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Abstract
Background: The concentration gradient of Bicoid protein which determines the developmental
pathways in early Drosophila embryo is the best characterized morphogen gradient at the molecular
level. Because different developmental fates can be elicited by different concentrations of Bicoid, it
is important to probe the limits of this specification by analyzing intrinsic fluctuations of the Bicoid
gradient arising from small molecular number. Stochastic simulations can be applied to further the
understanding of the dynamics of Bicoid morphogen gradient formation at the molecular number
level, and determine the source of the nucleus-to-nucleus expression variation (noise) observed in
the Bicoid gradient.

Results: We compared quantitative observations of Bicoid levels in immunostained Drosophila
embryos with a spatially extended Master Equation model which represents diffusion, decay, and
anterior synthesis. We show that the intrinsic noise of an autonomous reaction-diffusion gradient
is Poisson distributed. We demonstrate how experimental noise can be identified in the logarithm
domain from single embryo analysis, and then separated from intrinsic noise in the normalized
variance domain of an ensemble statistical analysis. We show how measurement sensitivity affects
our observations, and how small amounts of rescaling noise can perturb the noise strength (Fano
factor) observed. We demonstrate that the biological noise level in data can serve as a physical
constraint for restricting the model's parameter space, and for predicting the Bicoid molecular
number and variation range. An estimate based on a low variance ensemble of embryos suggests
that the steady-state Bicoid molecular number in a nucleus should be larger than 300 in the middle
of the embryo, and hence the gradient should extend to the posterior end of the embryo, beyond
the previously assumed background limit. We exhibit the predicted molecular number gradient
together with measurement effects, and make a comparison between conditions of higher and
lower variance respectively.

Conclusion: Quantitative comparison of Master Equation simulations with immunostained data
enabled us to determine narrow ranges for key biophysical parameters, which for this system can
be independently validated. Intrinsic noise is clearly detectable as well, although the staining process
introduces certain limits in resolution.
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Background
Recently considerable attention has been given to the
characterization and understanding of intrinsic molecular
noise in biological systems [1-8]. Nearly all of these stud-
ies were performed using in vivo fluorescent reporters in
single cell systems. In multicellular organisms, however,
most quantitative gene expression data are obtained from
fixed tissues. Examples of such data for the Drosophila seg-
mentation system are contained in the FlyEx database,
which provides spatiotemporal data on the expression of
developmental segmentation genes [9]. These data on
protein expression levels are at cellular resolution and
were obtained by means of immunofluorescence histo-
chemistry and confocal scanning microscopy. At a large
spatial scale, expression levels in these embryos form
expression domains characteristic for each gene, but
smaller fluctuations in expression levels between adjacent
nuclei appear random. In this paper, we investigate the
question of whether these fluctuations are a consequence
of intrinsic molecular noise or stem from some type of
measurement uncertainty. These alternatives are, of
course, not mutually exclusive.

A complicating factor in separating the above alternatives
is that each one involves an unknown chemical mecha-
nism. Intrinsic noise will have a major contribution from
fluctuations in the rate of initiation of transcription, but
the chemical mechanisms underlying this process in mul-
ticellular organisms are very poorly understood. Measure-
ment uncertainty can stem from chemical causes such as
fluctuations in the number of primary and secondary anti-
body molecules which bind to proteins in the fixed
embryo. The chemistry of this process is also very poorly
understood. If observations could be made on a process
whose fluctuation properties could be reliably predicted
by a numerical model, comparison of the predicted fluc-
tuations with those observed will provide critical informa-
tion for distinguishing whether observed nucleus-to-
nucleus variations are a consequence of intrinsic biologi-
cal noise or merely fluctuations arising from the staining
procedure.

An excellent candidate for a process with predictable fluc-
tuation properties is one that involves only diffusion and
first order decay. There is good evidence that the forma-
tion of the protein gradient of the morphogen Bicoid
(Bcd) takes place by means of these two processes. Bcd
protein is distributed in an exponential profile along the
anterior-posterior (A-P) axis with higher concentrations
towards the anterior [10,11]. This gradient forms by trans-
lation of maternally deposited mRNA at the anterior pole
of the embryo, and the synthesized protein spreads
through the syncytial embryo by diffusion accompanied
by decay [12]. The observed exponential profile corre-
sponds to a solution of Fick's equation for a substance

undergoing first order decay and diffusing from a point
source in one dimension, and hence it is reasonable to
suppose that the reaction-diffusion mechanism leading to
the formation of the gradient is reasonably well under-
stood. Quantitative observations of this gradient in fixed
tissue exhibit small fluctuations between neighboring
nuclei, while the overall exponential profile ensures that
such fluctuations can be monitored over a wide range of
concentrations which extend to the lower limits of
detectability.

The intrinsic fluctuations of the Bcd gradient will be well
described by a stochastic Reaction-Diffusion Master Equa-
tion (RDME). Such equations typically do not have ana-
lytic solutions and are usually solved by running repeated
stochastic simulations. A well known simulation algo-
rithm due to Gillespie [13,14] performs an exact simula-
tion of the Chemical Master Equation for a well mixed
system. This method has been extended to spatially dis-
tributed systems by Elf and others [15,16]. These authors
divide the spatially extended system into a series of sub-
volumes that are small enough to be regarded as well
mixed. In each subvolume chemical reactions are simu-
lated by Gillespie's algorithm, while diffusion between
subvolumes is treated as a first order reaction.

In this study, we compare the results of such simulations
to data in order to discover whether or not the data is suf-
ficiently accurate as to exhibit the signature of a simple
stochastic process. Stochastic processes underlying biolog-
ical regulation can in general form complex patterns as a
result of the reaction network, and for this reason a full
consideration of 3 dimensional geometry is often neces-
sary [15]. In the case considered here fluctuations occur
passively in the course of diffusion and the statistical sig-
nature that we seek is independent of detailed geometry.
For these reasons, we chose to model a 1 dimensional sys-
tem.

Results and Discussion
In the following, we first characterize the statistical prop-
erties of random variations in expression level between
adjacent nuclei of individual embryos and compare them
to the results of stochastic simulations. At the level of sin-
gle embryos, we do not find a clear signature of stochastic
processes in the data, but the need to separate spatially
changing mean expression values from their variation
limits the amount of statistical information that can be
obtained from individual embryos. To address this prob-
lem, we consider ensembles of embryos, both over the
whole dataset and over a restricted subset with low
embryo-to-embryo variation.

In order to interpret these data, we introduce a stochastic
model of the immunostaining procedure. We denote all
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random variables in this article with an upper hat but
write a specific value without the hat.Thus, for example,

 denotes a random variable for the number of Bcd mol-

ecules in subvolume j, while nj denotes a particular value

of this variable.

Single embryo analysis in the logarithmic domain
We find that the Bcd profiles of individual embryos
observed by immunostaining (Fig. 1A) are exponential, as
previously reported [17-19]. This profile strongly supports
the model of an effective Fickian diffusion which gives an
exponential decay solution at steady state [12,20]. Each
embryo contains a collection of observations of expres-
sion (with variation) Ij, and the observed properties of the
exponential gradient will depend on the data through a
function F embodying the least squares fitting procedure
such that

F [Ij] = a exp(-j/λ).

The residuals of the exponential vary from embryo to
embryo in our data. In logarithmic coordinates the size of
the residuals is independent of j for the anterior portion
of the embryo, and in certain embryos (such as ms18) the
size of the residuals is completely independent of j (Fig.
1B). For these embryos, the residuals are well described by

where  is an unknown random variable independent of
j, so that the variance of ln(Ij) is equal to the variance of

.

Intrinsic noise is insufficient

In order to understand whether the observed characteris-
tic variation is a consequence of intrinsic fluctuations in
Bcd molecular number, we performed stochastic simula-
tions of an RDME which describes the time evolution of
the Bcd gradient and compared them to data. We imagine
the observed intensity Ij to be a particular value of the ran-

dom variable . We further suppose that the random var-

iable  is determined by a direct linear rescaling of the

Bcd molecular number such that

where the factor m represents the proportionality between
one Bcd molecule and the corresponding fluorescence
intensity, which includes the combined effects of tissue
fixation, first and second antibody binding, fluorescence
excitation and image processing.

As we do not know the exact in vivo system parameters and
molecular number within each nucleus, we performed a
complete inspection of the behavior of the variance of

m  in the four dimensional parameter space f(m, J, D,

ω), where J is the synthesis rate of Bcd in the anterior com-

partment, ω is its decay rate, and D is the diffusion coeffi-
cient. It was always true that the residuals in logarithmic
coordinate increased towards the posterior of the embryo,
or in other words at lower levels of Bcd. This behavior
strongly contrasts with the position-independent residu-
als seen in Figure 1 and described in equation (2).

Measurement rescaling noise dominates
The simulation results suggest that intrinsic noise cannot
explain the pattern of variance seen in Figure 1. Another
possibility is the measurement process itself. In order to

n̂ j

ln( ) ln( ) / ,I a j Wj = − +λ

W

W

Î j

Î j

ˆ ˆ ,I mnj j=

n̂ j

Bicoid profile from FlyEx embryo ms18 after background removalFigure 1
Bicoid profile from FlyEx embryo ms18 after back-
ground removal. (A) The spatial index j (µm/5) is the index 
of 5 µm bins. The fluorescence intensity Ij (circles) were fit to 
an exponential F[Ij] = a exp(-j/λ) (solid line) with two scaling 
index lines 1.5F[Ij] and 0.5F[Ij] (dashed). The fluorescence 
intensity were then converted into log scale in panel (B).
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analyze this process, we consider a simple model of the
measurement of fluorescence intensity, where

Here  is a spatially uniform random variable which

replaces m in equation (3), and  is a spatially uniform

random variable which represents nonspecific back-
ground staining. This picture allows us to consider noise
that arises from both intrinsic and measurement related
sources.

The simplest way to understand the consequences of (4)

is to imagine the consequences if only one of , , and

 are allowed to have finite variance while the other two

are constrained to deterministic (zero variance) behavior.
We have already pointed out that allowing finite variance

for  with  and  deterministic leads to an increase of

variance towards the posterior. The same is true if all noise

comes from , that is if noise from background staining

dominates. This will also lead to more noise in the loga-

rithmic domain towards the posterior as  provides a

larger proportion of the total detected signal. Let us next

consider the case where all noise comes from .

In order to understand the role of , note that the spatial
pattern of variance observed in Figure 1 can be captured
by an exponential function multiplied by a normal ran-
dom variable. This suggests that the simplest picture for
(4) is given by assuming that there is no background noise

 and no intrinsic noise for Bcd so that . More-

over, it suggests that the rescaling noise  from measure-
ment uncertainty is uniform across the embryo
(independent of j) and is normally distributed with

where  is a normal independent random variable

with mean 0 and variance 1. Then we can model  by

In steady state,  = a/m exp(-j/λ). Taking logarithms

allows us to write

Comparison with equation (2) indicates that  = ln(1 +

σα ).

The reason we do not see intrinsic noise in this individual
embryo is most likely low measurement sensitivity, that is
to say a low molecule-to-fluorescence mean rescaling ratio
m. When m is small enough, it can mask the variance of

 because the variance of the rescaled gradient is given

by

As m2 → 0 with var( ) bounded in a reasonable way

throughout the embryo, we will get var(m ) → 0. Hence

the rescaled gradient m  can be treated as deterministic

by letting

In summary, we suspect the nucleus-to-nucleus variation
observed in our data comes chiefly from the experimental

rescaling noise , which is normally distributed. If Bcd
intrinsic noise is to be observed, then the fluorescence
noise intensity should be a function of the mean intensity
in logarithm, instead of a constant as observed in embryo
ms18. Nevertheless, the necessity of considering data in
spatially resolved bins limits the amount of information
that can be obtained from a single embryo. More informa-
tion can be obtained by pooling data from many
embryos, and we discuss this point in the next section.

Statistical analysis of an ensemble of embryos

Statistical analysis of many embryos is required in order to
take our analysis further. This analysis will show how
physical constraints on the model can be inferred from
the ensemble dataset, and independent random variables
separated. We consider a set of embryos indexed by i with
expression levels Iij, and then pool data from correspond-

ing bins to obtain the ensemble dataset . Since this

dataset includes embryo-to-embryo variability, i.e. the
variation of system parameters and experimental condi-
tions over different embryos, the variance of the ensemble
profile will be an upper bound for the average variance
within each embryo. This allows us to identify physical

ˆ ˆ ˆ ˆI nj j= +α β .

α̂

β̂

α̂ n̂ j

β̂

n̂ j α̂ β̂

β̂

β̂

α̂

α̂

β̂ ˆ ˆn nj j= 〈 〉

α̂

ˆ ( ˆ ( , )),α σ α= +m N1 0 1

ˆ ( , )N 0 1

Î j

ˆ ˆ ˆ .I nj j= 〈 〉α

〈 〉n̂ j

ln( ) ln( ) / ln( ( , )).I a j Nj = − + +λ σ α1 0 1

W

ˆ ( , )N 0 1

n̂ j

var( ) var( ).mn m nj j= 2

n̂ j

n̂ j

n̂ j

mn mn m nj j jˆ ˆ ˆ .= 〈 〉 = 〈 〉

α̂

Iij
i
∪
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constraints for system parameters and to determine if the
model behaves properly within the permitted range of
parameters.

We define independent global random variables

 as described in the last section with normal

distributed measurement uncertainty  = m (1 + σα
). We also now assume that background noise is

normally distributed with  = σβ . We assume

such global random variable represent the average varia-
bility for each embryo. The statistics of simulated global
random variables were then collected from 2000 stochas-
tic simulation runs and the Bcd molecular number ran-

dom variable  were sampled after reaching steady state.

In this section we explicitly consider the effects of different
choices for the molecule-to-fluorescence rescaling ratio m
by comparing simulations to data at differing values of
this parameter. Because m is not an explicit input to the
model, this comparison is effected by varying the synthe-
sis rate J, which varies the molecular number, and com-
paring the behavior of the model to fluorescence data
which is on a fixed but arbitrary scale.

We seek optimal values of m such that the simulated glo-

bal random variable  is constrained by the variation

observed in the immunostained ensemble data  by

the condition

Because comparison with mean and variance of the
ensemble data is not straightforward, we approximate the
above conditions by comparing their exponential fit, F,

and the normalized variance η2, where η2 = var(I)/�I�2, and

I =  or Iij for simulation and data respectively. Then (7a)

and (7b) become

In (8a), � � = ma' exp(-j/λ') from simulation and

 from the ensemble data. Because

λ' is only determined by D and ω, we first select combina-

tions of D and ω such that λ' = λ. Selecting a synthesis rate
J determines a', and also m, because m = a/a'. Finally, bio-
logically reasonable values of J are determined by the con-
straint (8b).

We seek to establish which terms of equation (4) domi-
nate the observed variance in different parts of the
embryo. To do this, we will graphically compare the total
observed variance with a set of simulations in which vari-
ance arises from different subsets of the random variables
in (4). We denote these restricted models by placing
brackets around the subset of random variables which
contribute to the variance. Thus the full model in (4) can

be denoted by . A model with no variance con-

tributed by background is denoted by , while

models in which all variance is contributed only by rescal-
ing, background, or molecular number are denoted

respectively by , , and

. Using this notation, a comparison of the defi-

nition of η2 with (4) shows that we can write

The middle term of the above equation simplifies even
further when the molecular number is large so that

 and hence . If the contri-

bution of background noise  is also small then it is the

case that

In summary, when Bcd molecular number is large in the
anterior region of the embryo, we expect to see a constant
level of normalized variance in our fluorescence data, con-

tributed solely by rescaling noise . Thus,  can be iden-
tified independently from m and other random variables
in our data.

ˆ ˆ ˆ ˆI nj j= +α β

α̂
ˆ ( , )N 0 1

β̂ ˆ ( , )N 0 1
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i
∪
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i
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Î j

F[ ] exp( / )I a jij

i
∪ = − λ

ˆ [ ]I nj = α β

[ ]α αn n j=

[ ]α α= 〈 〉n j [ ]β β= 〈 〉 +m n j

[ ]n mn j=

η η α η β

η σ α

2 2 2

2 2 0 1

( ) ([ ]) ([ ])

([ ]) var( ( , ))/

I n

n n N n

j

j

= +

= + 〈 jj〉 +2 2η β([ ]).

ˆ ˆn nj j= 〈 〉 σ σα α
2 20 1var( ( , ))n Nj =

β̂

η σ η αα
2 2 2( ) ([ ]).I j = =

α̂ α̂
Page 5 of 11
(page number not for citation purposes)



BMC Systems Biology 2007, 1:52 http://www.biomedcentral.com/1752-0509/1/52
Physical constraints from a high-variance ensemble of 
embryos

We first show results of the above statistical comparison
using all 89 FlyEx cycle 13 embryos. This ensemble con-
tains 9400 nuclei, with about 150 nuclei per bin. In Figure
2A we see that the normalized variance of the ensemble

data  asymptotically approaches the simulation

curve  in the anterior region of the embryo.

σα values that are too high will place the black model

curve above the data points on the left, and this constrains

σα to be less than 0.2.

With regard to the molecular parameters of diffusion,

adopting the value of D = 17.2 (µm2/s) given in the liter-

ature [20] together with our observed value of λ = 80.65

(µm) for this ensemble implies that ω = 0.0027 (s-1) in
order to satisfy (8a). These values, for any J, will cause the

mean molecular number gradient, , to be in steady

state after about 4000 seconds (cycle 8). A lower bound of
J > 30 (molecules/s) and an upper bound of m <0.7 is

imposed by the experimentally observed magnitude of η2.
Finally, we estimate the constraint for background noise

 by satisfying (8b) in the posterior end of the embryo.

Violation of the inequality (8b) would cause the black
model curve to be above the data on the right hand side

of Figure 2A, and hence we have an upper bound σβ < 1.7.

In summary, analysis of our high-variance ensemble of
embryos dataset implies that the Bcd synthesis rate is
higher than 30 (molecules/s). Figure 2B shows a scatter-
plot of the molecular number associated with this synthe-
sis rate. The panel indicates that most nuclei in the
anterior fifth of the embryo contain more than 200 mole-
cules of Bcd after reaching steady state, and that these
molecular numbers can fluctuate over a range of more
than 80 molecules in this region (Fig. 2C). This panel
shows that these molecular fluctuations, even at the larg-
est level of normalized variance compatible with data, still
do not account for the observed variance in experimental
observations. The additional variance comes chiefly from

rescaling noise . Background noise  only has a signif-

icant effect at the posterior end of the embryo, and indeed
dominates the normalized variance in that region (Fig.

2A). Towards the posterior,  rises faster than

, and its sharp rise may in certain cases serve as a

marker to distinguish regimes dominated by molecular
noise from those dominated by background noise.

Physical constraints from a low-variance ensemble of 
embryos
In the ensemble of embryos discussed above, a portion of
the variance observed is likely to stem from embryo to
embryo variation in staining conditions and inherent bio-
logical parameters. In order to find a better upper limit for
observed molecular fluctuations, it is desirable to analyze
a set of embryos whose properties are as uniform as pos-
sible. In order to generate such a set, we considered the
value of λi in the exponential fit F [Iij] = ai exp(-j/λi) to each
embryo. We then grouped embryos according to common
values of 1/λi, taken to two decimal places. In the largest
such group, which contained 17 members, we rescaled the
data to a common amplitude by letting

These 17 processed embryos constitute an ensemble 

for statistical analysis as described in the previous section.
A trade-off of this treatment is the loss of statistical sample
size, with only around 30 nuclei in each bin.

Figure 2D shows that this ensemble of 17 embryos has
lower normalized variance compared to the 89 embryos
ensemble in Figure 2A. The fluctuation of normalized var-
iance is also higher because of smaller sample size. Note
that rescaling noise is dominant over a larger portion of
the embryo than is the case for the full 89 embryo ensem-

ble. We estimate an upper bound for rescaling noise σα to

be 0.13. At this point it is possible to determine the small-
est J compatible with variance as was done for the high
variance ensemble. We do not do so, however, because in

this ensemble the contribution of  is too small to be

separated from .

We compared this data to simulations performed using
the same parameter values reported in the previous sec-

tion, except that λ (for the whole ensemble) had a value

of 90.91 (µm), leading to ω taking on a value of 0.00215
(s-1). These values cause the deterministic system to relax
to steady state after 4000 seconds, as was the case with the
high variance ensemble. In the high variance ensemble

(Fig. 2A), the choice of σβ was dictated by the necessity of

matching the observed variance along the entire A-P axis.
In the case of the low variance ensemble this is not

η 2( )Iij
i
∪

η α σα
2 2([ ]) =

〈 〉n̂ j

β̂

α̂ β̂

η β2([ ])

η 2( )n j

′ = 〈 〉
Iij

ai
ai

Iij.

′Iij
i
∪

β̂

n̂ j
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Physical constraints of Bicoid gradient from the ensemble of embryos dataFigure 2
Physical constraints of Bicoid gradient from the ensemble of embryos data. (A) The normalized variance. In the key, 

"Data" denotes the members of  from the high-variance ensemble of 89 embryos. Lines denote simulation results as 

shown in the key. [αnβ] denotes the full model , [α] denotes , [n] denotes , and [β] 

denotes . The parameters used in simulation were σα = 0.2, σβ = 1.7, J = 30 (molecules/s), m = 0.7, D = 17.2 (µm2/s) 

and ω = 0.0027 (s-1). (B) is a scatterplot of Bcd molecular number , while the inset shows simulated fluorescence intensity 

for models and parameters used in panel A. (C) shows the residuals (deviations from mean) of panel B. (D), (E) and (F) show 
the same information as panel A, B, and C respectively, but from the low-variance ensemble of 17 embryos, with parameters 
used in simulation σα = 0.13, σβ, = 1.0, J = 200 (molecules/s), m = 0.07, D = 17.2 (µm2/s) and ω = 0.00215 (s-1). Note that the 
axes in panel A and D are scaled differently, and the absolute molecule number is shown in the inset to panel E.
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required, but measurements from nonexpressing nuclei

indicate that σβ is equal to about 1. It is important to have

at least a rough estimate for σβ so that fluctuations from

this source are not spuriously assigned to fluctuations in
molecular number. Finally, these constraints require that
the lower bound of synthesis rate J be 200 (molecules/s)

in order that that . The corresponding

upper bound of molecule-to-fluorescence rescaling ratio
is m = 0.07.

The lower limit of J imposed by this ensemble of low var-
iance embryos in turn implies that there must be more
than 300 Bcd molecules per subvolume in the middle of
the embryo (j = 50) after reaching steady state (Fig. 2E).
Moreover, it implies that the Bcd molecular gradient does
not drop to 0 as the fluorescence intensity reaches the pre-
sumed background level, but remains at a level of at least
50 molecules per subvolume at j = 80, and 36 molecules
per subvolume at the posterior pole (j = 100). Note that
the variance of fluorescence measurements is similar
between the two embryo ensembles (compare the green
areas in Fig. 2C and Fig. 2F), but that the portion of that
variance assigned to fluctuations in molecular number is
smaller for the ensemble of 17 embryos (compare the red
areas in Fig. 2C and Fig. 2F). The tighter constraints from
the smaller ensemble make the lower limits on molecular
number higher (compare Fig. 2B and Fig. 2E), and the
lower limit on the variance of molecular number higher
(compare the blue areas in Fig. 2C and Fig. 2F), although
the higher limit of the normalized variance becomes
smaller (compare the data points in Fig. 2A and Fig. 2D).
The Bcd molecular number will thus vary by more than
100 molecules in the middle of the embryo. The 13% res-

caling noise  is still the main source of the characteristic
variation observed in the anterior region of our fluores-
cence intensity data.

Noise strength

In most applications the most important measure of fluc-

tuation is the normalized variance η2 [21,22]. A different
quantity, known as the Fano factor or noise strength [23-
25], has been used by some authors as a marker to distin-

guish different stochastic mechanisms. The Fano factor ν

is given by , where ν = 1 in a Poisson

process. All stochastic simulations of Bcd intrinsic noise

 give ν = 1, as shown in Figure 3A. By contrast, the full

statistical model for either of the two ensembles of

embryos examined (green and blue data in Fig. 3B) is

obviously non-Poisson, not only because ν ≠ 1 but also

because in the data, ν is a function of the mean. This hap-
pens because at larger values of molecular number, the

variance of  has a dominant role, even when its value is
small. Even if we model our data without rescaling noise

using the  random variable alone, uncertainty in the

value of the rescaling constant m itself leads to ambiguity
in the observed value of the Fano factor (red and cyan data
in Fig. 3B). This is a natural consequence of the dimen-
sions of the Fano factor.

Conclusion
We have compared the nucleus to nucleus variation in
expression levels of the exponentially distributed Bcd gra-
dient observed in fixed tissue in a steady state with a sto-
chastic model of the diffusion equation. The model is well
supported, in the sense that there is a well-supported
physical model for the spatial dependence of mean con-
centrations of Bcd [12,20] on the scale of the embryo. The
first major result of our analysis is to note that in many
individual embryos the nucleus to nucleus variation in
the log of concentration is independent of spatial posi-
tion. This pattern of variation, which amounts to multipli-
cative noise in concentration space, is completely
incompatible with the stochastic behavior of the diffusion
equation. Simulations of the diffusion equation over an
exhaustively large region of parameter space without
exception give rise to solutions in which nucleus to
nucleus variation of the bcd gradient is a function of posi-
tion in the embryo, whether this variation is measured
directly in Bcd levels or in their logarithms.

The data which we compare the model to is in the form of
fluorescence levels, not concentrations. Although there is
now good evidence that the specific batch of serum used
to obtain this data has a mean response to Bcd [26] which
is linear, there is no quantitative information about the
variance of this sensitivity. Previous work on intrinsic
molecular noise in yeast and bacteria utilized GFP
[27,28]in vivo, a situation where fluorescence is detected
without molecular amplification. In the data reported
here, and in most studies with fixed tissue, the signal from
bound primary antibodies is amplified by incubation
with secondary antibodies conjugated to a fluorescent
dye. It is easily imaginable that this amplification process
itself is subject to molecular fluctuations. These fluctua-
tions would then give rise to rescaling noise in the propor-
tionality between fluorescence levels and primary antigen
molecular number from nucleus to nucleus. We have
shown that such variation can explain the multiplicative
noise observed.

η η2 2( ) ( )I Ij ij
i
∪ ′

α̂

ν( ) var( )/I I Ij j j= 〈 〉

n̂ j

α̂

[ ]n
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When data from fixed embryos are pooled, better statistics
are obtained. We analyzed data pooled from the entire
dataset (N = 89) as well as a smaller pool of data from a
set of embryos selected to have nearly identical mean Bcd
profiles (N = 17). In order to analyze these data, we con-
structed an explicit statistical model. The model considers
three sources of variance: intrinsic noise, rescaling noise,
and background noise. By means of this statistical model
it is possible to separate, at least roughly, the contribu-
tions of different sources of fluctuation. We have dis-

cussed mechanisms for the first two of these; the third,
background noise, represents small fluctuations in the
quantity of nonspecific molecules (background) from
nucleus to nucleus. Because mean background has been
previously removed from this data [29], the background
noise has a mean of zero. We have confirmed that the
background removal method does not affect our results,
and the mean background intensity before removal is
independent from the Bcd molecule-to-fluorescence res-
caling ratio (data not shown). We also found from non-
expressing areas of our data that the background noise
(standard deviation) has about 54% positive correlation
to the mean background intensity.

The results of this analysis constrained the physical
parameters of the stochastic model considerably, with
sharper constraints provided by the smaller dataset. The
data require that the synthesis rate, J, of Bcd from its pool
of anteriorly deposited mRNA be greater than 200 (mole-
cules/s). We chose the subvolumes of the model to have
the same volume as a nucleus, and hence the constraint
on J also implies that there are a mean of at least 300 mol-
ecules of Bcd per nucleus at the midpoint of the embryo,
and mean levels of at least 36 molecules of Bcd per
nucleus at the posterior pole. In terms of concentration,
our results show that Bcd concentration at the midpoint
of the embryo is greater than 4 nM. Recently, a direct in
vivo measurement of Bcd concentration was performed
and yielded a mid embryo Bcd concentration of 8 nM
[30], fully compatible with our results.

Although we are able to extract a clear signature of intrin-
sic molecular noise from the data by means of the statisti-
cal model, we also showed that at least one quantity
diagnostic for different stochastic mechanisms, the Fano
factor, cannot be read out from the data. Although the
Fano factor v = 1 in the simulations, the full statistical
model gives rise to a Fano factor which is a function of the
mean, and even if all noise is restricted to be intrinsic, the
observed Fano factor depends on the scale for conversion
from fluorescence to molecular number.

We believe that our results in general demonstrate that
fixed material processed with secondary fluorophores is
not well suited to studies of molecular fluctuations. This
arises from three issues, which may be separable. Fixation
obviously prevents repeated observations on the same
cell. While that is clearly a limitation, it need not affect an
investigation of a molecule whose mean values are in
steady state. The other two issues concern amplification.
GFP is intrinsically fluorescent, but antibodies must bind
to antigen, a process that is in itself subject to intrinsic
molecular fluctuations. In the present study, the level of
molecular fluctuation is doubtless increased by the need
to bind secondary antibodies conjugated to fluorophore

Mean to variance correlationFigure 3
Mean to variance correlation. (A) The noise strength 
(Fano factor) ν of simulated Bicoid molecular number gradi-
ent is defined as molecular variance  divided by 

molecular mean . The key indicates that parameters 

were obtained from (1) the high-variance ensemble of 89 
embryos, (2) the low-variance ensemble of 17 embryos, and 
(3) the extreme condition of high diffusion rate D = 7890 
(µm2/s), decay rate ω = 1.0 (s-1) and synthesis rate J = 70000 
(molecules/s). (B) As shown in the key, noise strength of 

simulated fluorescence intensity  and rescaled 

gradient  were obtained using parameters from (1) the 

high-variance ensemble of 89 embryos and (2) the low-vari-
ance ensemble of 17 embryos.
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to the already bound primary antibody. It is thus possible
that better data from fixed tissue could be obtained by
conjugating dye directly to the primary antibody. This
may prove to be a useful measure in situations where con-
structing a GFP fusion that can functionally substitute for
the native gene is difficult or impossible.

More generally, we suggest that it is important to know
how precision and robustness of developmental control is
achieved at the molecular number level throughout devel-
opment. Indeed, there is little doubt that stochastic proc-
esses are important later in development. Adult Drosophila
normally have four scutellar bristles. In mutants of the
scute gene, the number of bristles varies between one and
three [31], strongly suggesting a stochastic process. On a
more theoretical level, it has been suggested that fluctua-
tions can augment the operating capabilities of biological
regulatory networks [32]. Our results indicate that in vivo
monitoring of gene expression will be required to obtain
high quality data on stochastic gene expression phenom-
ena in eucaryotes. The central technical problem that
must be solved to conduct such studies is the complete
replacement of the endogenous gene with a fluorescently
tagged functional version [30].

Methods
Stochastic simulations
The Bcd gradient was modeled in one dimension with 101
homogeneous cubic subvolumes indexed by j from 0 to
100. Each subvolume has sides of length l = 5 µm and vol-
ume ∆ = l3. These dimensions were chosen in light of
those of actual Drosophila embryos, which are 500 µm
long. The subvolume dimensions are very close to those of
blastoderm nuclei. In the first subvolume (j = 0), corre-
sponding to the anterior pole of the embryo, we assume a
zero-order synthesis reaction of Bcd molecules with con-
stant rate J (molecules/s), representing the translation of a
maternally deposited and localized stationary mRNA
pool after egg deposition. The jth subvolume contains nj
molecules of Bcd, which are the state variables of the
model. We take initial conditions to be nj = 0 ∀ j. Diffu-
sion of Bcd is modeled as a first-order elementary reaction
for the exchange of molecules between neighboring sub-
volumes with rate constant k = D/l2 seconds-1, where D is
the effective Fickian diffusion constant. Dispersed degra-
dation (decay) of Bcd is also modeled as a first-order reac-
tion in all subvolumes with rate constant ω (seconds-1).

Thus, for subvolumes j = 0 to j = 100, the RDME is given
by

where P({nj}, t) is the joint probability of state vector {nj}

= [n0,..., nj,..., n100]. The state operator, , is defined so

that . Monte Carlo simula-

tions of the behavior of this equation were obtained using
the publicly available software MesoRD 0.2.0 [33]. Mes-
oRD can automatically generate a stochastic or determin-
istic model from its input, and we make use of this feature
in the work presented here. In the deterministic limit,

mesoRD calculates the mean trajectory (t). By con-

verting the initial values of the state variables into concen-
trations, mesoRD can then integrate the classical
Reaction-Diffusion Rate Equation (RDRE) given by

where C is the concentration of Bcd. Boundary conditions

are given by ∂xC|x = 0 = -J/∆ and ∂xC|x = 500 = 0. The steady-

state solution can be well approximated by C(x) ≈ a exp(-

x/λ), where a = (J/∆)λ and . MesoRD solves

the deterministic equation by fixing the mesh size at the
number of subvolumes chosen for the stochastic system.
We used the built-in Euler solver with a stepsize of 0.001
second after verifying that these settings yielded stable and
accurate solutions. Further analysis of simulations in
comparison with quantitative immunostained data were
performed in MATLAB.

Quantitative data
We used Bcd protein expression data from cleavage cycle
13 [34] that were downloaded from the FlyEx database
[9,35]. In FlyEx, confocal scans have been processed into
tables containing average fluorescence levels in each
nucleus [36]; these fluorescence levels are linearly propor-
tional to Bcd concentration [26], and hence to molecular
number. Data were taken from the central 10% strip along
the A-P axis with their D-V coordinate suppressed, and
normalized to remove the non-specific background [29].
The gradient is in a steady state at cycle 13 [19]. For quan-
titative analysis and comparison with the model, we

dP n j t

dt
JP n t

n P n t

j

j j j

j

({ }, )
( ) ({ }, )

[( ) ({ }, )]

= −

+ −

−

+

=

E

E

0
1

1

0

1

1

1 ω
000

1 1

10

100

1
2

∑

∑∑+ −+ −

∈ ±=

[( )( ) ({ }, )],
{ }

E Ej k

k jj

D

l
n jP n j t

E

E j j jf n f n± = ±1 1(..., ,...) (..., ,...)

〈 〉n̂ j

∂
∂

= ∂
∂

−C
t

D
C
x

C
2

ω ,

λ ω= ( / )D
Page 10 of 11
(page number not for citation purposes)



BMC Systems Biology 2007, 1:52 http://www.biomedcentral.com/1752-0509/1/52
Publish with BioMed Central   and  every 
scientist can read your work free of charge

"BioMed Central will be the most significant development for 
disseminating the results of biomedical research in our lifetime."

Sir Paul Nurse, Cancer Research UK

Your research papers will be:

available free of charge to the entire biomedical community

peer reviewed and published immediately upon acceptance

cited in PubMed and archived on PubMed Central 

yours — you keep the copyright

Submit your manuscript here:
http://www.biomedcentral.com/info/publishing_adv.asp

BioMedcentral

pooled data into 5 µm 1D intervals to compare with the 5
µm subvolumes of the stochastic model. For certain pur-
poses we considered a 17 member subset of embryos
among which the inverse of the spatial exponential coeffi-
cient λ varied by less than 1%. This subset contained
embryos ab15, cb2, ac1, hz8, ac6, iz4, cb19, ac2, cb31,
iz15, ac16, ad18, ad31, hz30, be1, hz33 and as22 from
FlyEx.
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