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Introduction

The aim of this paper is to establish the existence of
nontrivial solutions to the following quasilinear elliptic
system:

— Apu— 1 |u|p*2u = i1—"u(x, u,v) + A |u|q*2u, x € 2,
kP p* Il
—Apv— 1 |V|P—2V = iFv(x, u,v) +6 |V|‘I—2V’ x € Q,
|x|? p* |x[$
u=v=0, x € 0%,
(1)

where 0 €  is a bounded domain in RN (N > 3) with
smooth boundary 92, A > 0,6 > 0,0 < u < u
N

A
l,(/ =

_»\? :
(Npp> ,0<s<p1<q<pandp*@®) 2 LD is the

Hardy-Sobolev critical exponent. Note that p*(0) = p* =
1\%\; is the Sobolev critical exponent. We assume that F €
CL(Q x (RT)2,RY) is positively homogeneous of degree
p*, that is, F(x, tu, tv) = " F(x,u,v) (£ > 0) holds for all
(x5, u,v) € Qx(RT)2, (Fy(x, u,v), Fy(x, u,v)) = VE(x,u,v).

Problem (1) is related to the well-known Caffarelli-
Kohn-Nirenberg inequality in [1]:

p
r v
( / el dx) < Crip / |VulPdx, forall ue DyY(Q), (2)
Q Q

||
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where p < r < p*(t). If t = r = p, the above inequality
becomes the well-known Hardy inequality [1-3]:

1% 1
ﬂdx < = |Vu|pdx, forall ue D(l)’p(Q)~
Q |x|1” nJQ
3)

In the space D(l)’p (£2), we employ the following norm:

1

VAVAY

ul| = ||l 1p, e = Vull —p—)dx| ,
it = g, = ([ (19 = 28

we[0, ).
Using the Hardy inequality (3), this norm is equiva-
1
lent to the usual norm ([, [Vu[?dx)?. The operator L :=
|2

(|V P2V _“W> is positive in DV (Q) if 0 < <71.

Now, we define the space W = D(l)’p () x D(l)’p (R2) with
the norm

1 WIP = 1lull? + [[VIIP.

Also, by Hardy inequality and Hardy-Sobolev inequality,
for0 < u<w0<t<pandp <r < p*@¥), we can
define the best Hardy-Sobolev constant:

Jo (IV = 15 ) dx

(fsz ||Z\|;dx> '

Ay r(2) = inf
ueDy? ()\[0}
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In the important case when r = p*(t), we simply denote
Apept) as Ay p. Note that A, o is the best constant in the
Sobolev inequality, namely,

/5vap—uKL%m
(fg |”|p*dx)’?

Auo(Q) = inf
ueDy? (2)\{0}

Also, we denote

[ulP +|v|P
F Jo (|Vu|p + Vv — u%) dx
WE = .

inf 7
wVEW\((0,0)) (Jo F(x, u,v)dx) 7™

(4)

Throughout this paper, let Ry be the positive constant
such that  C B(0; Ry), where B(0; Rg) = {x € RN : |x| <
Ro}. By Holder and Sobolev-Hardy inequalities, for all z €
D(l)’p (), we obtain

Jul NFE o\
T = x| .
o ¥l B(0;Ro) o l«

r—q

(/ rNerldr) O _’||u||q

()
Na)NRN R
= Aps lull,

T N—s
is the volume of the unit ball in RV .

(5)

N

where wy = NF( 5

Existence of nontrlvial nonnegative solutions for ellip-
tic equations with singular potentials was recently studied
by several authors, but, essentially, only with a solely crit-
ical exponent. We refer, e.g., in bounded domains and for
p = 2 in [3-6], and for general p > 1 in [7-11] and the
references therein. For example, Kang [11] studied the fol-
lowing elliptic equation via the generalized Mountain Pass
Theorem [12]:

wulP=2u  (ul" O 2y |ulP~2u

_Apu_u » xEQ;

lelp IR

u=20, x € 02

(6)

where @ ¢ R is a bounded domain, 1 < p < N, 0 <
_»\?
N=p}". Also, the authors

sst <pand0 < pu < 2
in [13] via the Mountain Pass Theorem of Ambrosetti and
Rabinowitz [14] proved that

p— 1 MP*(S)—l

u e
—Dput— p—e = [uf”
pU
el e

, in RN

admits a positive solution in RN, whenever u < @ £

)
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Also, in recent years, several authors have used the
Nehari manifold to solve semilinear and quasilinear prob-
lems (see [15-22] and references therein). Brown and
Zhang [23] have studied a subcritical semi-linear ellip-
tic equation with a sign-changing weight function and a
bifurcation real parameter in the case p = 2 and Dirichlet
boundary conditions. In [22], the author studied the
Equation 6 via the Nehari manifold. Exploiting the rela-
tionship between the Nehari manifold and fibering maps
(i.e., maps of the form ¢ +— ], (tu), where J is the Euler
function associated with the equation), they gave an inter-
esting explanation of the well-known bifurcation result.
In fact, the nature of the Nehari manifold changes as the
parameter A crosses the bifurcation value. In this work, we
give a variational method which is similar to the fibering
method (see [16,23]) to prove the existence and multiplic-
ity of nontrivial nonnegative solutions of problem (1).

Before stating our result, we need the following
assumptions:

(H1) F: @ x (R")? — Rt isa C! function such that
F(x, tu, tv) = t? F(x,u,v) (¢ > 0) holds for all
(x,u,v) € Q x (RM)%;

(H2) F(x,,u,0) = F(x,,0,v)
0 where u,v € RT;

(H3) Fy,(x,u,v) and F, (x, u, v) are strictly increasing
functions about # > 0 and v > 0.

= F,(x,0,v) = F,(x,u,0) =

Moreover, using assumption (H1), we have the so-called
Euler identity

(M, V) : VF(?C, u, V) = p*F(x! u, V): (7)

and

P
F(x,u,v) <K (|u|p+|v|p) » , for some constant K > 0.

(8)

This paper is divided into three sections organized as
follows: In the ‘Notations and preliminaries, we establish
some elementary results. Finally, in the ‘Main results and
proof, we state our main result (Theorem 1) and prove it.

Notations and preliminaries

The corresponding energy functional of problem (1) is
defined by

1 1
Joo(u,v) = ;Il(u,V)II’”—;/F(x,u,V)d —wa(u,V)

for each (u,v) € W, where K g(u,v) = A [ hl?

. R dx +
e
6 fQ \x|5
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In order to verify J; o € C*(W, R), we need the following
lemmas:

Lemma 1. Suppose that (H3) holds. Assume that F €
CL(Q x R%,R) is positively homogenous of degree p*, then
F,F, € CQ x RY%RY) is positively homogenous of
degree p* — 1.

Moreover by Lemma 1, we get the existence of positive
constant M such that

\F,y(x, 1, v)| < M <|u|1"**1 + |v|P**1), VxeQ, uveRt,
9)

|, (x, u,v)| < M (|u|1”‘*1 + |v|P**1) , VxeQ uveR"

(10)
Now, we consider the functional v (u,v) =
fQF(x,u,v)dx, then by Lemma 1, (9), (10), and
by similar computation as Lemma 2.2 in [24],

we get the functional ¥ of class C'(W,RT) and
(W' (u,v), (a, b)) = fQ (Fy(x, u,v)a+ F,(x, u, v)b)dx, where
(u,v), (a,b) € W. Thus, we have J; o € C1(W,R).

Now, we consider the problem on the Nehari manifold.
Define the Nehari manifold (cf. [25]):

Nyo = {@,v) € W\ {©O,0}{} 41, v), (,v)) = 0},
where

0@ v), (u,v)) = || (u, V)| IP - /Q F(x, u,v)dx—K; 6(u,v).

Note that N, ¢ contains every nonzero solution of (1).
Define

q)A,G (u: V) = U}LG (I/l, V): (Lt, V)>,
then for (1, v) € Ny,
(D) (W, V), (1, )

— pll@ P —p* /Q F, ) — gl (1, v)

(11)
— - DNwWWIP — " - q)/QF(x, wdx  (12)
=@ —-pPNwWIP - (q—pHKieu,v). (13)

Now, we split N, g into three parts:

Ny ={(wv) € Npg : (@) 4(u,v), (u,v)) > 0},
Ny = {(,v) € Nyg + (5w, ), (u,v)) =0},
Ny = {,v) € Nyg : (@} 4(u,v), (u,v)) < 0}

To state our main result, we now present some impor-
. + 0 —
tant properties of Ny, , Ny y and N, ,.
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Lemma 2. There exists a positive number C =

C(p,q,N,S) > 0 such that if 0 < )\!’%‘1 —}—9!’%'1 < C, then
NY, =0

Proof. Suppose otherwise, let

c—( pP—q >1f‘lip<p*—p>ﬁfq
- \K@p*—q) P —q

y _ et -0 X

-$ p*(s)(p—q) q )4

% NonR, AP AP P
S w0

N —s
Then, there exists (A, 0) with
r_ .
0 < Ard4+0ra1 <C,

such that NS,Q # . Then, for (u,v) € N/(\),er by (12) and
(13), one can get

>|<_
e =2—12 f Fs,u, v)dx.
pP—q9 JQ

By the Sobolev imbedding theorem, the Minkowski
inequality and (8),

v z%‘%
/F(x,u,v)dx <K< (lul? + [v?) 7 x)
Q
5 5
<K < /|u|p dx (/ |v|P dx) )
p P 5
— p
= K (Il g + VI e )
-z v
<KA,q (Hal? + [IvI1P) #
L
= KA, |l ).
(14)
It follows that
B
p q - \p-pr
[, V| > " A,fo )
K@p* —q)
and
u oIP = Kpn =2 [ Waeyg [ My,
- Q lxff Q %
P'o—g
NoyRY—\ 76
- N-—s

q r—q

~» _pr_ LN\
x A2 (1 +077) Tl I,
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Thus,

P *(5)—q
P —q NCONRN_S 7D
<
M%WH_<¢z1) ( oo

=

__4q
x 4,007 (1% 407 )

This implies

»r P

Ar-a 4 0r-a > C.

This is a contradiction! Here,

(et ty) ()
Kp* -9 P —q

Pp*(5)—q)

N—s\ " pF&e-o g P
% NonRy AP AP
N—s oS 22,00

O

Lemma 3. The energy functional ], is coercive and
bounded below on N, g.

Proof. 1f (u,v) € N) 9, then by (5),

1 1
Je(u,v) = f||(u,v)||p — —/ F(x,u,v)dx — — K0 (1, V)
V4 p* q

Pe—q

* * NCL)NRN_S FalO)
> 2 22 vyp — (21 0
pp* pq N-—s

pq
(}m q 4 Qr- q>

4
Aps 1)1,

Since0 < s < N,1 < q < p < p*, we see that /¢ is
coercive and bounded below on N g. O

Furthermore, similar to the argument in Brown and
Zhang (see[23], Theorem 2.3 or see Binding et al. [26]), we
can conclude the following result:

Lemma 4. Assume that (ug, vo) is a local minimizer for
Jr0 on Ny g and that (ug, vo) ¢ Nfe, then J; ,(ug,vo) = 0
in w1

Now, by Lemma 2, we let

Oc, = {(A,Q) e R2\ {(0,0)}: 0 <A77 4077 < c},

Page 4 of 10

v
where Cy = <1%>'HI C < C.If (\,0) € Oc,, we have
N9 = N7, UN, . Define

&g = inf  Je(u,v)
(u,v)eNyp
g=inf Lo
(u,v)EN;,

&= inf  Jie(u,v)

(u,v) eN;ﬁ

Lemma 5. There exists a positive number Cy such that if
(A,0) € O¢,, then

() &0 <& <0
(ii) there exists dy = do(p,q, N, K, S, %,0) > 0 such
that&; , > do.

Proof. (i) For (u,v) € N}t@, by (13), we have

Ko = =L wp,
P —q

Jro(u,v) =

1 1
<f——>mew ( )MM%W
vy p*
1 1 1
s(—— )W%WW ( - )”
p P q p*)p
*— 1 1
=p*p<— —>MMMW<0
p p q

Thus, from the definition of &, g and SIQ, we can
deduce that &, 9 < 5;,'9 < 0.
(ii) For (u,v) € N, g by Lemma 2,

1
_ P\ rrp
= (2—Tar) .
Kp*—q ™

Moreover, by Lemma 3,

Ol

*_
L Y] 4

" rre—q

—s * (s

B p* —q NCUNR() p*(s)
r*q N—s

r—q
p

Tno(u,v) >

_r - -1
x (1 +077) T ALl v
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p)—p -
=Nl | ——llww|F 1
. N-s\ "
P —q)\ [ NonRy
rq N —s
_4 r—q
xAL (751 677 7
o\ s
— r- p—p * __
> ( Koo )A,fo) [” Ll v

" r*)—q
—s F(s
B p* —q NwNRo p*(s)
rq N—s
r—q
><A,” (Mq+0p q> "l

» v
Thus, if 0 < Ap=4 + 071 < Cp, then for each (u,v) €
N; 4 one can get

Do, v) = do =do(p,q, N,K,S,1,0) > 0.

For each (u,v) € W\ {(0,0)} such that fQ F(x,u,v)dx >
0, let

t z( » — DIl v)|IP )1,*1,
max (P* _ q) fQ F(x, u, V)dx .

O

Lemma 6. Assume that 0 < )LI%I + 91’%‘1 < Cy. Then,
for every (u,v) € W with fQ F(x,u,v)dx > 0, there exists
tmax > O such that there are unique t* and t~ with 0 <
t1 < tmax < ¢ such that (tTu,tTv) € N 9 and

Joo(ttu, tty) = o tigf Joo(tu, tv),

_tmax

Lot u,t v) = sup Jpg(tu,tv).

t>tmax

Proof. The proof is similar to Lemma 2.6 in [17] and is
omitted. O

Remark 1. If
A A
0 < Ar140r1 < C,

then, by Lemmas 5 and 6 for every (u,v) € W with
fQ F(x,u,v)dx > 0, we can easily deduce that there exists
Imax > O such that there are unique t~ wWith tmax < £t~ such
that (" u,t"v) € N, , and

Do u,t7v) =supre(tu,tv) = & , > 0.
t>0

Page 5 of 10

Main results and proof
We are now ready to state our main result.

Theorem 1. Assume that0 <s <p, N >3,0<u<npu
and 1 < q < p. Then, we have the following results:

»_ r
(i) If 1,0 > 0 satisfy A#—4 + 07~ < C, then (1) has at
least one positive solution in W.

r_ r
(i) If A, 0 > 0 satisfy 0 < Ar~4 4+ 074 < Cy, then (1)
has at least two positive solutions in W.

Now, we give an example to illustrate the result of
Theorem 1.

Example 1. Consider the problem

A el _ YL L
— Apyu— = u , X ,
P e +/3 |x|
[v[P=2y B 2 [v|1~
—Agy—p—— = e ——,  xeQ,
p M|x|1’ a+,3|||| ||
u=v=0, x € 0%,
(15)

wherel < «,8 < p — 1, and o + B = p*. Then, all condi-
tions of Theorem 1 hold. Hence, the system (15) has at least

» A
one positive solution if \p~1 + 0P~1 < C and has at least

r_ A
two positive solutions if 0 < Lr=1 +0r-1 < Cp.
First, we get the following result:

Lemma?7. (i)If0O< Al’%q +91’%‘7 < C, then there exists a
(PS)¢, , -sequence {(uy, vy)} C Ny g in W for ] o;

r_ r_
(ii) If0 < AP=1 + Or=4 < Cy, then there exists a
(PS)E{,Q -sequence {(uy, vy)} C N):é} in W for J5. 9,

where C is the positive constant given in Lemma 2, and

P
Co= (g)"’q C.

Proof. The proof is similar to Proposition 9 in [19] and
is omitted. O

Theorem 2. Assume that0 <s <p, N >3,0<pu<u,

r r
and1 < q < p. If0 < AP~1 + 0P~1 < C, then there exists
(u:{, v(';) € NXQ such that

(D) T (ug, v3) = 1o = &1y
(ii) (uar, V(J)“) is a positive solution of (1),
(iii) J0 (g, v§) — Oas A — 07,0 — 0t

Proof. By Lemma 7, there exists a minimizing sequence
{(uy,vn)} for J5 o on N, g such that

=&p+o() and Jj o(unvse) =o(1) in W
(16)

Tno Wy Vi)
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Since J, ¢ is coercive on N, g (see Lemma 3), we get
{(un,vy)} is bounded in W. Thus, there is a subsequence
{(tty,vy)} and (u(‘)", va')) € W such that

Uy — uar,vn — VE';, weakly in D(l)'p(Q),

Uy — uar,vn N V(J)r, weakly in )2 (),

Uy — ug',vn — vg', strongly in L1(, |x| %),
for 1 < g < p*(s),

a.e.in Q.

Up = UG, Vn —> Vg,
(17)

This implies that

K0y, ve) — Ky (uar,vg), as n — 00,
By (16) and (17), it is easy to prove that (uo "V T is a weak
solution of problem (1). Since

* —

* J—
Pty v

2| v 1P —

]l,G (Mn, Vn) =

* —
1 K0ty V),

and by Lemma 5(i),
Joo(n,ve) = &9 <0 as n— oo.

Letting n — 00, we see that K g (ua',vg) > 0. Now, we
prove that u, — uar, Vp —> vsr strongly in D(l)’p (2) and

To(ug,ve) = &xp.
By applying Fatou’s lemma and (ug, V(J)r ) € N, 9, we get

$A9<]A9(MO;V0)_ I<)\9(MOIVO)

*

gliminf( 2 s v —
n—00 \  p*p

. q1<k,0 (Ltn, Vrz))

< liminfJ; g (1, viy) = Enp.
n—0o0
This implies that

Jao(ug,vg) = &g, L (|G, v [IP = [1(uig v

Then, u,, — ug' and v, — Vg' strongly in D(l)’p ().

Moreover, we have (uar, V0+) € NXQ. In fact, if (u0+, V(J)r) IS
N, 4, by Lemma 6 there are unique £; and ¢, such that
(tgug, tgvg) € Nify, (tg ug , tgvy) € Ny and tf < £y =
1. Since

2

fw(to ”0 tovo)_O and ]w(to ”0 t0v0)>0
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there exist tO <t < ty such that ]kG(t(-)Fuo’ Va') <

Joo (boutg , tovy)- By Lemma 6, we have
T (t§ ug (5 v§) < Tng (Goug , tovg) < Jre(ty ug, ty ug)

+ o+
=Jao(ugy,vy)

which contradicts /; g (ug , V(J{) = 5; o

Since Jy0(ug,vy) = Jno(lugl, vy 1) and (lug |, |v ) €
NA,@’ by Lemma 4, we may assume that (ug', vp) is a
nonnegative solution of problem (1).

Moreover, by Lemmas 3 and 5, we have

0> &9 =holug,vy)

N p*SKS)—q
B I’J* —q NCUNRO —$ p*(s)
rq N —s
r=q

_p_ 2 N\"p
X <)Lp—q +9p—q>

v

q
oS ||(uo »Vo)“q

This implies that ]w(u0 v Ty > 0asr — 07,0 — 0.
O]

Also, we need the following version of Brezis-Lieb
lemma [27].

Lemma 8. Consider F € CH((R1)2,R") with F(0,0) =
0 and |Fy(x,u, V)|, [EyGe,u,v)| < Cr (lulP~" + vIP~") for
somel < p < oo, C; > 0. Let (uy,v,) be bounded
sequence in LP(Q, (R1)?), and such that (i, v,) — (u,v)
weakly in Wy. Then, one has

/ F(uy,vy)dx — / F(u, — u,v, — v)dx
Q Q

+/ F(u,v)dx as n— oo.
Q

Lemma 9. Assume that 0 < s < p,1 < q < p, and
0 < u < w If{(un,vy)} € W is a (PS).-sequence for
~ N
Jip forall 0 < ¢ < ¢* = %(AM,F)F, then there exists
a subsequence of {(un, vi)} converging weakly to a nonzero
solution of (1).

Proof. Suppose (uy,v,)} C W satisfies Jy o (4n, V) — ¢
and ])/»,0 (U, vn) — 0 with ¢ < ¢*. It is easy to show that
{(uy,v,)}is bounded in W and there exists (u, v) such that
(4n, vy) = (u,v) up to a subsequence. Moreover, we may
assume

Uy — U, Vy—, weakly in D(l)’p (),

Uy — U, Vy— 7V, weakly in LP*(Q),

Uy —> U, Vy—V, strongly in L1(, |x| %),
forall 1 <g<p,

Uy — U, Vyp—V, a.e.on .
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Hence, we have ])’L’(, (u) = 0 by the weak continuity of J; ¢

and
K0 (tn, vie) — K o(u,v). (18)

Let %, = u, — u andv,, = v, — v. Then, by Brézis-Lieb
lemma [27], we obtain

G, VI = (W, vid) [P = 11, WP, s n — o0,

(19)
and by Lemma 8,
/ F(xl ’iin)’;}’l)dx —>/ F(x) Up, V}’l)dx
Q Q

—/F(x,u,v)dx as n — o0.
Q
(20)

Since Ji,0 (tn, vu) = ¢ + 0(1), J; 5(tn, vs) = o(1) and (18)
to (20), we can deduce that

1
fw%mw——/nm%mm—chmwwmn
p p*
and

||(Zim;n)||p _/ F(x, un:;n)dx =o0(1).
Q

Now, we define

= lim | F(x, %y, Vp)dx, = lim ||(&,,V,)|".
n—0o0 Q n— o0
(21)
From the definition onﬂ,F and (21), one can get
L*
NM Flp = AMF lim (/ F(x, un,vn)dx>
n—00
< lim ||(Ltn, Vn)Hp =1
n—0o0
which implies that either
~ . ~ N—t
=0 or I>ALp)?P?=A,F)rT". (22)
Note that (J; 4(u,v), (4,v)) = 0 and
1
])»,9 (Lt, V) == ])\.,9 (Lt, V) - ; (])/L,Q (Ll, V): (Lt, V)) > 0 (23)

From (21) and (23), we get

= J30 (Un, V) + 10, v) + 0(1)
1

*Il(un, )|l — — / F(x, U, V) dx

p p*

*_
=P P oy = ﬁH—o(l).

c = ](un,vn)+0(1)

A%
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By (22) to (24) and the assumption ¢ < ¢*, we deduce
that / = 0. Up to a subsequence, (4, v,) — (4, v) strongly
in W. O

Lemma 10. /28] Assume that 1 < p < N,0 <t < p,
and 0 < p < . Then, the limiting problem

Pt
ke |l
ue WRN), u>o0,

u P*(t)—l
| | ) in RN \ {0};

P — 1
in RN\ {0},

has positive radial ground states

= x =N [x]
Velx) =€ 7 Uy, (7> =e? Upy|— ), VYe>0,
€

that satisfy

/ (IVVe(x)IP -
Q

where Uy, (x) = Uy, (|x]) is the unique radial solution of
the limiting problem with

/ |Ve @) P (”

o

| Ve *) Ip)

= (A,u,t)ﬁ)

%Wu>=(avayggwu>mo¢

Furthermore, Uy, have the following properties:

lim U, (r) = C1 > 0,

lim »®Wu,, ) =

r—>+00

lim P00, ()] = Cra(u) = 0,

Cy >0,

lim PO+ IL[
r——+00

(M= Cab(p) > 0,

where Ci(i = 1,2) are positive constants and a(u) and
b(1) are zeros of the function

f©)=@-DP~(N-p)P +pu, ¢20, 0<pu <
that satisfy
0<a < NP gy < NP,
p—1

Now, we will give some estimates on the extremal func-
tion V¢ (x) defined in (25). For m € N large, choose ¢(x) €
CPM®N), 0 < p(x) <1, ) = 1for x| < 5, px) =0
for |x| > %, IVo®X)||1r(@) < 4m, set uc(x) = @(x) Ve (x).
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For € — 0, the behavior of u. has to be the same as that of
Ve, but we need precise estimates of the error terms. For
l1<p<N,0<st<pandl < g < p*(s), we have the
following estimates [28]:

12 N—
/ (|Vue P —u ||M€|1|7 > dx = (AM)FH_O <€b(u)p+p7N> )
Q x

(26)

u P () N—t *
/ | €|| |t dx = (Au,t) 7t 4+ 0 (Eb(M)P (L‘)-N-‘rt) , (27)
Q X

CEN—S+(1—%)q’ 7> Z;[(—)s,
%
q _ _N N —
|ute | dx > 1 cNTH ) g= s,
a Ixf b(w)
Cetbunti=a g< N8
b(w)
(28)

Lemma 11. Assume that 0 < s < p,1 < q < p, and
0 < u < . There exists a nonnegative function (u,v) €
W\ {(0,0)} and 81 > 0 such that for 1,6 > 0 satisfy 0 <

o -
AP=1 + 0P=1 < §1, we have

N
sup/(tu, tv) < ¢ == 7, (29)

>0

*(AMF)
, L~ N a
In particular, &9 < §(Aurp)? for all 0 < Ar=i+
070 < 8.
Proof. Set u = eju., v = ey, and (u,v) € W, where

(e1,€2) € RM)2, €] + ) = 1and inf, g F(x, e1,€2) > K.
Then, we consider the functlons

P
g(v) = ho(reine, Tesue) = ;Il(eme,ezue)llp

71
- ;1<)L,9(Telue; Teyle)

7"

e F(x, e1ue, eutc)dx,
Q

24 2
a(t) = —ll(erue, exue) || — j/ F(x, e1ue, et )dx.
p b Ja

By (26), (27) for ¢ =

N

174 " 1(A\?

sup| —A— —B)| =— > ,
>0 \ P p N Br*

0, (4) and the fact that

AB>0, (30
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we conclude that

N
& + &) [o(IVuel? — ‘f;;l,‘f’>dx ’
supgi(7) < ﬁ
©20 (fQ F(x, e1ue, eZ”s)dx)P
N
_ 1 [ JalVue - u‘f‘;l,'f’)dx ’
TN\ K (g el d)
N N ¥
11\ [ (Au0)? + Owrr=N)
= N L N . z
K7 ((A0) 7 + O(eb1r'=Ny) 77
M N
1 1 v
< L(5) (Ao + oty »
N\ k"
1(1 b
== (Ap0)? + 0PNy
N (Kf* (. )
1 ~ N
< S AuE)? +O("IPTTH),
(31)

On the other hand, using the definitions of g and .,
we get

Tp
g(v) =he(terue, Teaue) < ;II(eme,ezue)Ilp,

forall >0 and A > 0,0 > 0.

Combining this with (26) and let € € (0, 1), then there
exists 79 € (0, 1) independent of € such that

N J2
»

sup g(1) < *(AMF) forall 0 < AP-74+077 < 6.

0<t<79

(32)

o o
Hence,as 0 < AP~4 + 6071 < §1,1 < g < p,by (31), we
have that

7;‘1
sup g(r) = sup <g1(r) - qu,e(elue,ezue))

T>70 =70

(33)

I A

i(ZM’F)% +o <€b(u)p+p—N)

——0 (efn + €lo) f | E'

HIfl<g< b( ), then by (28), we have that

lel® o ceatbiopti=3)
o

and since () > A%, then

N
Gb(Wp+p—N)>qbp+1-— ;)-
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Combining this with (32) and (33), for any 1,6 > 0

A P
which 0 < Ar=4 + §P=1 < &1, we can choose € small
enough such that

1 ~ N
supJ(teite, Terue) < —(AuF)?.
>0 N
(ii) If 2[(3 < g < p, then by (28) and b(u) > % we
have that
N—s+(1-Y)q N-s
el ce 7 0
€ v > n
o P CEN_S+(1_%)q| Ine|, q= N °,
b(w)

and
N
bwp+p—N)>N-s+(1- ;)q.

Combining this with (32) and (33), for any 1,6 > 0
A p_
which 0 < Ar=4 + P-4 < 61, we can choose € small
enough such that
1 ~ N
supJ(teite, Terute) < —(AuF)?.
>0 N
From (i) and (ii), (29) holds.
From Lemma 6, (29) and the definitions of &, 4, for any
A,0 > 0which0 < M’%‘I + Gl%q < 81, we obtain that there
exists 7, such that (7) pe1lte, Ty geatte) € N, 4 and

&0 = Do(Tygeiute, T, yestte) < supj(teiite, TerUc)
>0

|2

1 ~
< N(Aﬂ,p) .
The proof is complete. O

Theorem 3. Assume that 0 < s < p, 1 < q < p, and
0 < u < . There exists A > 0 such that for any 1,60 > 0
o o
satisfy 0 < Ar—1 + 0P~4 < A, the functional ], » has a
minimizer (U, V) in N, , and satisfies the following:

Do U, V) =&y,
(ii) (U, V) is a positive solution of (1),

where A = min{Cy, §1}

»r 7\ 7
Proof. 1f 0 < Ar—1 + 01 < Cy = <;> C, then by

Lemmas 5(ii), 7, and 11, there exists a (PS)g, ,-sequence
(Gt )} C N, in W for J, o with &, € (o, %(ZM,F)%).
By Lemma 3, {(4,, v,)} is bounded in W. From Lemma 9,
there exists a subsequence denoted by {(u,,v,)} and non-
trivial solution (U,V) € W of (1) such that u#,, — U,
vy — V weakly in Dé’p(Q).

First, we prove that (U, V) € N, ,. Arguing by contra-
diction, we assume (U, V) € N;fe. Since N, 4 is closed

Page 9 of 10

in Wol’p(SZ), we have ||(U, V)|| < liminf,_ o ||y, Vi)l
Thus, by Lemma 6, there exists a unique 7~ such that
(t7U,TV) € Nyyp. If (u,v) € N, o then it is easy to see
that

P —q

*

(34)

1
Jno(,v) = <1, VI — Ko (u,v).

From Remark 1, (un,vn) € N4 (UL V)]] <
liminf,,_, o ||(#y, Vi) || and (34), we can get

Erp I U TV) S M J0(t U T V)

< lim [y 0(un,vn) =&, 4.
n— 00 4

This is a contradiction. Thus, (U, V) € N): g» Next, by
the same argument as that in Theorem 2, we get that
(n, vn) — (U, V) strongly in W and J,9(U, V) = &, 5 >

P
0forall0 < Aid 4+ 074 < Cyp = (g)""’ C. Since

Lo, V) = Le(Ul, VD) and (|U],|V]) € N,,, by
Lemma 4 we may assume that (U, V) is a nontrivial non-
negative solution of (1). Finally, by the maximum principle
[29], we obtain that (U, V) is a positive solution of (1). The
proof is complete. O

Proof of Theorem 1. The part (i) of Theorem 1 immedi-

ately follows from Theorem 2. When 0 < = + =

P
Co = (g)l’—q C < C, by Theorems 2 and 3, we obtain

(1) has at least two positive solutions (ug, V) and (U, V)
such that (x4, vo) € NIO and (U, V) € N, 4. Since N;:e N
N, » =¥, this implies that N EL g and N, are distinct. This
completes the proof of Theorem 1.
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