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Abstract

Purpose: Almost 40 years ago, H. Cohen formulated a conjecture about the
modularity of a certain infinite family of functions involving the generating function of
the Hurwitz class numbers of binary quadratic forms.

Methods: We use techniques from the theory of modular, mock modular, and Jacobi
forms.

Result: In this paper, we prove a slight improvement of Cohen'’s original conjecture.

Conclusions: From our main result, we derive so far unknown recurrence relations for
Hurwitz class numbers.
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Background
Since the days of C.F. Gauf3, it has been an important problem in number theory to deter-
mine the class numbers of binary quadratic forms. One aspect of this, which is also of
interest regarding computational issues, is the so-called class number relations. These
express certain sums of class numbers in terms of more elementary arithmetic functions
which are easier to understand and computationally more feasible. The first examples of
these relations are due to Kronecker [1] and Hurwitz [2,3].

Let H(n) denote the Hurwitz class number of a non-negative integer n (cf ‘Methods’
section for the definition). Then, we have the relation

> H (41— %) + 221(n) = 201(n), (1)
SEZ
where
1 . n\k
re(n) == 3 Z min (d, 2) (2)
dln

and oy (n) := )y, d* is the usual k-th power divisor sum.
This was further extended by Eichler in [4]. For odd # € N, we have

ZH(n—sz) + A(n) =

SEZ

1
So1(m). 3)
3
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Other such examples of class number relations can be obtained, e.g., from the famous
Eichler-Selberg trace formula for cusp forms on SLy(Z).

In 1975, Cohen [5] generalized the Hurwitz class number using Dirichlet’s class number
formula (see e.g. [6]) to a number H(r, n) which is closely related to the value of a certain
Dirichlet L-series at (1 — r) and showed that for r > 2 the generating function

o0
(1) = ZH(r, mq", q=e%, Im(r) >0
n=0

is a modular form of weight r+ % on ['y(4) ([5], Theorem 3.1). This yields many interesting
relations in the shape of (1) and (3) for H(r, n).

The case r = 1, where H(1,n) = H(n), was treated around the same time by Zagier
([7], see Chapter 2 in [8]): He showed that the function .77 (t) = J#(t) is in fact not a
modular form but can be completed by a non-holomorphic term such that the completed
function transforms like a modular form of weight % on I'y(4).

In more recent years, this phenomenon has been understood in a broader context: The
discovery of the theory behind Ramanujan’s mock theta functions by Zwegers [9], Bruinier
and Funke [10], Bringmann and Ono [11] and many, many others has revealed that the
function .77 is an example of a weight % mock modular form, i.e., the holomorphic part
of a harmonic weak Maafl form (see ‘Methods’ section for a definition). Note that in
the literature, the spelling ‘Maass form’ is more common, although these functions are
named after the German mathematician Hans Maaf3 (1911 to 1992). Using this theory,
some quite unexpected connections to combinatorics occur, as for example in [12], where
class numbers were related to ranks of so-called overpartitions.

In [5], Cohen considered the formal power series

) 2 00
Si(T,X) = Z Z & + Z)‘Zk—}—l (}’Z)XZk qn. (4)
o | ez LT BXA nx? k=0

nodd | @2<y

From Zagier’s and his own results, as well as computer calculations, he conjectured that
the following should be true.

Conjecture 1 ([5]). The coefficient of X* in the formal power series in (4) is a (holomorphic)
modular form of weight £ + 2 on T'p(4).

The goal of this paper is to prove the following result.

Theorem 1. Conjecture 1 is true. Moreover, for £ > 0, the coefficient of X* in (4) is a cusp

form.

This obviously implies new relations for Hurwitz class numbers which to the author’s
knowledge have not been proven so far. We give some of them explicitly in Corollary 2.

The main idea of the proof of Theorem 1 is to relate both summands in the coefficient of
the above power series to objects which in accordance to the nomenclature in [13] should
be called quasi mixed mock modular forms, complete them, such that they transform like
modular forms and show that the completion terms cancel each other out. The same idea
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is also used in a recent paper by Bringmann and Kane [14] in which they also prove several
identities for sums of Hurwitz class numbers conjectured by Brown et al. in [15].

The outline of this paper is as follows: The preliminaries and notations are explained
in ‘Methods’ section. ‘Results and discussion’ section contains some useful identities and
other lemmas which will be used in ‘Conclusions’ section to prove Cohen’s conjecture.

Since many of the proofs involve rather long calculations, we omit some of them here.
More detailed proofs will be available in the author’s PhD thesis [16].

Methods

First, we fix some notation. For this entire paper, let 7 be a variable from the complex
upper half plane H and denote x := Re(7) and y := Im(7). As usual, we set g := e>7*. The
letters u, v denote arbitrary complex variables. The differential operators with respect to
all these variables shall be renormalized by a factor of 2%” ; thus, we abbreviate

14
YT omiat

An element of SLy(7Z) is always denoted by y = ( Z s>. For some natural number N,
we set as usual

To(N) = {y = <‘C’ fl> €SLy(Z) |c=0 (modN)}.

There are two different theta series occuring in this paper. One is the theta series of the
lattice 27,

2
¥(r) == Zq" , (5)
nez
while the other is the classical Jacobi theta series
2 .
OW;1) == Z qv /2627'”\)(1/4'1/2)' 6)
ve%+Z

Note that, e.g., in [9], the letter ¥ stands for the Jacobi theta series.

Mock modular forms

In this subsection, we give some basic definitions about harmonic Maaf3 forms and mock
modular forms (for details, ¢f. [10,17]). Therefore, we fix some k € %Z and define for a
smooth function f : HH — C the following operators:

1. The weight k slash operator by

(et + a7 f (25 ifkeZ

v) (1) = ’
(f'/y) T (g)sd(cf_i_d)_kf(‘gig) , ika%‘FZ

where () denotes the extended Legendre symbol in the sense of [18], T1/2

denotes the principal branch of the square root (ie., —% < arg(r!/?) < Z),and

1,ifd=1 (mod 4)

&4 =
i ,ifd=3 (mod 4).

We shall assume y € I'g(4) if k ¢ Z.



Mertens Research in the Mathematical Sciences 2014, 1:6 Page 4 of 16
http://www.resmathsci.com/content/1/1/6

2. The weight k hyperbolic Laplacian by (t = x + iy)
A (2L 8N Ly (Ll

=y |—+— iky| —+i—|.
KET a2 T gy2 T ox Ty

Definition 1. Let f : H — C be a smooth function and k € %Z. We call f a harmonic
weak Maafs form of weight k on some subgroup I' < SLy(Z) (resp. I'0(4) if k & Z) of
finite index if the following conditions are met:

1. (f|ky) (r) =f(r) forally e M'and 7 € H.
2. (Axf)(x) =0forallT € H.

3. f grows at most linearly exponentially in all cusps of I'.

Proposition 1 ([17], Lemma 7.2 and equation (7.8)). Let f be a harmonic Maafs form of
weight k with k > 0 and k # 1. Then, there is canonical splitting

f@=f @ +f (@),

where for some N, M € 7 we have,

fr@ =" ¢ "
n=N

and
7 47T —k+1 o B 3
=g (0)(/(#1 + Y ¢ (=mT (k= L4wny) g ",
n=M
n#0

Here,

o
I'(a;x) = fe_tt“_ldt
X

is the incomplete gamma function.

Definition 2. (i) The functions f* and f~ in the above proposition are referred to
as the holomorphic and non-holomorphic part of the harmonic weak Maaf3 form f.
(i) A mock modular form is the holomorphic part of a harmonic weak Maaf§ form.

There are several generalizations of mock modular forms, e.g., mixed mock modular
forms, which are essentially products of mock modular forms and usual holomorphic
modular forms. For details, we refer the reader to Section 7.3 in [13].

Class numbers

Let d be a non-negative integer with d = 0,3 (mod 4). Then, the class number for the
discriminant —d is the number of SL;(Z) equivalence classes of primitive binary integral
quadratic forms of discriminant —d,

’

7)

h(—d) = HQ = <2b“ 2176) € Z**? | detQ =d and gecd(a,b,c) = 1} /SLa(Z)

where of course SLy(Z) acts via (Q, y) — Y Qy.
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The Hurwitz class number is now a weighted sum of these class numbers: Define

w3 = 3, wg = 2and wy = 1 for d # 3,4. Then, the Hurwitz class number is given by

—%2 if n=0,
_Jo if n=1,2 (mod 4),
HOD=A b erw
W o otherwise.
e

The generating function of the Hurwitz class number shall be denoted by
oo
H(r) =Y Hmq".
n=0

We have the following result concerning a modular completion of the function .57
which was already mentioned in the introduction (¢f. [8], Chapter 2 and Theorem 2).

Theorem 2. Let

ioo

_ 141 ¥ (2)
#(0) = 167 /(z—i—r)B/2 “

-7

Then, the function
Y(t) =)+ Z(1)

transforms under T'o(4) like a modular form of weight %

The idea of the proof is to write .7 as a linear combination of Eisenstein series of weight
% in analogy to the proof of Theorem 3.1 in [5]. These series diverge, but using an idea of
Hecke (cf [19], § 2), who used it to derive the transformation law of the weight 2 Eisenstein
series Ej, one finds the non-holomorphic completion term Z%.

It is easy to check that ¢ is indeed a harmonic weak Maaf} form of weight % As amock
modular form, the function .77 is rather peculiar since it is basically the only example of

such an object which is holomorphic at the cusps of I'g(4) (¢f. [13], Section 7).

Appell-Lerch sums
In this subsection, we are going to recall some general facts about Appell-Lerch sums. For
details, we refer the reader to [9,20].

Definition 3. Let 7 € Hand u,v € C\ (Zt + Z). The Appell-Lerch sum of level 1 is
then the following expression:

—1)tgrn+D)/2pn
Ai1(u,v) = Ai1(u,v; 1) = at’? Z ()q—

g
nez 1 aq

where a = e>™#, b = ™", and g = €*"".
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In addition, we define the following real analytic functions.

R(u; 1) := Z {sgn(v) —E ((U + Imyu) \/ﬂ)} (_l)v—l/zq—u2/26—2nivu’ (8)

v€%+Z
L
E(t):=2 / e du = sgn(t) (1 - B (1)), )
0
B(x) = /u_l/Ze_””du, (10)

X

where for the second equality in (9) we refer to Lemma 1.7 in [9].
This function R has some nice properties, a few of which are collected in the following
propositions.

Proposition 2 ([9], Proposition 1.9). The function R fulfills the elliptic transformation
properties

(i) Ru+1L;t)=—Ru1).
(i)  R(u;7) + e PUTIR(y + ;1) = 2e T/,
(iii)  R(—u) = R(u).

The following proposition has already been mentioned in [21]. The proof is a straight-
forward computation.

Proposition 3. The function R lies in the kernel of the renormalized heat operator 2D, +
D2; hence,

D?R = —2D,R. (11)

We now define the non-holomorphic function
Xl(u, vt)=A1(u,v;7) + %@(V; T)R(u —v; 1)

which will henceforth be referred to as the completion of the Appell-Lerch sum A;.

Theorem 3 ([20], Theorem 2.2). The real analytic function 21 transforms like a Jacobi

form of weight 1 and index ( _11 (1)>

(S)  Ai(—u,—v) = —A1 ().
(E) A1 (u+MT + 11, v+ ot + pg) = (—) P+ g2 p=0 124004 (u,v) for
Ais i € Z.

M) A (Crlfi-d’ o d gﬁ;) = (ct + d)emic(=w+2m)/(ct+d 4| (3 v; T)

fory = (i Z) € Sy (Z).

Page 6 of 16



Mertens Research in the Mathematical Sciences 2014, 1:6 Page 7 of 16
http://www.resmathsci.com/content/1/1/6

Results and discussion

As we mentioned in the introduction, we would like to relate the two summands for each
coefficient in the power series in Conjecture 1 to some sort of modular object. For that
purpose, we recall the definition of Rankin-Cohen brackets as given in p. 53 of [22], which
differs slightly (see below) from the original one in Theorem 7.1 of [5].

Definition 4. Let f, g be smooth functions defined on the upper half plane and &, ¢ €
R.0, 7 € No. Then, we define the n-th Rankin-Cohen bracket of f and g as

el = X o (T (T o

r+s=n

where for non-integral entries we define

(m) . F(m+1)
s) T TG+DIm—s+1)

Here, the letter I" denotes the usual gamma function.

It is well-known (cf. [5], Theorem 7.1) that if f, g transform like modular forms of weight
k and ¢, respectively, then [ f, g]n transforms like a modular form of weight k + ¢ + 2n
and that [ f> g]o = f - g. The interaction of the first Rankin-Cohen bracket, which itself
fulfills the Jacobi identity of Lie brackets, and the regular product of modular forms
give the graded algebra of modular forms the additional structure of a Poisson algebra
(¢f [22], p. 53).

Note that our definition of the Rankin-Cohen bracket differs from the one in Theorem
7.1 of [5], by a factor of n! (—2mi)” which guarantees that if f and g have integer Fourier
coefficients, so does [ f g]

n

Lemma 1. The coefficient of X?X in (4) is given by

1
%k ([%ﬂ»lﬂk () = [P, 0]k <T + 2)) + Aok+1,0dd (T), (12)
_ N
where ¢, = k! D) and
o0
Apodd() =Y hen+ D)g*" ! (13)
n=0

with Ay as in (2). The coefficient of X***1 is identically 0.

Proof. As in Theorem 6.1 of [5], we define for a modular form f with f(z) = Y o2
a(n)q” of weight k and an integer D # 0 the series

00 a <H|BS‘2>
ShmX) =3[ > — | 7"
n=0 | sez (1 —2sX +nX?)" 2

s2<n
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where we assume a(n) = 0 if n ¢ Ny. From p. 283 in [5], we immediately get the formula

% _1
s};(r;X) _ Z VAl (n+k—3)

F(n+3)T (k—1) [¢.2], @,

n=0

where g(t) := f(|D|t). This yields the assertion by plugging in f = 7, k = %, and
D=1 O

Since in the Rankin-Cohen brackets that we consider here, we have linear combinations
of products of derivatives of a mock modular form and a regular modular form, one could
call an object like this a quasi mixed mock modular form.

Lemma 2. For odd k € N, the function Ay 44 can be written as a linear combination of
derivatives of Appell-Lerch sums. More precisely

1 1
Nkodd = 3 (DIJAﬁ)dd> <0, T+ > 2T> ,

where we define
—1) n(n+1)/2bn
A‘l’dd(u, Vi 7) —gl/? Z ()q—

nez
nodd

1 1
=3 (A1(u, v;T) — Ay <u,v+ 2;r>),

where again a = e*™™ and b = ™",

1—aq”

Proof. First we remark that the right-hand side of the identity to be shown is actually
well-defined because as a function of u, A1(u,v; t) has simple poles in Zt + Z (c¢f. [9],
Proposition 1.4) which cancel out if the sum is only taken over odd integers. Thus, the
equation actually makes sense.

Then, we write Aj 044 as a g-series

oo 0

20 koad(T) =Y Y min(2€ + 1,2m + 1)* g2V
£=0 m=0

oo oo oo
=2 Z ((ZE + l)k Zq(2(+1)(25+1+2r‘)> + Z(ZZ 4 l)kq(2€+1)2

£=0 r=1 £=0

o0 )
> 1
m23 ees i (1_qz<2e+n - 1) 2@+ 1
=0 =0

00 (2041)2 (204+1)242(20+1)
=Y e+ (L1
=~ 1 — Q226D

This is easily seen to be the same as (D{fA‘l’dd) (0,7 + %; 27). O

Remark 1. Now, we can write down completions for each summand in (12), and thus,
we see that the function

1 ~ 1
%k ([%,ﬁ]k (¥) — [9, 9], (r + 2)) n (Dﬁk“A‘;dd) (o, T+ 2;21) (14)
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transforms like a modular form of weight 2k + 2. Because the Fourier coefficients of the
holomorphic parts grow polynomially, they are holomorphic at the cusps as well.
Thus, it remains to show that the non-holomorphic parts given by

1
- ([9«?, P (7) = [, 9k (r + 2)) as)
and
. 2k+1
l 2k +1 e 1 2U—+1 1
1P < , )(—1) (DLR) <—7: - 2,21) (DV @) (r + 2,21’)

=0
(16)

2k+1
2k +1
-y < Z )(—1)‘3(D§R) (=t — 1;21) (D%k’”1®> (t +1;21)
=0
are indeed equal up to sign and that the function in (14) is modular on I'g(4).

This shows that we will need some specific information about the derivatives of the

Jacobi theta series and the R-function evaluated at the torsion point (r + %, Zt).
A simple and straight forward calculation gives us the following result.

Lemma 3. Forr € Ny, one has

r—2s
(D;®) (r + ;;2r> =—q ' (zrs> <—;) (Dy9) () (17)
and
L3 r 1 r—2s 1
(D;©) (t + 1;21) = ig~'/* g <28) (—2) (Diw) (r + 2) , (18)

with © as in (6) and O as in (5).

Lemma 4. The following identities are true:

1
R (—r - 2;2t) = ig"/* (19)
R(—7 — 1;27) = —¢q'/* (20)
ioco 0()
1 —1+i . z L 14
DR (-t1—-=32t ) = ——¢'* | ———dz— -4/ 21
(”)( ) t) aw T ] aropr® T 21 @)
-7
ioco
L+ 4 ﬁ(z"'%) 1 1
DyR) (—1 — 1;21) = ———g'/* | =222, 4 —4V/%, 22
(DuR) (=7 = 1520) = == =% | 2 dz+ 5a (22)

-7

Proof. The identities (19) and (20) follow directly by applying the transformation
properties (iii), (i), and (if) of R in Proposition 2.

Page 9 of 16
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We only show (21), since (22) then also follows from the obvious fact that R(i; 7 + 1) =
e~ /4R (u; 7). From the definition of R in (8) and (9), we see that

_ _1. — jg1/4 1 —dan’y l 2 —n?
(DuR>( 4 2;2T> = iq %(Mne sgn(n) <n+ 2)/3 (4n y))q ,

with B as in (10). Note that for convenience, we define sgn(0) := 1.
By partial integration, one gets for all x € R>¢ that

1 —-1/2 —nx 1 1
I _ - ,
Bx) = —x e \/_] X

where again, I'(o; x) denotes the incomplete gamma function. Using the well-known fact
that for 7 € H and # € N it holds that

ico

eZm’nz 12 1
7&% = l 27[” 7”1-‘ —*;4‘7[}’1 )
/ Cie+ R =i ( 2 y)

-7

we get the assertion by a straightforward calculation. O

Now, we take a closer look at (16).

Lemma 5. For all k € Ny, it holds true that
2k+1

3 (=1t <2kZ 1) (Dir) (—r = ;;21) (DZ=10) (x + 4521)

=0
kK k=mTq 1 2k —0— 1 1
Y [Z(fok) (—T—2;2‘L’)+(2£+n;)+ (D%IR) <_T_2;27>]

1 2(k—t—m)
<t (5) (D29) (@

k k—m
1 2k—t—m) + 1
= —ig Y [2 (D2R) (—r-1;20) + % (D2*1R) (-2 — 1 21’)]
=0

1 2(k—€—m) 1
X bio.m (2) (Dinﬂ) (‘L’ + 2) ,

where

bk,ﬁ,m =

2k + 1)! B ( 2%k +1 )
QO Cm) Qk—€—m)+ 1)1 \2¢, 2m, 2(k— L —m) + 1)

Proof. Again, we only show the former equation, the latter follows from the transforma-
tion laws. For simplicity, we omit the arguments of the functions considered.
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We obtain

S (1) o) o)
=0

k

(e o)) (2

=0

k k-t

2k + 1\ [2(k — £) + 1 1)\ 2k=t=m+1
(17 g4 Zz< 2'; )( (k=06 + )(_2> <D3€R> (D)

2
£=0 m=0 m

=bt,m

3 k ki% 2k + 1\ [2(k — 0) 1 2t (D%HR) (Dm_ﬁ)
— 20+ 1 2m 2 u T

£=0 m=0

_ 2k—t—m)+1
= 20+1 bk,l,m

=q Ek kE D3R —t— 2(k——m)
4 1 2(k L—m) + 1 1
£=0 m=0 ( ) 2¢+1 ) Am (2) (Dr 19) .

Interchanging the sums gives the desired result. O

Corollary 1. Conjecture 1 is true if the identity

» b e s L e\ (L )
(D7) (v) = 20741 §[2<D”R)( T Jior

2m— ) +1 1 2m+ 1\ /1" ¢
+u (DiK'HR) —t—=2t)]|- m+ -
2041 2 20 4

(23)

holds true for all m € Ny and the function in (14) is modular on T (4).

Proof. Lemma 5 gives us that Conjecture 1 holds true if the identity

1 _1
ck(—l)k’”<k+2)(k Z)Dé”ﬂ%’(r)
m k—m

, k—m
_ b 1o 1 2(k—=t=m) +1 (911 N
——a ;[2@”12)( T 2,2r)+ T (Du R) (= 532

1 2(k—€—m)
X bk,[,m (2>

(24)

does as well.
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We can simpify this a little further: We have

DD B ey

and using Legendre’s duplication formula for the gamma function, we obtain after a little

calculation that

Ay B <2(k —m) + 1) <1)kzm
1, f—1 - 2 —
Ck(kj;ﬁ) (k—yil) 4

4
and hence the corollary. O

Remark 2. Since

13 L3 _
(0 ) )Fo(4)(0 1>—F0(4)

we see that for any (not necessarily holomorphic) modular form f of even weight k on
1

1
Io(4), the function g = fk 0 i is a modular form of the same weight on I'g(4) as

well. In particular, this applies to [¢, ¢, for all k € Nj.

—

Lemma 6. The second summand in (14) transforms like a modular form on I'o(4).

Proof. Looking at the (2¢ + 1)-st derivative of Kg’dd(o, v;T) with respect to v, one
immediately sees that this has the modular transformation properties of a Jacobi form
of weight 2¢ + 2 and index 0 on SL(Z). By Theorem 1.3 in [23], it follows that
A(r) = (D%Z“Z‘l’dd) (O,% + %; 1:) transforms (up to some power of g) like a modular
form of weight £ + 1 on the group

a—1 ¢ b d-1
.= Z)| — +-€Z = Zy .
{yeSLg()l 5 —|—2€ and2+ 5 € }

We are interested in (D12/1£+1Z<1>dd) (0,7 + %;r) = 2[%Alzu_z (g (1)>, and since one

easily checks that

20 1o
(22)ran (1) =

the assertion follows. O

no

Conclusions

We now prove Theorem 1 using Corollary 1. The proof is an induction on m. Since the
base case m = 0 gives an alternative proof of the class number relation (3) by Eichler, we
give this as a proof of an additional theorem.

Theorem 4 ([4]). For odd numbers n € N, we have the class number relation

ZH (n — 52) + X(n) = %01(1/1).

seZ
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Proof. Let

(o9}
Fy(r) =Y o@n+ gt

n=0

We recall that this function is a modular form of weight 2 on I'g(4) (¢f e.g. [5],
Proposition 1.1).
Plugging in m = 0 into (23) gives us the equation

H(r) = —iq*“ BR <—r - ;;zr) + (D,R) (—r - ;;21>] .

This equality holds true by Lemma 4. Hence, we know by Corollary 1, Lemma 2,
Remark 2, and Lemma 6 that

1 1 1
3 (%(r)ﬁ(r) - (r + 2) D (r + 2)) + A1,0dd(T)

is indeed a holomorphic modular form of weight 2 on I'g(4) as well.

Since the space of modular forms of weight 2 on I'g(4) is two-dimensional, the asser-
tion follows by comparing the first two Fourier coefficients of the function above and
1
3F2(7). O

The proof of this given in [4] involves topological arguments about the action of Hecke
operators on the Riemann surface associated to I'g(2) on the one hand and arithmetic of
quaternion orders on the other hand.

Proof. The base case of our induction is treated above, thus suppose that (23) holds true
for one m € Ny.

For simplicity, we omit again the argument (—r — %; 27) in the occuring R derivatives.

By the induction hypothesis we see that

D' %(t) = D, (DV% (7))

i ya ym | IS L () 20m=0 +1 o N T 2m+1> 1)m£
=g D { 42;[2(D”R)+ 2011 (DM R) 2 J\a

=

" 2m—10) +1 2m+1\ [1\"*
S [ 20 ] (1) (1))

=0

By Schwarz’ theorem (sometimes also attributed to Clairaut), the partial derivatives
interchange and thus the total differential D; is given by

4 1 (+1 1 4 1
D; (DR (—r—5i2r :—(Du R) —r—3i2 +2<D,DMR> —r—zi2r ).
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Now, Proposition 3 implies that the above equals

i . . 12(m— z)+1
_1q 1/4(_1) +1 {g[s (D5ZR>+(4 2€+1 )<D2£+1R>

1, 2m=041Y (5040 2(m — £)+1 D2+ 2m+1 m=t
+(2+ 20 +1 )(Du R)+ 20+ 1 R)

. m+1 m—L{+1
_ b _1/4, ym+l 2m+1\ (/1
= 4q (—1) {|: R+(2m+3)(DR)]( ) + 1( 20 1

y |:<1 2Q2m —4£)+5 ' 2¢ —1)(2¢) (D eR)
2 4¢ — 2 Q2m—0)+2)2(m—4£)+3)
(2(W1 +0+3 2m—4£)+3 . 2¢ —1)(20) ) (DM“R)]
20+1 20 —1 m—0+2)2(m—1L)+3) U

2m+3 o0 1 o3 2m+1
+ |:4m+2 (D" R) + 2m+1 (D"R) 2m '

It is easily seen that the last summand equals

} 2m+2

T (Df/””R)] - (2m + 3)

and a direct but rather tedious calculation gives that

<2m+1> <1 22m—0)+5 (20 — 1)(20) ) 1<2m+3)
2w ) \2 40—2 T Qm—-0+2)Qm—1t) +3) 2\ 2
and

Im+1\ [(2m+€)+3 2m—L0)+3 (2¢ — 1)(20)

( 20 )( 2041 20—1 '(2(m—£)+2)(2(m—z)+3)>

_2(m—€)+3<2m+3)

T2 +1 20 )

In summary, we therefore get

m+1

D;YI‘I’I%(T) — *1/4( 1)m+1 Z |: <D2€R> <_7: _ ;,21,)
L2m=0+3 (D”“R) (_T B 1.21> _ (2m +3) (1)’"‘“1
20+ 1 u 2’ 20 4

which proves Conjecture 1.

The fact that we actually get a cusp form can be seen in the following way:

By Corollary 7.2 in [5], we see that the function v %k ([%”, i (r) = [, 01k
(r + %)) is a non-holomorphic cusp form if k > 1. We use the same argument as there to
see that (D%HZ‘l’dd) 0,7+ %; 27) is a cusp form as well. Because we know by Lemma 6
that we have for y € SLy(R) that

(D12,5+1A(1)dd) |2£+2y — D12/£+1 (A(l)ddhy)’

and by definition (DM‘HA“dd) (0 T+ 5 2r) vanishes at the cusp ioo for all £ € Ny. So by

the above equation, it vanishes at every cusp of I'g(4). O
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Corollary 2. By comparing the first few Fourier coefficients of the modular forms in
Theorem 1, one finds for all odd n € N the following class number relations:

Z(4sz—n)H(n—sz) + A3 (n) =0,

SEL

1
YasmHn—S) tism=—2 > Nwyz),
sEZ Vl=x2+j/2+22+t2

1
Y ge(s,mH (n—s) + 27 (n) = —3 Y. Vw0,
SeZ n=x2+y2+z22+12

1
DsEmHm—) tiom=— 3 Nswyzb)
s€’ n=x2+y2+z2+12

where g¢(n, s) is the {-th Taylor coefficient of (1 — sX + nXZ)_1 and Y, (x,y,z,t) is a certain
harmonic polynomial of degree d in four variables. Explicitly, we have

ga(s,n) = (16s4 —12ns® + nz) s
ge(s,n) = (64s6 — 80s*n + 24s*n® — ng) ,
gs(s,n) = (25638 — 4485%n + 240s*n® — 40s*n® + n4) ,

and

Vax,3,2,0) = (¢ — 6x°y” + %),

Ve(x,9,2,t) = (x6 — 5x4y2 —10x*22 + SOnyZZ2 + 5x%2* — 5y224) s

Vs(x,9,2,t) = (13x% + 63x%9% — 490x°2% + 63x°¢% — 630x*y*2* — 315x%2¢* + 1435x%2*
— 630x*2%t% 4 315x%y%2* 4 189092221 — 616x°2° + 315522412
—315¢%y°z* + 222%)..

The first two of the above relations were already mentioned in [5].

Remark 3. The formula (4) looks indeed very similar to the Eichler-Selberg trace
formula as given in [5], so one might ask whether our result gives a similar trace for-
mula for Hecke operators on the space S (I'g(4)) of cusp forms of weight k on I'g(4).

Computer experiments suggest that in fact for k > 1, the coefficient of X2k in (4)
equals —3)", .qtrace <T,§2k+2)> q", where TS denotes the nth Hecke operator on
Sy (To(4)). This will be shown in an upcoming publication [24], since it requires different

methods than the ones applied here.

Competing interests
The authors declare that they have no competing interests.

Acknowledgements

The author’s research is supported by the DFG-Graduiertenkolleg 1269 ‘Global Structures in Geometry and Analysis.’ This
paper is part of the author’s PhD thesis, written under the supervision of Prof. Dr. K. Bringmann at the Universitat zu Koln,
whom the author would like to thank for suggesting this topic as part of his PhD thesis [16]. He also thanks his colleagues
at the Universtat zu KéIn, especially Dr. Ben Kane, Maryna Viazovska, and René Olivetto, for the many fruitful and helpful
discussions.

Received: 16 January 2014 Accepted: 22 January 2014
Published: 12 August 2014



Mertens Research in the Mathematical Sciences 2014, 1:6
http://www.resmathsci.com/content/1/1/6

References

1.

2.

10.
11.
12.

16.
17.

18.
19.

20.

21.

22.

23.
24.

Kronecker, L: Uber die Anzahl der verschiedenen Klassen quadratischer Formen von negativer Determinante.
J.Reine Angew. Math. 57, 248-255 (1860)

Hurwitz, A: Uber Relationen zwischen Klassenzahlen binérer quadratischer Formen von negativer Determinante.
Berichte der koniglich séchsischen Gesellschaft der Wissenschaften zu Leipzig, mathematisch-physikalische Klasse.
36,193-197 (1884)

Hurwitz, A: Uber Relationen zwischen Klassenzahlen binérer quadratischer Formen von negativer Determinante.
Math. Ann. 25, 157-196 (1885)

Eichler, M: On the class number of imaginary quadratic fields and the sums of divisors of natural numbers. J. Ind.
Math. Soc. 15, 153-180 (1955)

Cohen, H: Sums involving the values at negative integers of L-functions of quadratic characters. Math. Ann. 217,
271-285 (1975). doi:10.1007/BF01436180

Davenport, H, Montgomery, HL: Multiplicative Number Theory. Graduate Texts in Mathematics, vol. 74. Springer,
New York (2000)

Zagier, D: Nombres de classes et formes modulaires de poids 3/2. C. R. Acad. Sci. Paris Sér. A-B 281(21), 883-886
(1975)

Hirzebruch, F, Zagier, D: Intersection numbers of curves on Hilbert modular surfaces and modular forms of
Nebentypus. Inv. Math. 36, 57-113 (1976). doi:10.1007/BF01390005

Zwegers, S: Mock theta functions. PhD thesis, Universiteit Utrecht (2002)

Bruinier, JH, Funke, J: On two geometric theta lifts. Duke Math. J. 1(125), 45-90 (2004)

Bringmann, K: Ono, K: The f(q) mock theta function conjecture and partition ranks. Invent. Math. 165, 243-266 (2006)
Bringmann, K, Lovejoy, J: Overpartitions and class numbers of binary quadratic forms. Proc. Natl. Acad. Sci. USA 106,
5513-5516 (2009)

Dabolkhar, A, Murthy, S, Zagier, D: Quantum black holes, wall crossing, and mock modular forms. arXiv:1208.4074, to
appear in Cambridge Monographs in Mathematical Physics, 151 (2012)

Bringmann, K, Kane, B: Sums of class numbers and mixed mock modular forms. arXiv:1305.0112, to appear in Math.
Proc. Cambridge Philos. Soc. (2013)

Brown, B, Calkin, NJ, Flowers, TB, James, K, Smith, E, Stout, A: Elliptic curves, modular forms, and sums of Hurwitz class
numbers. J. Number Theory 128, 1847-1863 (2008)

Mertens, MH: Mock modular forms and class numbers of quadratic forms. PhD thesis, Universitat zu KéIn (2014)
Ono, K: Unearthing the visions of a master: harmonic Maass forms and number theory. Curr. Dev. Math. 2008,
347-454 (2009)

Shimura, G: Modular forms of half integral weight. Ann. Math. (2). 97(3), 440-481 (1973)

Hecke, E: Theorie der Eisensteinschen Reihen hoherer Stufe und ihre Anwendung auf Funktionentheorie und
Arithmetik. Abh. Math. Sem. Univ. Hambg. 5, 199-224 (1927)

Zwegers, S: Multivariable Appell functions (2010). http://www.researchgate.net/publication/
228381760_MULTIVARIABLE_APPELL_FUNCTIONS

Bringmann, K, Zwegers, S: Rank-crank-type PDE’s and non-holomorphic Jacobi forms. Math. Res. Lett. 17, 589-600
(2010)

Bruinier, JH, van der Geer, G, Harder, G, Zagier, D: The 1-2-3 of Modular Forms. Springer, Berlin (2008)

Eichler, M, Zagier, D: The Theory of Jacobi Forms. Birkhduser, Boston (1985)

Mertens MH: Eichler-Selberg type identities for mixed mock modular forms. arXiv:1404.5491 (2014)

doi:10.1186/2197-9847-1-6
Cite this article as: Mertens: Mock modular forms and class number relations. Research in the Mathematical Sciences
2014 1:6.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 16 of 16


http://www.researchgate.net/publication/228381760_MULTIVARIABLE_APPELL_FUNCTIONS
http://www.researchgate.net/publication/228381760_MULTIVARIABLE_APPELL_FUNCTIONS

	Abstract
	Purpose
	Methods
	Result
	Conclusions
	MSC
	Keywords

	Background
	Methods
	Mock modular forms
	Class numbers
	Appell-Lerch sums

	Results and discussion
	Conclusions
	Competing interests
	Acknowledgements
	References



