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Pseudo-second-order kinetic equations for
modeling adsorption systems for removal of lead
ions using multi-walled carbon nanotube
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Abstract

This study investigated the lead ion removal of the multi-walled carbon nanotubes (MWCNTs) and oxidized
multi-walled carbon nanotubes (MWCNT-COOH). The main purpose of this work is to study the possibilities
on the removal of Pb(II) ions from aqueous solutions using MWCNTs and MWCNT-COOH surfaces as
adsorbents. Removal of Pb(II) ions was investigated using solutions with different concentrations in the range
10 to 100 mg/L. In this study, removal of Pb(II) ions on surfaces has been investigated by atomic absorption
spectrophotometry. The microstructure of carbon nanotubes were characterized using scanning electron
microscopy. Three different kinetic theories were applied to experimental data. The kinetic rates were
modeled using the pseudo-first-order, four-type linear pseudo-second-order, and intraparticle diffusion. The
pseudo-second-order model was found to explain the adsorption kinetics most effectively. The results
indicated a significant potential of the multi-walled carbon nanotube as an adsorbent for Pb(II) ion removal.
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nanotube; Removal
Background
Exposure to heavy metal ions can cause a variety of ad-
verse health impacts, including serious damages to the
immune system, central nervous system, and reproduct-
ive system [1]. The contamination of groundwater by
heavy metal ions is a major problem in many countries
around the world [2]. For example, Pb(II) is a major
harmful pollutant to the biosphere, and even trace
amounts of it pose a detrimental risk to human health.
Although lead is an essential element for the normal
metabolism of many living organisms, it is believed
that excess lead may be harmful to mankind. So the
determination of heavy metal ions is still an intensively
active research area [3-5]. Lead is one of the most
harmful heavy metals. It has toxic effects on human,
animals, and the plants. The main lead pollution re-
sources are battery manufacturing, acid metal plating,
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ceramic and glass industries, tetraethyl lead manufac-
turing, and other industries. Lead has fatal effects on
the kidney, the nervous system, the liver, and the brain
[6]. Therefore, lead must be removed from water. Ad-
sorption is one of the commonly used purification
technologies. It is easy to apply and is an economical
process. Carbon nanotubes (CNTs) are carbon allotropes
consisting of sp2-hybridized carbons, like fullerene and
graphene as well as graphite. Since CNTs were discovered
by Iijima in 1991, they have existed in a wide variety of
forms, i.e., single-walled carbon nanotubes, double-walled
carbon nanotubes, few-walled carbon nanotubes, and
multi-walled carbon nanotubes (MWCNTs) [7]. Because
of so many outstanding performances, CNTs exhibit a
great promise for potential applications in many techno-
logical fields such as hydrogen storage, catalyst supports,
chemical sensors, and nanoelectronic devices [8]. The
known ability of CNTs to establish electrostatic interac-
tions and their large surface areas can facilitate the ad-
sorption of many kinds of pollutants from water, such as
aniline, phenol, and their substitutes and sodium chloride,
as well as several divalent metal ions [9-11]. Surface
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Figure 1 SEM images of multi-walled carbon nanotubes (MWCNTs) (a) and oxidized multi-walled carbon nanotubes (MWCNT-COOH) (b).
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modifications of CNTs have been applied recently to
enhance the dispersion property and adsorption cap-
acities of CNTs. Oxidation of CNTs have been widely
reported [12]. During oxidation, the surface character-
istics are altered due to the introduction of new func-
tional groups (e.g., COOH, OH) [12]. Many other
functional groups could also be appropriate for metal
ion adsorption [13,14]. The goals of this research were
to evaluate the removal of behavior of Pb(II) by the
MWCNTs and oxidized multi-walled carbon nanotubes
Figure 2 Effect of contact time on adsorption of Pb(II) ions by (a)
MWCNT and (b) MWCNT-COOH surfaces. (a) Initial concentration,
100 mg/L; adsorbent dosage, 50 mg/L, and T = 298 K. (b) Initial
concentration, 100 mg/L; adsorbent dosage, 50 mg/L and T = 298 K.
(MWCNT-COOH). Three different kinetic theories were
applied to experimental data. The kinetic rates were mod-
eled using the pseudo-first-order, four-type linear pseudo-
second-order, and intraparticle diffusion.

Methods
MWCNT (purity, >95%; diameter 1 to 2 nm; length, 5
to 30 nm; surface area, approximately 400 m2/g; and
Figure 3 Pseudo-first-order kinetics for removal of lead ions by (a)
MWCNT and (b) MWCNT-COOH surfaces.



Table 3 Pseudo-second-order kinetic model in linearized
forms

Type Linearized form Plot Equation

Linear 1 t
qe
¼ 1

k2q2e
þ 1

qe
t t/q vs. t 3

Linear 2 1
qe
¼ 1

q þ 1
k2q2e

� �
1
t 1/q vs. 1/t 4

Linear 3 qe ¼ qt−
1
kqt

� �
q
t q vs. q/t 5

Linear 4 qe
t ¼ kq2t −kqeqt q/t vs. q 6

Table 1 Fitted pseudo-first-order-model kinetic
parameters for the removal of lead ions by MWCNTs at
25°C

C0 (mg/L) k1 R2 Equation

10 0.044 0.9869 2

50 0.046 0.9890 2

75 0.047 0.9901 2

100 0.048 0.9901 2
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manufacturing method, catalytic chemical vapor depos-
ition) and MWCNT-COOH (content of COOH: 1 to 6
wt.%; purity, >95%; average diameter 1 to 2 nm; length 5
to 30 nm, and SSA, 400 m2/g) were purchased from
NanoAmor, Nanostructured & Amorphous Materials,
Inc, Houston, TX, USA. Doubly distilled water was used
and all adsorbents were washed before using. Figure 1
presents SEM images of MWCNTs and MWCNT-
COOH. Pb(NO3)2 (molecular weight, 331.20 g/mol)
were supplied by Merck, Darmstadt, Germany (max-
imum purity available). All solutions were prepared with
deviations of less than ±0.1% from the desired
concentrations.

Adsorption studies
In this research, the 1,000 mg/L stock solution of Pb(II)
was prepared by dissolving Pb(NO3)2 in deionized water
and adding water to 1,000 mL. The experimental solu-
tions were prepared by diluting the stock solution with
deionized water when necessary. To evaluate the equilib-
rium properties, we first prepared various solutions with
initial lead ion concentration from 10 to 100 mg/L and
then added 0.05 g MWCNTs and MWCNT-COOH for
each, as adsorbent to the solution. These samples were
then mounted on a shaker (HZQ-C, Hangzhou Chincan
Trading Co., Ltd, Hangzhou, China) and shaken con-
tinuously for 5 to 45 min at 298 K. Ultrasonic bath
(71020-DTH-E; Model 1510 DTH, 220V; EMS Com-
pany,) was used to prevent the particles to aggregate and
form a bulk. Then, the samples were centrifuged at 450
rpm, and the supernatant was filtered by 0.2-μm filtered
papers for subsequent analysis of lead ion concentration.
The filtrates were then immediately examined using
atomic absorption spectrophotometry (Perkin-Elmer
Table 2 Fitted pseudo-first-order-model kinetic
parameters for the removal of lead ions by
MWCNT-COOH at 25°C

C0 (mg/L) k1 R2 Equation

10 0.045 0.98695 2

50 0.047 0.9869 2

75 0.049 0.9900 2

100 0.050 0.9909 2
AAnalyst 700, Waltham, MA, USA) in order to measure
the ion concentration. The difference between the initial
and the equilibrium ion concentration determines the
amount of ion adsorbed onto MWCNT-COOH and
MWCNT surfaces. All the experiments were performed
in triplicate, and only the mean values are reported. As
shown previously, the adsorption of ion on the bottle
wall is ignorable. The amount of lead adsorbed was
calculated using the following equation:

qe ¼
C0 − Ceð ÞV

m
; ð1Þ

where C0 and Ce (mg/L) are the liquid-phase concen-
trations of lead at initial and equilibrium concentra-
tions, respectively. V is the volume of the solution (L)
and m is the mass of adsorbent used (g). All the ex-
periments were performed in triplicate, and the mean
values have been used in calculations.

Results and discussion
Effect of contact time
In order to determine the time required for removal of
lead ions by MWCNT-COOH and MWCNT surfaces,
10 mL of 100 mg/L solution was shaken with 0.05 g
MWCNTs. The equilibrium studies were performed at
the selected interval of time ranging from 5 to 60 min.
As shown in Figure 2, after 35 min of stirring the solu-
tion, the removal efficiency did not increase. Therefore,
the optimum value of stirring time was found to be 35
min. The change in the rate of lead ion removal might
be due to the fact that initially all adsorbent sites were
vacant and the solute concentration gradient is high.
Afterwards, the lead ion uptake rate by the MWCNT-
Table 4 Fitted pseudo-second-order-model kinetic
parameters for removal of lead ions by MWCNTs at 25°C

C0 (mg/L) k2 R2 Equation

75 0.0016 0.9948 3

75 0.0017 0.9970 4

75 0.0019 0.9960 5

75 0.0020 0.9960 6



Figure 5 Pseudo-second-order kinetic model for removal of
lead ions by MWCNTs (a) and MWCNT-COOH surfaces (b).
(for Equation 3).

Table 5 Fitted pseudo-second-order-model kinetic
parameters for removal of lead ions by MWCNT-COOH at
25°C

C0 (mg/L) k2 R2 Equation

75 0.0018 0.9948 3

75 0.0019 0.9970 4

75 0.0020 0.9960 5

75 0.0021 0.9960 6
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COOH and MWCNT surfaces decreased significantly
due to the decrease in adsorption sites. On the basis of
these results, a 35-min shaking period was selected for
all further studies.

Adsorption kinetics
Kinetic modeling not only allows estimation of sorption
rates but also leads to suitable rate expressions charac-
teristic of possible reaction mechanisms. In this respect,
several kinetic models including the pseudo-first-order
kinetics model, pseudo-second-order kinetics models
(four linear forms), and the intraparticle diffusion model
were investigated.

Pseudo-first-order model
A pseudo-first-order kinetic equation is given as [15]:

ln qe − qtð Þ ¼ lnqe − k1t; ð2Þ
Figure 4 Pseudo-second-order kinetic model for removal of lead
ions by MWCNTs (a) and MWCNT-COOH surfaces (b). (for Equation 2).

Figure 6 Pseudo-second-order kinetic model for removal of lead
ions by MWCNTs (a) and MWCNT-COOH surfaces (b). (for Equation 4).



Figure 7 Pseudo-second-order kinetic model for removal of
lead ions by MWCNTs (a) and MWCNT-COOH surfaces (b).
(for Equation 5).

Table 6 Fitted intraparticle diffusion model kinetic
parameters for removal of lead ions by MWCNT surfaces
at 25°C

C0 (mg/L) k3 R2 Equation

75 11.312 0.9881 7

75 11.433 0.9849 7

75 11.566 0.9899 7

75 11.877 0.9877 7

Figure 8 Intraparticle diffusion model kinetics for removal of
lead by (a) MWCNT surfaces and (b) MWCNT-COOH surfaces.

Robati Journal Of Nanostructure in Chemistry 2013, 3:55 Page 5 of 6
http://www.jnanochem.com/content/3/1/55
where qt is the amount of lead ions removed at time t
(mg/g), qe is the adsorption capacity at equilibrium
(mg/g), k1 is the pseudo-first-order rate constant (1/min),
and t is the contact time (min). Using Equation 2, ln (qe −
qt) versus t was plotted as shown in Figure 3. The pseudo-
first-order rate constant (k1) determined from the model
is presented. Results are presented in Tables 1 and 2 for
the removal of lead ions by MWCNTs and MWCNT-
COOH, respectively, at 25°C.

Pseudo-second-order model
In this model, the rate-limiting step is the surface ad-
sorption that involves chemisorption, where the removal
from a solution is due to physicochemical interactions
between the two phases [16]. The model is usually rep-
resented by its linear form as shown in Figure 2 and
Table 3. Fitted pseudo-second-order-model kinetic pa-
rameters for the removal of lead ions by MWCNTs and
MWCNT-COOH at 25°C are presented in Tables 4
and 5, respectively.
Where k2 (g/mg/min) is the pseudo-second-order rate

constant of adsorption. The plot is shown in Figures 4,5,6
and 7.

Intraparticle diffusion model
The intraparticle diffusion model describes adsorption
processes, where the rate of adsorption depends on the
speed at which adsorbate diffuses towards adsorbent
(i.e., the process is diffusion-controlled), which is
presented by Equation 7.

qe ¼ k3t
1=2 þ c; ð7Þ
Table 7 Fitted intraparticle diffusion model kinetic
parameters for removal of lead ions by MWCNT-COOH
surfaces at 25°C

C0 (mg/L) k3 R2 Equation

75 11.432 0.9890 7

75 11.489 0.9868 7

75 11.601 0.9900 7

75 11.890 0.9900 7
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where, k3 is the rate constant of the intraparticle trans-
port (g/mg/min) and c is the intercept [17-20]. The
intraparticle diffusion model as fitted with the
experimental data is presented in the plot of qt versus
t1/2 depicted in Figure 8a,b, and the values of ki and
correlation coefficients are given in Tables 6 and 7.
Comparing the results of the kinetics models reveals

that the pseudo-second-order model has the best agree-
ment with the experimental data.

Conclusions
The present investigation showed that the MWCNTs
and MWCNT-COOH surfaces were effective in the re-
moval of lead ions from the aqueous solution. The sur-
face area of the MWCNT-COOH was relatively high
with large-pore-volume MWCNT surfaces as adsorbents
The adsorption of Pb(II) ion amount increased with in-
creasing time by both surfaces. Kinetics for the removal
of lead ions were obtained and fitted to different kinetics
models. Kinetics data were best fitted by the pseudo-
second-order model and the result indicated that this
adsorbent is excellent in the removal of lead from aque-
ous solution at variable concentrations.
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