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Abstract

In this paper, we study the geometry of Lie groups with bi-invariant Finsler metrics. We first show that every compact
Lie group admits a bi-invariant Finsler metric. Then, we prove that every compact connected Lie group is a symmetric
Finsler space with respect to the bi-invariant absolute homogeneous Finsler metric. Finally, we show thatif Gis a Lie
group endowed with a bi-invariant Finsler metric, then, there exists a bi-invariant Riemanninan metric on G such that

its Levi-Civita connection coincides the connection of F.
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Introduction

Lie groups are the most beautiful and most impor-
tant manifolds. On the one hand, these spaces contain
many prominent examples which are of great importance
for various branches of mathematics, like homogeneous
spaces, symmetric spaces, and Grassmannians. On the
other hand, these spaces have much in common, and
there exists a rich theory. The study of invariant structures
on Lie groups and homogeneous spaces is an important
problem in differential geometry. Milnor’s research on the
properties of invariant Riemannian metrics on a Lie group
obtained many interesting and significant results. He
computed the connections of these metrics and obtained
the formula for geodesics and curvatures. Lie groups are,
in a sense, the nicest examples of manifolds and are good
spaces on which to test conjectures [1]. Therefore, it is
important to study invariant Finsler metrics. In [2], the
authors studied invariant Finsler metrics on homogeneous
spaces and gave some descriptions of these metrics. Also
in [3] and [4], we have studied the homogeneous Finsler
spaces and the homogeneous geodesics in homogeneous
Finsler spaces.
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Among the invariant metrics, the bi-invariant ones are
the simplest kind. They have nice and simple geomet-
ric properties but still form a large enough class to be
of interest. In [5], we have studied the geometry of Lie
groups with bi-invariant Randers metrics, and in [6], we
have studied the naturally reductive Randers metrics on
homogeneous manifolds.

In this paper, we study the geometry of Lie groups
with bi-invariant Finsler metrics. We first show that every
compact Lie group admits a non-Riemannian bi-invariant
Finsler metric. Then, we prove that every compact con-
nected Lie group is a symmetric Finsler space with respect
to the bi-invariant absolutely homogeneous Finsler met-
ric. Finally, we show that If G is a Lie group endowed
with a bi-invariant Finsler metric, then there exists a
bi-invariant Riemanninan metric on G such that its Levi-
Civita connection coincides the connection of F.

Bi-invariant Finsler metrics on Lie groups

A Finsler metric on a manifold M is a continuous function,
F : TM — [0, co) differentiable on TM\ {0} and satisfying
three conditions [7]:

(@) F(y) =0ifand only ify = 0.

(b) F(Ay) = AF(y) for any y € TyM and A > 0.

(c) For any non-zero y € T,M, the symmetric bilinear
form g, : TyM x TxM —> R given by:
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19,
gy(u,v) = 5@[1: O + su + tv)] [s=¢=0
is positive definite.
For each y € T,M — {0}, define:

3

1
Cy(u,v,w) = — [Fz(y+su+tv+rw)] ls=t=r=0 -

4 0sdtor

C is called the Cartan torsion.

Let G be a connected Lie group with Lie algebra g =
T.G. We may identify the tangent bundle 7G with G x
g by means of the diffeomorphism that sends (g, X) to
(Lo)sX € T,G.

Definition 1. A Finsler function F : TG —> Ry will
be called G-invariant (left-invariant) if F is constant on all
G-orbits in TG = G x g; that is, F(g,X) = F(e,X) for all
geGandX e g

The G-invariant Finsler functions on TG may be identi-
fied with the Minkowski norms on g. If F : TG — R,
is an G-invariant Finsler function, then, we may define
F:g —> Ry byF(X) = F(e, X), where e denotes the iden-
tity in G. Conversely, if we are given a Minkowski norm
F : g —> Ry, then F arises from an G-invariant Finsler
function F : TG — R given by F(g,X) = F(X) for all
@X)eGxag.

Similarly, a Finsler metric is right-invariant if each R, :
G — G is an isometry.

Definition 2. A Finsler metric on G that is both left-
invariant and right-invariant is called bi-invariant.

Let G be a compact Lie group. Fix a base w1, wa, ..., wy
in T,G and put w = w1 A ... A w, where n = dimG.
Extend w to a left-invariant differential form €2 on G by
putting Q; = (Lg)*. The form @ never vanishes. The
form determines an orientation of G. Recall that a chart
with coordinates x?, . . ., x” is called positively if dx' A. .. A
dx" = fQ where f is a positive function defined on the
coordinate neighborhood. Clearly, the atlas consisting of
all positively oriented charts determines an orientation on
G.Indeed, ifdy’ A ... Ady" = h2and h > 0, then:

h

Ay A oAdy" = —dxt AL A dX
S

On the other hand,

Ay, ..., y"

Ayt A Ayt = udxl/\...Adx”,
Axl, ..., x"

1)
1 n
00y b
axl,...,xm  f
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Now, for any a € G, we can easily see that R} is left-
invariant. It follows that R;Q2 = f(a)Q2. We can easily see
that f(ab) = f(a)f (b) thatisf : G — R — {0} is a contin-
uous homomorphism of G into the multiplicative group of
real numbers. Since f(G) is compact connected subgroup,
the conclusion f(G) = 1 holds. Therefore, R¥Q = Q. So
Q is bi-invariant volume element on G.

Theorem 1. Every compact Lie group admits a bi-
invariant Finsler metric.

Proof. Let Q be the bi-invariant volume element. Let
F, be a Niinkowski norm on 7.G = g. Then, define the
function F, on T.G by:

F2(X) = /G F2(AdgX)Q.

Let K, ..., Ky be a covering of G by cubes, and that let
@1, ... on be a corresponding partition of unity, and Q =
Qo dxt A ... A dx". Now we can write:

N
FXX)= / Fj(Ang)szzznz / FX($iAdeX) Q2. ndx'A. . . Adx".
G = K

By definition of the orientation, 212, > 0, and ¢;(x) is
positive in Kj; furthermore, Fez(Ang) > 0if X # 0. Since
all summands in the above expression for |, G Fe2 (AdX)Q
are positive, we come to fG Fe2 (AdX)Q2 > 0. So, I-"e is well-
defined function I?e : T,G — 0, oo),fe(X) > 0ifX # 0.
We can easily see that F(X) = 0 if and only if X = 0.
Clearly Fe(AX) = AF(X) forany X € TG, 1 > 0.

Since F, is C*° on T.G — {0}, we see that F, is C* on
T.G — {0}. Now for any y # O,u,v € T,G by a direct
computation, we have:

%) = /G G v (Adg (1), Adg ()22

Since gaq,(y) is positively definite, hence gy is positive
definite. So I?(e) is a I\/Linkowsl(i norm on T,G. In the
following, we show that F, is Ad(G)—invariant i.e.:

Vh € G, Eo(AdgyX) = Fo(X).

Applying the definition of E, to the left side of this
expression, we find that:

F2(AdyX) = f F2(AdgAdyX)Q = f F2(Adg,X)Q.
G G

The diffeomorphism Lj and Ry, preserve the orientation
because 2 is bi-invariant. So, for the diffeomorphism /;, =
R,10Ly:G— G, wehave:

/ F2(AdyX)Q = / FX(Adg X)R; <.
I(G) G

Since [;(G) = G and R; Q2 = Q, we see that:
F2(AdyX) = F2(X).
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Thus, F.(Ady,X) = E.(X).
Extend the Minkowski norm in T,G, thus defined to a
left-invariant Finsler metric on G, by putting:

FX) = Fo((Ly-1)4aX),

whenever X € T,G.
We show that this Finsler metric is bi-invariant. We only
need to check the right-invariance, we have:

F((Ra)+X) = F((Lg-1)(Ra)X).

Furthermore, A%_l = (L -1)+(Ry)+«. Consequently, by
Ad—invariance of F:

F((Ry)+X) = F(Ad,1X) = F(X).
O

A connected Riemannian manifold M is said to be sym-
metric Riemannian space if to each p € M there is an
associated isometry 0, : M — M which is (i) invo-
lutive, and (ii) has p as an isolated fixed point. As an
example, every compact connected Lie group G is a sym-
metric Riemannian space with respect to the bi-invariant
Riemannian metric [8,9].

The definition of symmetric Finsler space is a natural
generalization of the definition of symmetric Riemannian
spaces [3].

Definition 3. A connected Finsler space (M, F) is said
to be symmetric, if to each p € M there is associated an
isometry s, : M —> M which is:

(a) involutive (312, is the identity).

(b) has p as an isolated fixed point, that is, there is a
neighborhood U of p in which p is the only fixed
point of sp.

As p is an isolated fixed point of o, it follows that
(dop), = —id, and therefore, symmetric Finsler spaces
have reversible metrics and geodesics.

In the following theorem similar to the Riemmanian
case, we show that Lie groups with bi-invariant abso-
lutely homogeneous Finsler metrics are symmetric Finsler
space.

Theorem 2. Every compact connected Lie group G is a
symmetric Finsler space with respect to the bi-invariant
absolutely homogeneous Finsler metric.

Proof. Let ¥ : G —> @G denote the inversion map g —>
g~ L. Clearly v is involutive and is an isometry of G with e
as isolated fixed point. Let X € T,G, since ¥ (exp(tX)) =
exp(—tX) we obtain:

d d
Vs (Xe) = — li=0¥ (exp(£X)) = —li=o0 exp(—1X) = —X.
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This means that {,, = —Id, hence ¥ is an isometry of
G, and e is an isolated fixed point of .

For every g € G, clearly = Ry-1 0 Y o Ly-1. Therefore
Vsg : § —> gisanisometry for any g € G. Now forg € G,
Let og(x) = gx g, x € G. The mapping 0Oy is an isometry
because:

0g=RgolpoRg71.

Obviously, o, fixing the point g and is involutive ag2 (x) =
g(gx~1g)~1g = x. Now, it suffices to show that g is isolated
fixed point. If X € g, then for an arbitrary g € G, we have:

(0g)sX = (Rg)*W*(Rgfl)*(X) = (Rg)*(_(Rgfl)*X) =—-X

and the proof is complete. O

Theorem 3. If G is a Lie group endowed with an
absolutely homogeneous bi-invariant Finsler metric, then,
the geodesics through the identity of G are exactly one-
parameter subgroups.

Proof. Suppose y () is a geodesic in G with e = y(0).
We show that y (¢) is a one-parameter subgroup. With the
help of symmetries, we have o, )0y (£) = y (£+£c). Since
Oy()0e(®) = y(©O)xy(c), so y(©)y()y(c) = y( + 20). In
particular, ¥ (2¢) = y(c)?, and by an induction, we have
y(nc) = y(c)". Now, if % € Q, ¢ = any, ¢y = any where
n; and ny are integers, then:

y(citc) =y (mtn)a) =y (@) 7" =y @)y (@)™
=y(c)y(c).

Now, by the continuity of y (¢) for arbitrary ¢; and ¢y, we
have:

y(c1+c2) =y(c)y(c).

Hence, y (t) is a one-parameter subgroup of G.

Now, we show that one-parameter subgroups are
geodesics. Suppose y (¢) is a one-parameter subgroup. Let
& = %Itzo be the tangent vector of y(¢) at e. There
is a geodesic x(f) through e determined by &. We have
already shown that x(¢) is a one-parameter subgroup, so
x(t) = y(¢), and y (¢) is a geodesic. O

Definition 4. Let G be a connected Lie group, g = T,G
its Lie algebra identified with the tangent space at the iden-
tity element, F : ¢ —> Ry a Minkowski norm and F the
left-invariant Finsler metric induced by F on G. A geodesic

: R —> G is said to be homogeneous if there isa Z € g
such that y (t) = exp(¢Z)y(0), t € R holds. A tangent vec-
tor X € T,G — {0} is said to be a geodesic vector if the
1-parameter subgroup t —> exp(tX), t € R, is a geodesic
of F.
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For results on homogeneous geodesics in homogeneous
Finsler manifolds, we refer to [4,10-12]. The basic for-
mula characterizing geodesic vector in the Finslerian case
was derived in [4], Theorem 3.1. For Lie groups with left
invariant metrics, we have the following theorem.

Theorem 4. [4] Let G be a connected Lie group with Lie
algebra g, and let F be a left-invariant Finsler metric on G.
Then X € g — {0} is a geodesic vector if and only if:

gX(Xr [X’Z] ) =0
holds for every Z € g.

Corollary 1. If G is a Lie group endowed with a bi-
invariant Finsler metric, then, the geodesics through the
identity of G are homogeneous geodesics.

Theorem 5. Let G be a Lie group with a bi-invariant
Finsler metric F. Then, there exists a bi-invariant Rieman-
ninan metric on G such that its Levi-Civita connection
coincides the connection of F.

Proof. If F is a bi-invariant Finsler metric on G, as:
Adg = (Ry-1)xa © (La)ses
it is clear that Ady is an isometry on g. Now define:
I, = {x € g|F(x) = 1}.

Then, the adjoint group Ad(G) € GL(g) leaves I, invari-
ant. Let G; be the subgroup of the general linear group
GL(g) consisting of the elements which leaves I, invariant.
Then, G; is a compact Lie group, and Ad(G) is a subgroup
of G;. So, Ad(G) has compact closure in GL(g). There-
fore, the Lie group G admits a bi-invariant Riemannian
metric g.

For (G,F) and (G,g), we have that the geodesics of
(G, F) and (G, g) coincide, and hence (G, F) is a Berwald
space. Now, we show that the Levi-Civita connection of
(G,g) coincides the connection of (G, F).

Let V be the connection of F. For any left invariant
vector fields X, Y, Z on G, we have:

Yex(Z,X) = gx(VyZ,X) + gx(Z, VyX) (1)
Similarly,

Zgx (Y, X) = gx(VzY, X) + gx (Y, VzX) (2)

Xgx(Z,X) = gx(VxZ,X) + gx(Z, VxX) (3)

All covariant derivatives have X as reference vector.
Subtracting (2) from the summation of (1) and (3), we
get:
X (Z, Vx1yX) + gx(X =Y, VzX) = Ygx(Z, X) — Zgx (Y, X)
+ XgX(Z1X) _gX([er] 1X) _gX([XrZ] rX):
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where we have used the symmetry of the connection, i.e.,
VzX—VxZ =[Z,X].SetY = X —Z in the above equation,
we obtain:

2gx(Z, VxX) = 2Xgx (Z,X) — Zgx (X, X) — 2¢x ([ X, Z], X).
(4)

Since F is left-invariant, dL, is a linear isometry between
the spaces T,G = g and TG, Vx € G. Therefore, for any
left-invariant vector field X, Z on G, we have:

gx (27 X) = gX, (Ze¢ Xe)

i.e., the functions gx(Z, X) , gx(X, X) are constant. There-
fore, from (4) and Theorem 4, the following is obtained:

& (Z,VxX) le= —gx([X, Z], X) le= —gx([ X, Z],X) = 0.
Consequently for any left invariant X, we have:
VxX =0.

Now using the identity:
1
VXY = E(VX+Y(X + Y) — VXX - VYY+[X1 Y] );
we get:
1
VxY = E[X, Y].

Consequently, the assertion of the theorem follows. [

Corollary 2. If a connected Lie group G admits a bi-
invariant Finsler metric, then, it is isomorphic to the carte-
sian product of a compact group and an additive vector

group.
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