Atakut et al. Mathematical Sciences 2013, 7:21
http://www.iaumath.com/content/7/1/21

® Mathematical Sciences

a SpringerOpen Journal

Approximation properties for generalized

Baskakov-type operators

Cigdem Atakut'”, Sevilay Kirci Serenbay? and ibrahim Buly(ikyazici'

Abstract

MSC: 41A35,41A36

In this paper, we give a generalization of the Baskakov-type operators introduced by Baskakov (Doklady Akademii
Nauk SSSR 113:249-251, 1957 (in Russian)) and obtain some direct and inverse results for these new operators.
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Introduction
For a continuous function f on [0, 00) with exponential
growth, the Szasz operators are given by

=k
Sulfi®) =3 f)Piu(®),

k=0

k
e (11X)
k-
important inverse theorems for these operators by using
the modulus of continuity defined by

where Py, (x) = e In [1], Ditzian proved some

o (f38,A) = sup | f) —2f(x+h) +f(x+2h)| e
h=<8,x€[0,00)
=  sup |Aif(x)| e A%
h<§,x€[0,00)

where SUPe[0,00) |f(x)e_Ax| < M.

In 1992, Guo and Zhou [2] gave similar theorems for
the following modified Szasz operators defined by Mazhar
and Totik in [3]:

Ln(f; x) = Z n/f(t)Pk,n(t)dt Pk,n(x)' (1)
0

k=0

The authors obtained the following results for these
operators:
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(1) Letf € C[0,00) be a bounded function. Then, for

O<a<l,
X 1 /2
|Ln(f$x) —f(x)| < M(; + ﬁ)
holds if and only if
w1(f38) = 0%, (8 >0),
where
w1(f;8) = sup sup [f(x +h/2) — f(x— h/2)| .
0<h<§x>h/2
2)
(2) Forf e C[0,00) N Ly [0,00) and 0 < @ < 1,
01(f38) = O(*) = | L, (f;%)|< M (min {12, n/x}) "
2-a)/2

w2(f38) = O(8*)&==>|L),(f;%)|< M (min {r*, n/x})
holds, where w1 (f;8) is defined by (2) and

w2 (f38) = sup

0<h=<$,x€[0,00

| f@) = 2 (x+ h) +f(x +2h).
)

(3)
(3) Forf e Cp[0,00),
1

1 1
I 1 = (0. +onii b 2151

holds, where C is a constant independent of n, and
a)(%J (f; ) is the Ditzian-Totik modulus of
smoothness [4] defined by

02 (fid)=  sup || fahe@)—2 ®)+f (x+he@)] .,
0<h<8,x€[0,00)

x> h o) = Jx.
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In [5], Baskakov introduced the following sequence
of linear operators { £, } which are generalizations of Bern-
stein polynomials, Szasz operators, and Lupas operators:

cn<f;x>=2(_k’j) o (x )f( ). (@)

k=0

Here, x € [0,b) C R (b > 0, b can be o©0), n € N, and
{¢n}.en is a sequence of functions defined on [0, b] that
have the following properties for all k,n € N :

(a) ¢y is analytic on the interval [0, 4] including the end
points,

(b) ¢.(0) =1,

(c) @n is completely monotone, i.e. (—1)k<p£,k) (x) =0,

(d) there exists a positive integer my = mg(n), such that

k—1
@) = npf )@ k=1,2,.),

(e) lim —Z- =1.

n—>ooMmotn

For the operators £,,( f;x) given by (4), we have (see [5]):

Ly(1;x) =1, (5)
Ly(t;x) = x, (6)
/J,,(tz;x) _ Vl(mO2+ I’l)xz n f, )
n n
and
L,((t —x)%%) = D0y +ix

In the present paper, inspired by the operators (1) and (4),
we introduce a generalization of the Baskakov operators
as follows:

Lalfix) = ( /f(t) (k)(t)dt)(k o (x),
k=0

(8)
oo

where y, = [ ¢, (£)dt < oo forall n € N and ¢, also
0

satisfies the following condition:

llmxgo(k D@x) =0, kneN

and
. Yn—vmg
lim —— =1, v=1,2,3.

n—oo Vn

In this study, we shall give some direct and inverse
results for the new operators defined by (8).
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Note that if ¢, (x) = e™™ in (8), we get the operators
L,(f;x) defined by (1). Also, very important results were
obtained by Mazhar and Totik in [3]. Recently, integral-
type modification of some operators based on g-integers
have been studied by Gupta et al. [6], Gupta and Kim [7],
and Kim [8].

Main results
Now, we give the following lemma which will be used for
the proof of theorems:

Lemma 1. The following equalities hold:

Ly (1,x) =1,

_ 1
G =t (L))

Vn n—mgy n—mo

£y () =t [t
Y (n — 2mq) (n — mg)

n 4nx n 2 ]

(n —2mo) (n —mo) ~ (n— 2mg) (n — mo)

From the definition of operators £, and Lemma 1, we have

L3 (%) = (Vn—zmo nimo+n) 20 Yum +)x2
Yn (n—2mp)(n—mo) n—mo Yy
+ ( 4n Yn—2myg 2 Vn—mo)x
(n—2mo)(n—mo) Yn  A—M0 Vn

2 Yn—2my
(n—2mgp) (n—mo)  ¥u

)

Theorem 2. Let f € C[0,00) be a bounded function, and
0 < a < 1 If the usual modulus of smoothness wy (f,t)
defined by (2) satisfies

w1 (f,t) =0(t*) (t>0), (10)
then
* » Yn—2myq n (mo+n) 2n yn— m()i
1) f(x)’ﬂ((( Yn (n—2mg) (n—mg) n—mo vy 1)
+ < 4n Yn—2myg 2 anmo)x
(n—2mo) (n—mo) yn  H—Mo VY
+ 2 Vn—2m0>a/2
(n—2mo) (n—mo)  yu

holds.
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Proof. Using the definition of the operators £}, and the If we choose 3, as

equality (9), we obtain the following inequality: 5 [ ( Vi 1 (mo + 1) 2 Yum . 1) 2
Yn  (n—=2mp)(n—mo) n—rmo Yn
N " ( R ) g
o] 1/2
63 ) -sol =X | o [ 17 -] S o ]
= Of en(Ddt o then we get

|25 (frx) —f@®)] < 21 (f, |:<ansz n (mo + 1)

(/) (—x)k (/) Yn (n—2mp) (n — mo)
< k
(Hdt 0 () 2 e, 1)

n—mo Yn

( 4n Yn—2mq
(n —2mp) (n —mp)  Yn

o) o0 X
e (_ ) 2 M) .

n—mo Yn

k=0 f @n () dt

+ 2 Yn—2mq :| 12
(n—2mg) (n—mo)  vu

(—x)k Consequently, using (10) in the above inequality, we finally
(k)(t)dt (k)( )
N get
Yn—2m n (mo + n)
Ly (frx) —f®) 521<(< .
£ (25) =1 Yn (1 —2mg) (n— mo)
1 00 1 o0 _ 2” y}’l WI() + 1)
< w1 (f,8n) 1+8— 2700 /It n—moy ¥n
"\ k=0 [ eu(®dt o N ( an Vn—2my
0 (n—2mo) (n—mo)  ¥n
_ 2 Yumo ) x
n—mo VYn
—2| P ()dlt) (%) 9 Vo \ /2
+ °>
(n—2mg) (n —mo)  ¥u
1 1/2 -
<on ()15 (£ (= 07,0)")
Sn Theorem 3. Let f € C[0,00) be a bounded function, and
1 O<a<llIf
= w1 (f,8n) {1 +
n
. 1 1 of2
((y“mo (o + 1) |65 () —f @] <K (7 * m)
Yn (1 —2mo) (n — mp)
2 Yuemg n 1) for some positive constant K, then
n—mo Vn a)1(f,t):O(t“), (t>0),
+ ( an Yn—2mo where w1 ( f t) is the usual modulus of smoothness
(n—2mp) (n —mg)  yu of f defined by (2).
_ 2 y}’l—mo ) x 1
n—1o Ve Proof. For § > 0, let

2 ynzm(,)l/z}. fo(x) = %/f(erS)dso
0

n—moy Yn
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For the function f € C[0,00) N L[ 0, 00), the following  On the other hand, we also have

inequalities hold (see [9]).

L s (s~ f)

dx
[ =Fllo = @1 (£:9). (11)
0 1 e
| s [ 160 s
k=0 / (pn(t)dt 0
! 1 0
|5l = 501 (£:9)- (12)
 (niss © — g @) | LB 0
Now, we find the derivative of £}, ( f,x) with respect to x it " kT
From the definition of the operators L}, we can write
<2n ”fé _fHoo ©ntmo (0)
< 2nwi (f;9).
o0
i _n i ) (—k (k) ®) dt Using the two estimates of {;ﬁcﬁfl (fg —f x)‘ obtained
x !
k=0 f Pn(t)dt o above, we get
. 172
(—x) (k)( ) k—x x _%(ﬁmo(x) ‘—ﬁ fa fx) <2a)1(f S)mm{(nmo—{— ) ,n}.
R " @)
@n Also, one can easily obtain that
_ % d ., n >
=ny | =—— f(t) (Prts1(® 5 )| = | L 50 (o)
k=0 | [ @ty ¢ k=0 j on(t)dt o
0
(—x)k (k)
(x)
=" ki foemo
~Puk(®) dt | ==y ).
1 Vi—my o (f 5)

< —
T8 Yy m—mp

Foranyt > 0and 0 < & < ¢, t € (0,00), we can write

Now, using the properties of the operators (4), we obtain
|f(x+h)—£* Sfrx+h)| + |f(x) =L (fx)]

|f G+h)—fx)| <

00 , ) d L ( )
‘iﬁz (fefos) = n Z /V ® f(t)| (k)(t)dt /d o (fsrx+u) du| + ,/d (f—fs,%4u) du
dx x &
k=0 fwn(t)dto
o 1 21 Yu_m, .
(—x)k © ‘/’iz]jr)mo(x) < 2K (8 (n, mo, x, h)) +/ gai)/n w1 (f38) du
X g P @) ;—x +x|1- iy 0
h 172
Sf”fa_f”oc{[,n(lt—xl,x) (13) +/2w1(f;6)min (nm0+x—7-u) ,ntdu
© Pamy ) ’
n+my ) i
+"Z ‘Pn “( 0P )] = 2K (8 (n, mo, %, )" +Eiyyn“ 1 (f39)
1/2
Hfa ~fl (’”“ ) ; Y
12 + 2w (f;S)/min (nm0+x+u> ,ntdu
m
o (f8) (524 2) 0
< 2K (8 (1, mo, x, )" +:n2: Y PRy (£39)
where we have used the inequality, + 601 (f39) h
1
Vo + n2(1+mlo(x+h))
1 1

1/2 mo 1/2 a n
Ly (Jt — x|, %) < (ﬁn (t—x)z,x) / = ( p 2 n> . <2K (8 (n, mo, x, h)) +6hw1(f;5)|;jmg+m|:
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where

1 1/2
n2(1 +m0(x+h))> '
Note that for any # € N, we have

1
%) (n’ I’I’l(),x,h) = (}’12 +

1
55 (n,mo, x,h) <8 (n+ 1,mo,x,h) <8 (n,mo,x,h).

1
Hence, for0 < § < X we can choose n € N such that

8 (n,mo,x,h) < 8 <28 (n, mo,x,h).

For sufficiently large n, we get

A

N 2 1
|f @+h) —f@)| < 2K (8 (n, mo, %, ) +6hw1(f6)[ +W

IA

2K5* +24§w1 (£39)

IA

max {2K, 24} <3°‘ + gwl (f, 8)) .

From last inequality, for 0 < /& < ¢, we get
t
w1 (fit) <K (sw o (s 5))

which implies w; ( f; t) = O(t%), as desired. O

Theorem 4. Forf € C[0,00) N Lo[0,00),0 < & < 2, we
have

o (1) = 0(t) ‘—/L*(fx)

2-)/2
} s (n > 2mo),

< M min {2? +4n® + 6nmog,4n (mg + n)
where wy( f,.) is the modulus of smoothness of f defined
by (3).

Proof. (=—>) We assume that wy (f, t) < Mt*. For
g € Cp|0,00), we get the second-order derivative of the
operator L ( ,x) with respect to x as

o0

d o0
ﬁﬁ* (&%) =n(mo+n) Z / g2 (Pni(®)
=0\ [ u(t)t o
0
Y
—2Dnjer1 () + Ppio2(D)) dt { /:f) Qﬂﬁmo ()
=n(my + n) x_2 Z /f(t)l?n,k(t)dt
k=0 | [ @, (t)dt
0
Hence,

e

< anmo+m el

Page 5 of 7

and

i

2n 9
< ;+4n + 6nmyg ”g”oo

Now for f € C[0,00) N Lso[0, 00), let us define the Steklov
function as

dj
falx) = %// (2f(x+u+v) —f(x+2u+2v))dudv.
0

Then,
| f = fall < w2 (f>d)

|1l = entr
For f;, one can verify
0 o0

1
= Z = / L1 OPntomo k2 (B) dt
k=0 | [ @u(t)dt o
0

= ; w2
n (mo + n) d?

‘ w (fa,%)

(f.d).

Choosing d = min { 20 4 4n? + 6nmyg, 4n (mo + n)} 1/2
we get

d? N
pread

' w (far%) ‘75* f—fax)

1 9
= n(mg + n) d?

2
wy (f,d) + min {—n
x
+4n® + 6nmg, 41 (mg + n) } w3 (f, d) s
which proves the necessity part of the theorem. (<=:) Now,

in order to prove the sufficiency part of the theorem, we
define the combination of £} | as follows

E:,l (f:x) = ﬂo(”)£n0 (fr x) + ﬂl(ﬂ)ﬁnl (f,x) )

where |ag(n)| + a1 (n)] < B,n = ng < n; < Anwith A
and B as absolute constants having the property

s (Ex) =, i=01

Using the methods in [9,10] for f € C[0, 00)NLso
we have

|£;;,1 (f,x)

[0, 00),

—f@)] = Mon (£,V/5,)) 6, @)

_ 2(mox+1) (n+mp)x+ 1)
B (n — 2my) (n — my)
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Form,n € N,x € (0,00),0 < h < t, we have

L3 (1) = 2L, (fox+ ) + L3, (fox+ 2h) |

< 4Maw; (Efn S ona+2h)

//‘E* L frx+u+v)

Now, we shall estimate the second term on the right-hand

dudy. (14)

side of the above inequality. Firstly, we have
d2
‘d Loy (fox)| < 4B(Am)> ™.

On the other hand, we also have

An Q2-a)/2
( + 6(An)2>
X

1\ C-/2
< MBAn®?=9/2 () )
- X

() =

From which, we can write
d2

(i)a/z_l ) L3 (frx)

Hence, using the above inequality, we get

1 a/2—1 d2 .
(;) 2 En (£
1\*/? 1 & 1 r:
= (*) Yl [t

k=0\ [ pu(t)dt o
0

< MBAn®*=/2,

w1 fo%)

i1 (Fo8) Pusamgkaa (B)dt

« (—I:) ’(an( )

< MBAn*=9/2,

After making some arrangements and then taking the
integral of both sides of the above inequality, we get

h P2
0
h a—1
2—a)/2 1 z
dudv < MBAn*=%/ f f —— | dudv
X+u-+v

@-a)/2
< MBAn®022 (" .
- x+2h

(15)
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Now, substituting (15) into (14), we finally obtain

|k, (fox) — 2L 5 (frx+h)+ Lk (frx+ 2h)|

< 4Mwn (L5, /o Gt D)) + M2 (M G+ 20)
(16)

where M, (x) = \/% . Choosing n € N such that

% < max{,/an (x + 2h), M,, (x+2h)} < é

we obtain from (16) by induction

(Lo, frt)<4Mw, <£:‘n £ é)—f—(ZC)z_"‘Mgt“‘

Co—4M
17)

St2(4M)kC72k £>$V<nf

e ‘+(2C)HM2¢“

If we take C = (1 + 4M)Y* and let k — o0, we obtain

wy ([:):nf, t) S m4C2M2ta

which implies that wy ( 1 t) = O(t%),
C“ 4C2M2 is independent of m. So, the proof is
completed O

where
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