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Abstract

Purpose: In this paper we discuss the notion of Weyl pseudo almost automorphic functions. These kind of functions
are more general than almost automorphic functions and Stepanov almost automorphic functions. We establish the
composition theorem for this class of functions.

Methods: The Weyl norm has been used to prove the results. In order to prove the composition theorem, the
function has been broken into different parts.

Results: The concept of Weyl pseudo almost automorphic functions are defined. The composition theorem has
been proved for this kind of functions.

Conclusion: The concept is new and may be useful in the qualitative theory of differential equations.
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AMS-Classification: 42A75, 34K14

Introduction
In 1924− 1926 Bohr [1] introduced the concept of almost
periodic functions in his two papers published in Acta
Mathematica. Since then there have been many impor-
tant generalizations of this functions. The generalization
includes pseudo almost periodic functions [2], where the
function can be decomposed into two parts. These func-
tions are further generalized to weighted pseudo almost
periodic function by Diagana, where the weighted mean
of the second component is 0 [3]. Another direction of
generalization is the almost automorphic functions intro-
duced by Bochner [4]. The pseudo almost automorphic
functions are the natural generalization of almost auto-
morphic functions [4] suggested by N’Guerekata in his
book [5] and developed by Liang et al. [6]. These functions
are further generalized by Blot et al. [7] and named them
as weighted pseudo almost automorphic. The authors in
[7] have proved very important properties of these func-
tions including the composition theorem and the com-
pleteness property. Weighted pseudo almost automorphic
sequences have been studied by Abbas [8]. The concept
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of Weyl almost periodic functions has been introduced
by H. Weyl [9]. This class of functions is an extension of
Stepanov almost periodic functions.
In this work, we consider the Weyl pseudo almost auto-

morphic functions and prove their composition proper-
ties. The concept of Stepanov-like pseudo almost peri-
odicity is introduced by Diagana [10,11], which is a gen-
eralization of pseudo almost periodicity. Furthermore,
Stepanov-like almost automorphy has been introduced by
N’Guerekata and Pankov [12]. The concept ofWeyl almost
automorphy discussed in this work is a generalization
of Stepanov-like pseudo almost automorphy. We further
generalize this concept to Weyl pseudo almost automor-
phic. At the best of the authors, these results are new and
complement the existing ones.

Methods
We use the Weyl norm as defined by H. Weyl and the
concept of Stepanov almost automorphic functions to
establish our results. In order to prove the composition
theorem, we break the function into different parts and
prove their corresponding properties. This concept is new
and may be useful in the area of differential equations.

© 2012 Abbas; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
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Results and discussion
Let us denote B(X) be the Banach space of all linear and
bounded operators on X endowed with the norm ‖ · ‖B(X)

and C = C(R,X) the set of all continuous functions from
R to X.

Definition 0.1. A continuous function f : R → X is
called almost automorphic if for every real sequence {sn},
there exists a subsequence {snk } such that

g(t) = lim
n→∞ f (t + snk )

is well defined for each t ∈ R and

lim
n→∞ g(t − snk ) = f (t)

for each t ∈ R. The set of all almost automorphic func-
tions from R to X are denoted by AA(X).

The set of all almost automorphic functions fromR to X
are denoted by AA(X) and it is a Banach space equipped
with the supremum norm

‖f ‖∞ = sup
t∈R

‖f (t)‖.

Definition 0.2. A continuous function f : R×X → R is
called almost automorphic in t uniform for x the compact
subsets of X if for every compact subset K of X and every
real sequence {sn}, there exists a subsequence {snk } such
that

g(t, x) = lim
n→∞ f (t + snk , x)

is well defined for each t ∈ R, x ∈ K ,and

lim
n→∞ g(t − snk , x) = f (t, x)

for each t ∈ R x ∈ K . The set of all such functions is
denoted by AA(R × X).

We denote

AA0(X) = {
f ∈ BC(R,X) : lim

r→∞
1
2r

∫ r

−r
‖f (ξ)‖dξ = 0

}
,

and by AA0(R × X × X,X) the set of all continuous func-
tions f : R × X × X → X such that f (.,u,φ) ∈ AA0(X)

and

lim
r→∞

1
2r

∫ r

−r
‖f (ξ ,u,φ)‖dξ = 0,

uniformly in (u,φ) ∈ X × X.

Now we discuss about Weyl almost and Weyl pseudo
almost automorphic functions. The Weyl [9] metric for
any two functions f and g is defined by

dWp(f , g) =
{
lim
l→∞

sup
−∞<x<∞

1
2l

∫ x+l

x−l
|f (t)−g(t)|pdt

} 1
p .

The Weyl norm of any function is given by

‖f ‖pWp = lim
l→∞

sup
−∞<x<∞

1
2l

∫ x+l

x−l
|f (t)|pdt.

Defining

‖f ‖pWp
l

= sup
−∞<x<∞

1
2l

∫ x+l

x−l
|f (t)|pdt,

we can see that liml→∞ ‖f ‖Wp
l

= ‖f ‖Wp .
The function f are called Weyl almost periodic if it is

almost periodic with respect the metric dWp . The Weyl
almost periodic function is an extension of the class of
Stepanov almost periodic function. The Stepanov metric
is defined by

dSpl (f , g) = sup
−∞<x<∞

{1
l

∫ x+l

x
|f (t) − g(t)|pdt

} 1
p .

Hence, a function which is almost periodic with respect
to the metric dSpl is called Stepanov almost periodic. Thus,
SpAP(X) ⊂ WpAP(X), where SpAP denotes the set of
Stepanov almost periodic functions from R to X and
WpAP denotes the set of Weyl almost periodic functions
from R to X.
In reference to the function f ∈ L1loc(R,E), where E is

any compact set of R, we associate the translation f h ∈
L1loc(R,E) such that f h(t) = f (t + h), for each t ∈ R.
We can see in the following proposition that Stepanov

and Weyl metrics have some nice properties.

Proposition 0.3. (Andrea, Proposition 2, [13]). Assume
that l, l1, l2 > 0, l1 < l2, h ∈ R and f , g ∈ L1loc(R,E). Then

(i) (Equivalence)

DSpl1
(f , g) ≤ l2

l1
DSpl2

(f , g)

and

DSpl2
(f , g) ≤ (1 + l1

l2
)DSpl1

(f , g).
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(ii) (Shift invariance)

DSpl
(f h, gh) = DSpl

(f , g), DWp(f h, gh) = DWp(f , g).

We define the transformation f b(t, s), t ∈ R, s ∈[−l, l] of
a function f : R → X by

f b(t, s) = f (t + s)

(2l)
1
p

, p ≥ 1, l > 0,

which is similar to Bochner transform.

Definition 0.4. A function h : R → R is called Weyl
almost automorphic in t if its Bochner transform f b : R →
Lp(−l, l;X) is almost automorphic in the sense that in
every real sequence {sn}, there exists a subsequence {snk }
and a function h∗ ∈ Lploc(R,X) such that

lim
l→∞

1
2l

∫ l

−l
‖h(t + snk + x) − h∗(t + x))‖p → 0

and

lim
l→∞

1
2l

∫ l

−l
‖h∗(t − snk + x) − h(t + x))‖p → 0

for each t ∈ R. The set of all such functions are denoted
byWpAA(R;X).

Definition 0.5. A function h : R × X → X with
f (·,u) ∈ Lploc(R,X) for each u ∈ X is called Weyl almost
automorphic in t uniform for u in compact subsets of X;
if the function t → f (t,u) is Weyl almost automorphic,
that is, for every compact subset K of X and for every real
sequence {sn}, there exists a subsequence {snk }, a function
of h∗(·,u) ∈ Lploc(R,X) such that

lim
l→∞

1
2l

∫ l

−l
‖h(t + snk + x,u) − h∗(t + x,u))‖p → 0

and

lim
l→∞

1
2l

∫ l

−l
‖h∗(t − snk + x,u) − h(t + x,u))‖p → 0

for each t ∈ R and u ∈ K . The set of all such functions
was denoted byWpAA(R × X;X).

We call a functionWeyl pseudo almost automorphic if it
can be written as h + φ, where h is Weyl almost automor-
phic, i.e., almost automorphic with respect to the norm
given by the metric dWp and φ satisfies

lim
T→∞

1
2T

∫ T

−T

{
lim
l→∞

1
2l

∫ x+l

x−l
|φ(t)|pdt

} 1
p dx = 0.

The set of all such functions is denoted by
WpPAA(R,X).

Definition 0.6. A function f : R → X is called Weyl
pseudo almost automorphic if it can be written as h + φ,
where hb ∈ AA(Lp(−l, l);X) and φb ∈ AA0(Lp(−l, l);X).

Definition 0.7. A function F : R×X → X is calledWeyl
pseudo almost automorphic if it can be written as F(t,u) =
H(t,u) + �(t,u), where Hb ∈ AA(R × X, Lp(−l, l;X) and
�b ∈ AA0(R × X, Lp(−l, l;X).
Now we prove the composition theorem for Weyl

pseudo almost automorphic functions. By assumption, we
can write f = h + φ. Consider u = v + w, where v is
Weyl almost automorphic and w is a null component. Let
f (t,u(t)) = H(t) + I(t) + J(t) and define

H(t) =h(t, v(t)), I(t) = f (t,u(t)) − f (t, v(t)),
J(t) =φ(t, v(t)).

For any sequence tnk , we have

dWp(h(·, v(· + tnk ), h
∗(·, v∗(·))p

= lim
l→∞

sup
−∞<x<∞

1
2l

∫ x+l

x−l

∣∣∣h(t + tnk , v(t + tnk ))

− h∗(t, v∗(t)))
∣∣∣pdt

≤ lim
l→∞

sup
−∞<x<∞

1
2l

∫ x+l

x−l

(
Lh|v(t + tnk ) − v∗(t)|

+ |h(t + tnk , v
∗(t) − h∗(t, v∗(t))|

)p
dt

≤ lim
l→∞

sup
−∞<x<∞

Lph
2l

∫ x+l

x−l
|v(t + tnk ) − v∗(t)|pdt

+ lim
l→∞

sup
−∞<x<∞

1
2l

∫ x+l

x−l
|h(t + tnk , v

∗(t))

− h∗(t, v∗(t))|pdt
≤ Lph‖v(· + tnk ) − v∗(·)‖pWp

+ ‖h(· + tnk , v
∗(·))

− h∗(·, v∗(·))‖pWp
,

(1)
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which goes to zero as k → ∞. Thus, dWp(h(·, v(· +
tnk ), h∗(·, v(·)) → 0. Furthermore, consider the following
equations

dWp(h∗(·, v∗(· − tnk ), h(·, v(·)))p

= lim
l→∞

sup
−∞<x<∞

1
2l

∫ x+l

x−l

∣∣∣h∗(s − tnk , v
∗(s − tnk ))

− h(s, v(s))
∣∣∣pdt

≤ lim
l→∞

sup
−∞<x<∞

1
2l

∫ x+l

x−l

(
Lh|v∗(t − tnk ) − v(t)|

+ |h∗(t − tnk , v(t) − h(t, v(t))|
)p
dt

≤ lim
l→∞

sup
−∞<x<∞

Lph
2l

∫ x+l

x−l
|v∗(t − tnk ) − v(t)|pdt

+ lim
l→∞

sup
−∞<x<∞

1
2l

∫ x+l

x−l
|h∗(t − tnk , v(t))

− h(t, v(t))|pdt
≤ Lph‖v∗(· + tnk ) − v(·)‖pWp

+ ‖h∗(· + tnk , v(·))
− h(·, v(·))‖pWp

, (2)

which tends to zero as k → ∞. Thus, dWp(h∗(·, v∗(· −
tnk ), h(·, v(·)) → 0. From the above analysis, we get that
the function H(t) = h(t, v(t)) is Weyl almost automor-
phic.
In order to prove that the Weyl norm of the component I
is 0, let us calculate the following:

1
2T

∫ T

−T
‖I‖Wpds = 1

2T

∫ T

−T

{
lim
l→∞

1
2l

∫ x+l

x−l
|I(t)|pdt

} 1
p dx

= 1
2T

∫ T

−T

{
lim
l→∞

1
2l

∫ x+l

x−l
|I(t)|pdt

} 1
p dx

= 1
2T

∫ T

−T

{
lim
l→∞

1
2l

∫ 2l

0
|I(x−l+t)|pdt

} 1
p dx

≤ 1
2T

∫ T

−T

{
lim
l→∞

1
2l

∫ 2l

0
Lpf |u(x − l + t)

− v(x − l + t)|pdt
} 1

p dx

≤ Lf
2T

∫ T

−T

{
lim
l→∞

1
2l

∫ 2l

0
|w(x−l+t)|pdt

} 1
p dx

≤ Lf
2T

∫ T

−T
‖w‖Wpdx. (3)

Thus, by assumption we get

lim
T→∞

1
2T

∫ T

−T
‖I‖Wpds = 0.

Furthermore, as

1
2T

∫ T

−T
‖J‖Wpds = 1

2T

∫ T

−T

{
lim
l→∞

1
2l

∫ x+l

x−l
|J(t)|pdt

} 1
p dx

= 1
2T

∫ T

−T

{
lim
l→∞

1
2l

∫ 2l

0
|φ(x − l

+ t, v(x − l + t))|pdt
} 1

p dx

≤ 1
2T

∫ T

−T

{
lim
l→∞

1
2l

∫ 2l

0
sup
v∈K

|φ(x − l

+ t, v))|pdt
} 1

p dx, (4)

which gives

lim
T→∞

1
2T

∫ T

−T
‖J‖Wpds = 0.

Hence, we have proven the composition theorem for
Weyl pseudo almost automorphic functions, i.e., f (·,u(·))
is Weyl pseudo almost automorphic, which is an impor-
tant result. This result tells us that we can decompose the
function in two parts, and this could be useful in prov-
ing certain results related to the properties of the solution
of differential equations. Now we summarize our result in
the following theorem.

Theorem 0.8. Assume that p > 1 and the following con-
ditions:
(i) f = h + φ is Weyl pseudo almost automorphic, h is
Weyl almost automorphic, and φ is the ergodic component
in Weyl norm.
(ii) u = v + w is Weyl pseudo almost automorphic, v is
Weyl almost automorphic, and w is the ergodic component
in Weyl norm.
Then f (·,u(·)) is Weyl pseudo almost automorphic, i.e.,
f ∈ WpAA(R × X;X).

The above result can be easily generalized for the func-
tion of three variables, i.e., for the function f (t,u(t), v(t)).

Example. Consider the following function,

f (t) = 0, t ≤ 0, f (t) = 1, t > 0.

It is easy to see that f ∈ L1loc(R;R). Moreover, for τ > 0,
we can observe that dSpl (f

τ , f ) = 1
l × l = 1. Thus, the

relative density of the set {τ : dSpl (f
τ , f ) < ε} for some

l requires arbitrary large values of τ s in this set. If we
demand that l is a large constant for all τ , then for most
of them, we get τ > l. Now dSpl (f

τ , f ) < ε is impossible
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and thus, f is not in SpAP. On the other hand dWp(f τ , f ) =
liml→∞ 1

l × τ = 0 and hence, it is Weyl almost periodic
and Weyl almost automorphic.

Now consider the following function

φ(t) =
{
e−kt if t ≥ 0,

ekt if t < 0,

where k > 0. Then
∫ x+l

x−l
|φ(t)|pdt =

∫ l

−l
|φ(t + x)|pdt

=
∫ 0

−l
ep(t+x)dt +

∫ l

0
e−p(t+x)dt

= epx
e−lp − 1

p
+ e−px 1 − e−lp

p
. (5)

By taking the limit l → ∞, we get

e−lp − 1
2lp

= 0,
1 − e−lp

2lp
= 0.

Thus,

{
lim
l→∞

1
2l

∫ x+l

x−l
|φ(t)|pdt

} 1
p = 0

and hence,

lim
T→∞

1
2T

∫ T

−T

{
lim
l→∞

1
2l

∫ x+l

x−l
|φ(t)|pdt

} 1
p dx = 0,

which implies that φ ∈ WpAA(R;R) and hence, the
function f + φ is Weyl pseudo almost automorphic.

Conclusions
In this work, we define a new class of functions called
‘Weyl pseudo almost automorphic.’ The Weyl norm and
Weyl almost periodic functions were defined by Weyl [9].
Moreover, we establish the composition theorem for this
class of functions.
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5. N’Guérékata, GM: Topics in Almost Automorphy. Springer, New York
(2005)

6. Liang, J, Zhang, J, Xiao, TJ: Composition of pseudo almost automorphic
and asymptotically almost automorphic functions. J. Math. Anal. Appl.
340(2), 1493–1499 (2008)
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