the identity
¢5(1+a0D, (P, @) = (Kl =4 1l %) i, (@),
%(1 4 qx) [Dg(Tyuym () +[mlg Trm—1(q%)]

=3 (1 + gD, () [0 57 ()
k=1

(nlyt+a "
o ( [n{]]q o _ x>q dt +x(1+ qx)Dq(pZ,o(x))

(@),
bl +8 ),

=Y (474 1Klg —alnlyx) Pl (@) / @

k=1

(n],t+
X ( r[ln‘]’q - ﬂa —x> dt + (—qlnlg x) pl o (qx)
) ([n]q+/3 x) ’
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—x) dqt:|
q

S (5
q

g _e
X dgt + p, o(qx) ([n]q 5 x)q :| )

=l — qln]gxlp.

_ - —k q —kpd [yt +
_ [Zq Wafpan [ a7t )( g+

k=1

We can write 7 as

h=Y q* ([k— 1, +qk_1)PZ,k(qx)/0 q bl ()
k=1
[n]yt+ o 3 )m
x( [l 1B x , dgt
=Y q*p! (g0 /
k=1
+ g 2+ )b <[”]" o —x) dyt
q

[”l]q‘\"l3
= Z q p, k(qx) f

k=1

q (nlgt+a B )'”
X b k(t)( [l B x , dgt

+ Zq k(qx) /

k=1
— x) dyt.
q

( [n]yt+ o
X
Now using the identity

[k — 1, —q" n+2], ¢

(k= 11y—~a"n+21 ¢)

K(n+2] t—l—l)bqk(t)

(n]y +B

¢+ 1D, (b, )

= ([k -1l —4 ' n+ 2]qx> bz’k(qx),

pnk(qx)/ q*q~ ( q)
a [t ]yt + o B )’”
(””k(q))( s Y) M
+> a7 'p! (qx)/
k=1

(nlgt+a
X( (1], +B x)q “t

we have

(n+2],t+1)5!  0)
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K(tg + £%)

ot " etiasein (1 ()

< at+e —x) dt+[n+2]q2q pZ,k(qx)

k=1
—kya (Mgt +a )’”
th t)( —x| dt
<, oo (5, motp ),
gt+ "
+Zq*1pnk<qx> / "bqk(t)< - —x) dyt
k=1 (g8 q
=I3+ Iy + Is.
(14)
Notice that

Mgt +a Mgt +o >
( i, +8 2 x)( 46 17
2
B ([,[% tiﬂa> Rl ( [}[qr]z? t:ﬂa) e
q q

and

Mgt ta )([n1qt+a_ mﬂ>

<[n]q+ﬁ )\ 48 T "
a1t _ i)

X([n]q+ﬁ T

_([n]qt+a) 3l ([n]qt—l—a)
-\ [ny+B [n]y +8

2m+1, 2 [”]qt"‘“) _ 3m+3.3

+[Blgg™" " x ( (], 8 a0

We obtain the following identity after some computation

iy (Varze )"
q

[n]q +8

B o (Mgt +a )([n]qt+a_ )m‘l
~ta+ CET AR IS
_ [ (g +B)* [n]qt+oz>2 ( _2705)
‘( w2 \mgp ) 1
« ([”]q"‘ﬁ) ([I’l]qt-l—()l o? +qaln
(g \ lnlg+5 (12
5 <[n]qt+a _x) ([n]qt—i-a B x)m !
[l +F Wetp T,
_ | g +p? ([n]qt+a>3 ( 20
‘{ w2 \ ol +p ) T\ T,

. ([nlq +ﬂ)> ([nlg +B) ([n]q t+a )2
[Vl]q [”]q [Vl]q +B




Mishra and Patel Mathematical Sciences 2013, 7:38
http://www.iaumath.com/content/7/1/38

B ([nlg+B) | o +qaln],
(x(q [n]) gy )

[n]qt+a) a2+qa[n]q ([n]qt—i—a_ )ml
- <[n]q+ﬁ BT } mgp 1),

_ (g +p)? ([n]qt+a _ qx>’”+2
q

[n]2 (n]y +8
([”]q +8) {([n]q +8) m _ 2705
+ [Vl]q [”l]q [S]qq X+ q [n]q
B ([n]q+ﬂ)}([n]qt+a B x)’"“
Wy S\ g+~ %),
(g +B) (g +B) "
+{ (14 <[2]qq x( (14 Bled"x+4
2 ([n]q+ﬂ))_ a2 (g +ﬁ)>
W, 5, ) PPl (1]

B 20\ (g +B) | @ +qaln],
(’“(" [n]q) g )}
X([n]qt+a_ x)’”

a8 ),

n [qu { ([nlg +8) ([2]q _— <([n]q +8) (31, "

[”l]q [Vl]q

_27a_ ([nlg+B) 21, 5 ([n ]q+ﬂ)>
+4q ) (Blgq [l

[n]q [n]q
B ([ng+B) | o +qalnly
(’“ (”’ [l ) My 2 )}
{q2m+1 2 ([n]q+B) ( m+2x([”]q+ﬂ)+ 2a

[, m, 1 [,

_ x([n]q +8) > _xa + qa[n]q
(nlq [n]2

5 <[n]qt+a B x)ml
a6 ©),

Using the above identity and g integral by parts

b b
/ u(t)Dy[v(t)] dyt =[M(t)v(t)]2—/ v(gt) Dyl u(t)] dyt
we obtain

([n]q +B)*

]2

x( « x)’”“ _ (nlg+B)
a6 ), [1lq

Th=—-[m+2), (Tn,mqu) —(1+¢*),"
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g 4B) o e 20 ([ﬂ]q+ﬂ)}
X{ DAL A S

x [m + ] (Tnm(qx) (1+q2x);n([n]a+ﬂ -
q

~ {([n],,+ﬂ) <[2]qqu (([n]q+ﬂ> (381, ¢"x + q — ii

(14 [n]4 [n]4
W+ s 2([n]q+/3)>
[, > Blag™ 0,

X

([Vl]q +8) o+ qa[n]q
( [n]q i, + 2 )} [m],

o m—1
g +6 "")q

[qu { ([nlg +8) <[2]qqu (([ng;,l]—}—ﬁ) (31, 4" + q
q

[nlq
20 x([n]q+ﬁ)>—[3]qq2m+l 2([ ] +,3)>

oy 1],

Tnm l(qx) (1+qx) n(

[”]q [”]q

_ ([n]q +8) o+ qa[”l]q
(x(q [n]) My D )}

{q2m+1 2 ([nlg +B) ( m2, ([n)g +8) T _ 20

[Vl]q [Vl]q [Vl]q
([nlg +B) a® + qan],
i, ) —x 2 ” [m— 1],

m—2
: (T"’m_Z(qx) B ([n] e qx) ) '
q q

(15)

Finally, using
< (n]yt+ o )m
—x
[”]q +ﬁ q

_<[n]qt+a_x><[n]qt+a_ x)m-l
“\ Tl 8 a8 ),

(-

q
X<[n]qt+oz_ x)ml

a6 ),

_ (gt o )m m_ 1
([n]q+/3 ) @
X([Vl]qt+a_ x)'”‘l

metpT),
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we get Therefore,

[n]y +B

L=q'[n+2], { (Tn,m+1(qx) -1+ qzx),;"

_ [n]y t+o " (1]
_ 1 k q q q
e o I N
X X o m g8~ "), T gt
=q Tn,m(qx) —(1+gq x);n ([ — qx) m
I’l]q +'B q 2. \—1 o
X |\ Tum(gx) — (1 4+ g x)q m —gx
+(q" = D% (Tum1 @) — (1 + ), ‘ 4

o m—1 + (qu — ¢ ) q" — 1)96( n,m—1(gx)
o) )l
(16) _ 2. \—1 @ "
(1 +4g7°x), <[n]q+ﬁ qx)q )}

Also, (17)

Combining (13)—(17), we get required result. O
—qlnlqxl =—qln]yx { nm(q%)+(q" —1D)x ( nm—1 (qx)) }
Theorem 2. Let f € C[0, 00) be a bounded function and

To estimate I, we use (qn) denote a sequence such that0 < q, < 1 and q, — 1
as n — 00. Then we have for a point x € (0, 00)
(=) il (250109~ 69)
n
! =(a — Px)Dg,f (%) +x(1 + %)D2 f (x).
_[n]q+ﬂ{[n1qt+a_qu+qu_ « }
[nlq [nlg +5 [nlg +5 Proof. Using g-Taylor’s expansion [15] of f, we can write
“ (M _ x)m (t — x)2
[nlg+B 4 SO —f(x)=(t—x)Dgf () + 2, quf(xH-d? (%, 0)(t — %),
_lnlg+8 <[”‘]qt+“ _x)MH for 0 < g < 1, where
[”]q [”l]q +p q
” FO—f @) —=Dgf @) (t—2)— G Dyf 1) (t—0)7
( m,_ O ) ([n]qt—i—(x ) () = == L ifx #t,
+ (g x— —-X ’ 1
[(nlg+8 /) \ [nlg +B 4 0, ifx =t
[nlg+B {([n]qt—}-a - x)m+1 (18)
(g [nlg +5 q We know that for #n large enough
Myt 4+« " .
m+l _ P> ™7 lim &, (x,t) =0, (19)
+(q 1)x< i, +5 x)q Pt
m that is for any € > 0, there exists a § > 0 such that
(e ) (5
7= oqv8) | g %), @y, (5,0)] < € (20)
. [yt +a m—1 for |t — x| < & and n sufficiently large. Using (18), we can
+ (" —Dx T 4B qx write
! I @) @p)
; ’ - =D 4 - )
(n ] +8 {([n]qt+0l qx)mﬂ Lig, (%) —f(x) q,f(;c)/i,,,qn (£ = %)g,» %)
= - D
+([2 X — )([n]qt—f—a_ x)m [2]
aq" [, +B (nl,+B 7 . where
n — rp) — %2
N ( S +ﬂ) @ — D E () = L) (®g, (6,0)(E — %)y, %)
[n]yt+ " m—1 We can easily see that lim [#], Eg,aqf)((t — X)g, %) =
n o n—00
x ( . - ‘Ix) } o — frand lim [nly, L0 (¢ — %2, ,%) = 2x(1 + ).
q n—00
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In order to complete the proof of the theorem, it is suf-
ficient to show that lim [#],, E"(x) = 0. We proceed as
n— o0

follows:
Let
RY (%) =[nly, LD (Dg, (6, 0)(t — 2] x(8), 1)
and
RI% (%) =[nly, LEP (Dq, (6, 0)(t — )7 (1 — Xxx(D), ),
so that
1]y, EX' (%) = RY () + RY (x),

where x.(t) is the characteristic function of the interval

. [H]Qnt‘i’a _
t: Wl 7B x‘ <3}.
It follows from (18)

RZ:‘l(x) < e2x(x+1)asn — o0.

Pl gut+o M [ Hgtta 2
If [n]"anrﬂ —x‘>8 then |®g, (x, 1) < T(M]iﬁﬂ —x) ,

where M > 0 is a constant. Since

<[n]qn t+a —x)2 B <[n]!hz t+o —x) ( [nlg, t+a B x)
[n]qy, +B B [n]q,, +B [n]q,, +B
qn

t+
(e
_ (g, tHa 2)<["]qn ita 5 )
- ( I I A P Ry
34 (gt e 2)
D ( g +5
g tte )
(g, +8 !
+ 5 (gn” — D(gs® — D),

+x(gs% — 1) (

we have

dn M
R, (%) t)+ fx

[n]g,
D)) L ﬂ><<t )

n,qn

mqn

M
=3 g, L4 ((¢ = 203,
x (I(g3 — D) + (g% —

M a,
82x [n]qn (qn - 1) ;qf)((t x)‘zln’t)

and

R <55 [, £50(( — 0, 0) + by,

x(2-q)—q) LD -] .0
+a2[nlg, (42— 1)° £ ﬁ)((t—x)fln,t)}.

Page 10 of 12

Using Lemma 5, we have

LOB (=2 1) = 2

LD — )t ,
e (=g, ”—[] i D= T2

LDt — 22 1) <
gy (& —%)g » 1) Tl

Thus, for n sufficiently large RZ,”2 — 0. This completes
the proof of theorem. O

Corollary 1. [17] Letf € C[0, 00) be a bounded function
and (qy,) denote a sequence such that 0 < q, < 1 and
qn — lasn — oo. Suppose that the first and second
derivative f'(x) and f" (x) exist at a point x €[0,00), we
have

hm (nlg, (££,“q’f)(fx) —f(x))
=(a — Bx)f' (%) + x(1 + x)f" (x).

Point-wise Estimation
Now, we establish some point-wise estimxates of the
rate of convergence of the g-Baskakov-Durrmeyer-Stancu
Operators. First we give the relationship between the local
smoothness of f and local approximation.

We know that a function f € C[0,00) is Lip y on D,
y € (0,1], D C [0, o0) if it satisfies the condition

If(@) —f)| < Mp|t—x|", t €[0,00) and x € D, (21)
where My is a constant depending on y and f.

Theorem 3. Letf € Lipy, D C [0,00) and y €[0,1]. We
have

L8P () — @) <My ([l,0] " + 247 D)),
x €[0,00)

where d(x, D) represents the distance between x and D.

Proof. For xy € D, the closure of the set D in [0, 00), we
have

IfO—f @) < |fO—f @)+ f o) —f ()],
Using (21) we get
LB (f0)—f @) < LGP (f (&) —f (o) |, %)+ f (x0) —f ()]

< MyLEP (|t—x0l” ) +My|xo—x]”.
(22)

x €[0, 00).

Then by the Holder’s inequality with p = % and % =

1- 1'%’ we have
v/2
LDt =50l %) < (L8P (1t = 50l

(23)
1-y/2
x (Lfgf)(l,x)) .
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Also, [,g,‘f,}ﬂ ) is monotone,i.e.

Y/2
LD (jt=xol” %) < (ﬁﬁ,‘f‘f’(lt —x|2,x>) +lxo—l”.
(24)

Using (22)-(24), we have desired result. O

Now, we give local direct estimate for the g-Baskakov-
Durrmeyer-Stancu operators using the Lipschitz type
maximal function of order y introduced by B. Lenze [18]
as

= s OISO

i o) JE— 2l €[0,00), y €(0,1]

(25)

Theorem 4. Let y € (0,1] and f € Cg(0,00). Then for
all x €[]0, 00) , we have

LB (fx) — f0] < @y () (1l,)""° (26)

Proof. Form (25), we have

If@®) —f@) < @y ()]t — x|

and

LEP (fx) — f@)| <LEP (O —f@),%) < by (%)
x LD (1t — %7, %)

Applying Holder’s inequality with p :=

% and % =1-
we have

1
p)
LB (f0) = fx)| < @y ()LD (1t — 27, 2))7 72,

which is required result. O

Better estimation

It is well known that the operators preserve constant as
well as linear functions. To make the convergence faster,
King [19] proposed an approach to modify the classical
Bernstein polynomials so that this sequence preserves two
test functions ey and ey. After this, several researchers
have studied that many approximating operators L possess
these properties i.e., L(e;, x) = e;(x), where e;(x) = x/(i =
0, 1), like Bernstein, Baskakov, and Baskakov-Durrmeyer-
Stancu-type operators.

As the operators ngf ) introduced in (5) preserve only
the constant functions, further modification of these
operators is proposed to be made so that the modified
operators preserve the constant as well as linear func-

Page 11 of 12

tions. For this purpose, the modification of E;‘f‘,}ﬂ ) will be
as follows:

(@, [yt +
LA (fx) = Zp k(rn(x))/ bnko:)f( [ tqu )
X dgt + puo(rn(x))f ([n]:+ﬁ> ,

(g +B)x—a

where r,,(x) = op andx € [, = |:@l]:-H3’ oo).

Lemma 6. For each x € I,,, we have

[n]q (%) + o
(nlg+B
[n+ 1]q 2 [2]q ([n]q —2a) x
2[” - l]q ([Vl]q +B8)[n — l]q

[2]q (aZ_[n]q a)
([n]q +ﬁ)2[71 - 1]q'

)

L0 1,x) =1, L0 (%) =

£* (ayﬂ) (tz, )

Lemma 7. For x € I, the following hold,

/13,1(96) =£*fq‘ff )(t —x,x) = 0,
~q _ px@p) 2 _ [2]‘I 2
Mnyz(x) =L nq ((t — x) ,x) = mx

[Z]q (["]q —2a)

x [2]q (az_["]q“)
( n]q +B8)[n— l]q

([n]q +8)%[(n — l]q‘

Theorem 5. Letf € Cg(I,), x € I, and 0 < q < 1. Then,
forn > 1, there exist an absolute constant C > 0 such that

LD (fx) — f (x)‘ < Cap <f, ﬂz,z(x)> .

Proof. Let g € Cp(I,) and x,t € I,. By Taylor’s expan-
sion, we have

¢
gt =gx) + (t —x)g (x) + / t —wg' (wdu. (27)
X
Applying L* ﬁl‘f‘f ), we get

£ (g,2) — g() =¢ WL P (¢ — 1),2) + L7

t
X (f (t — wg" (wdu, x) .

NG

Obviously, we have x)g" (wydu| < (t —x)2)g"l,

P @ — g <74 (0~ 21|

~q /!
=yollg |l
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Since ‘E*;‘f‘éﬂ)(ﬁx)‘ < IIfll

[P ) - f )| <

LD — g0 — (f — Q)
| @ - g
<21 — gl + il g

Taking infimum overall g € C2(I,,), we obtain

‘ ﬁ*%ﬁ)(ﬁ x) — f(x)‘ < Kx(f, ﬂz,z)'

In view of (7), we have

‘ E*ﬁ,‘féﬁ)(ﬁ x) — f(x)‘ < Cw» (f, /IZ,Z) ,
which proves the theorem. O

Theorem 6. Assume that q,, € (0,1),q, — 1 as n— oo.
Then for any f € C%,(Iy) such asf',f" € Cr>(In), we have

lim [, [ £*550 ) — f @] =1+ 20" @),

n—o0

forevery x € I,.

Remark 4. One can discuss rate of approximation in
weighted spaces for the operators Eﬁ,‘j‘,}ﬁ ). we are omitting

the details as it is similar to Theorem 3 and 4 in [20].
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