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1 Introduction
Consider the following equations:

Ust + Uyxny + 0Us + kut =1 + €h(x, t), in (0,L) x R,

1(0,8) = (L, ) = (0, 1) = thyy (L, 1) =0, tER. (D
Suspension bridge equations (1.1) have been posed as a new problem in the field of non-
linear analysis [1] by Lazer and McKenna in 1990. This model has been derived as follows.
In the suspension bridge system, the suspension bridge can be considered as an elastic
and unloaded beam with hinged ends. u(x, £) denotes the deflection in the downward di-
rection; du, represents the viscous damping. The restoring force can be modeled owing
to the cable with one-sided Hooke’s law so that it strongly resists expansion but does not
resist compression. The simplest function to model the restoring force of the stays in the
suspension bridge can be denoted by a constant k times u, the expansion, if u is positive,
but zero if u is negative, corresponding to compression; that is, ku*, where

u, ifu>0,

0, ifu<o.

Besides, the right-hand side of (1.1) also contains two terms: the large positive term / cor-
responding to gravity, and a small oscillatory forcing term eh(x, t), possibly aerodynamic
in origin, where € is small.

There are many results for the problem (1.1) (cf [1-7]), for instance, the existence, mul-
tiplicity and properties of the traveling wave solutions, etc.
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In the study of equations of mathematical physics, the attractor is a proper mathemat-
ical concept as regards the depiction of the behavior of the solutions of these equations
when time is large or tends to infinity, which describes all the possible limits of solutions.
In the past two decades, many authors have proved the existence of an attractor and dis-
cussed its properties for various mathematical physics models (e.g., see [8—10] and the
references therein). For the long-time behavior of suspension bridge-type equations, for
the autonomous case, in [11, 12] the authors have discussed long-time behavior of the so-
lutions of the problem on R? and obtained the existence of global attractors in the space
H3(Q) x L*(R2) and D(A) x H3 ().

It is well known that, for a model to describe the real world which is affected by many
kinds of factors, the corresponding non-autonomous model is more natural and precise
than the autonomous one, moreover, it always presents a nonlinear equation but not just a
linear one. Therefore, in this paper, we will discuss the following non-autonomous suspen-
sion bridge-type equation: Let 2 be an open bounded subset of R? with smooth bound-
ary, R; = [t, +00], and we add the nonlinear forcing term g(u, t) (which is dependent on
the deflection « and time ¢) to (1.1) and neglect gravity, then we can obtain the following
initial-boundary value problem:

Uy + AN?u+ous + kut +g(u, t) = h(x,t), in Q xR,
u(x, t) = Au(x,t) =0, on I x R, (1.2)

u(x, 7) = ug(x), us(x, T) = up (%), x €,

where u(x, t) is an unknown function, which could represent the deflection of the road bed
in the vertical plane; h(x, £) and g(u, t) are time-dependent external forces; ku* represents
the restoring force, k denotes the spring constant; cu, represents the viscous damping, «
is a given positive constant.

To our knowledge, this is the first time for one to consider the non-autonomous dynam-
ics of equation (1.2). At the same time, in mathematics, we only assume that the force term
h(x, t) satisfies the so-called Condition (C*) (introduced in [13]), which is weaker than the
assumption of being translation compact (see [8] or Section 2 below).

This paper is organized as follows. At first, in Section 2, we give (recall) some prelimi-
naries, including the notation we will use, the assumption on nonlinearity g(-, £) and some
general abstract results for a non-autonomous dynamical system. In Section 3 we prove
our main result about the existence of a uniform attractor for the non-autonomous dy-
namical system generated by the solution of (1.2).

2 Notation and preliminaries
With the usual notation, we introduce the spaces H = L*(Q2), V = H?(Q2) N H}(2), D(A) =

{u € HX(Q) N H}(Q)|Au € L*(R2)}, where A = A%. We equip these spaces with an inner
product and a norm {-,-), || - I, {->-)1, || - ll1 and (-, )2, || - ||2, respectively,

(u,v):/ u(x)vx) dx, ||u||2:f ‘u(x)|2dx, Yu,v € H;

Q Q

(u,v)lz/ Au(x)Av(x) dx, ||u||f=/ ’Au(x)’zdx, Yu,veV;
Q Q

(u,v)zz/ A?u(x) A%v(x) dx, ||u||%:/ ’Azu(x)‘zdx, Yu,v € D(A).
Q Q
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Obviously, we have
DAY CVCH=H"CV*

where H*, V* is the dual space of H, V, respectively, the injections are continuous and
each space is dense in the following one.

In the following, the assumption on the nonlinearity g is given. Let g be a C! function
from R x R to R and satisfy

where G(u,s) = fou g(w,s) dw, and there exists Cy > 0, such that

<u’g(u75)> - COG(u7S) > 0.

liminf > (2.2)
|u|—00 u

Suppose that y is an arbitrary positive constant, and
lgu(,9)] < Cr(L+1ul?),  |g(ws)| < Ci(1+ [u*), (2.3)
Gy(u,s) <82G(u,8) + Cy,  V(u,s) e R x R, (2.4)

where § is a sufficiently small constant.
As a consequence of (2.1)-(2.2), if we denote G(u,s) = fQ G(u, s) dx, then there exist two
positive constants Kj, K, such that

G(@,s) + mlp|* + Ki > 0, (2.5)

(0.8(0,5) = CoG(@,5) + mllg||> + Ky =0, VY(p,5) eR xR, (2.6)

where m, Cy > 0, and we can take m sufficiently small.
By virtue of (2.3), we can get

gw,s)| < C3(1+ [u™),  |Glus)| < C3(1+ul"*?). (2.7)
When A = A2, the problem (1.2) is equivalent to the following equations in H:

Uy + oty + Au+ ku™ + g(u, t) = hx, t),

(2.8)
wt)=m,  w(r)=u.
From the Poincaré inequality, there exists a proper constant A; > 0, such that
Jallull® < llullf, VueV. (2.9)

We introduce the Hilbert spaces

5()=VXH,
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and endow this space with the norm

1 2
ey = ), = (50 + 1))

To prove the existence of uniform attractors corresponding to (2.8), we also need the
following abstract results (e.g, see [8]).

Let E be a Banach space, and let a two-parameter family of mappings {U(¢,7)} =
{U(t,t)lt >1,T € R}onE:

Uut,t):E—E t>1,T€R.
Definition 2.1 ([8]) Let X be a parameter set. {U,(t,7)|t > 7,7 € R}, 0 € X is said to be

a family of processes in Banach space E, if for each o € X, {U, (¢, 7)} is a process; that is,
the two-parameter family of mappings {U, (¢, )} from E to E satisfy

U,(t,s)o Uy(s,t)=U,(t,T), Vi>s>1,T€R, (2.10)

U, (t,7) = I is the identity operator, 7 €R, (2.11)
where ¥ is called the symbol space and o € ¥ is the symbol.

Note that the following translation identity is valid for a general family of processes
{U,(¢,7)}, 0 € X, if a problem has unique solvability and for the translation semigroup
{T(])|l > 0} satisfying T(/)X = X:

U, (t+ Lt + D) =Urps(t,T), YoeX,t>t1,1€R,[>0.
A set By C E is said to be a uniformly (w.r.t. 0 € ¥) absorbing set for the family of pro-

cesses {U,(t,7)}, 0 € X if for any T € R and B € B(E), there exists ¢y = ty(t,B) > 1 such
that U,(t,T) C By for all £ > 5. A set Y C E is said to be uniformly (w.r.t. 0 € X)

oceX
attracting for the family of processes {U, (¢, 7)}, o € %, if for any fixed T € R and every
B e B(E),
Jim (i‘;f; disti (U (6, 7)B, Y) ) = 0. (2.12)

Definition 2.2 ([8]) A closed set Ay C E is said to be the uniform (w.r.t. o € X) attractor
of the family of processes {U, (¢, 7)}, o € X if it is uniformly (w.r.t. o € X) attracting (at-
tracting property) and contained in any closed uniformly (w.r.t. ¢ € X) attracting set A’ of

the family of processes {U, (¢, 7)}, 0 € £: Ay C A’ (minimality property).
Now we recall the results in [14].

Definition 2.3 ([14]) A family of processes {U, (¢, 7)}, o € %, is said to be satisfying the
uniform (w.r.t. o € ) Condition (C) if for any fixed 7 € R, B € B(E) and € > 0, there exist

aty = to(t,B,€) > t and a finite dimensional subspace E,, of E such that
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@) PulUyes Utzto U, (t, 7)B) is bounded; and

(i) 1 =Pu) Uy e Uiz, Us (6 T)0)IE <€, Vx € B,
where dimE,, = m and P,, : E — E,, is abounded projector.

Theorem 2.4 ([14]) Let X be a complete metric space, and let {T(t)} be a continuous in-
variant T(t)X = X semigroup on X satisfying the translation identity. A family of processes
{U,(t,7)}, 0 € E, possess a compact uniform (w.r.t. ¢ € X) attractor Ay, in E satisfying

As =wo,5(Bo) = wr,x(Bo), VteR, (2.13)

ifit
(i) has a bounded uniformly (w.rt. o € X) absorbing set By; and

(ii) satisfies uniform (w.r.t. o € X) Condition (C),
where @.,5(Bo) = (2 [Uges Ussr Us (s, )Bol. Moreover, if E is a uniformly convex Banach
space, then the converse is true.

Let X be a Banach space. Consider the space LIZOC(R;X) of functions ¢(s), s € R with
values in X that are 2-power integrable in the Bochner sense. L2(R; X) is a set of all trans-
lation compact functions in L} (R; X), L?(RR; X) is the set of all translation bound functions
in L2 (R;X).

In [13], the authors have introduced a new class of functions which are translation
bounded but not translation compact. In Section 3, let the forcing term #k(x,t) satisfy
Condition (C*); we can prove the existence of compact uniform (w.r.t. o € H(op), oo(s) =

(go(u,8), h(x,5))) attractor for a non-autonomous suspension bridge equation in &.

Definition 2.5 ([13]) Let X be a Banach space. A function f € L2(RR; X) is said to satisfy
Condition (C*) if, for any € > 0, there exists a finite dimensional subspace X; of X such
that

t+1
sup/ | = P,)f (s) ||f(ds <€,
teR Jt

where P, : X — Xj is the canonical projector.

Denote by Lf* (R; X) the set of all functions satisfying Condition (C*). From [13], we can
see that L2(R; X) C L2.(R; X) C LA(R; X).

Remark 2.6 In fact, the function satisfying Condition (C*) implies the dissipative prop-
erty in some sense, and Condition (C*) is very natural in view of the compact condition,
and the uniform Condition (C).

Lemma 2.7 ([13]) Iff € L% (R; X), then for any € > 0 and t € R we have

t
sup/ e 0E) [ = Py)f(s) ||§(ds <e,

>7

where P, : X — X is the canonical projector and § is a positive constant.
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In order to define the family of processes of the equations (2.8), we also need the follow-
ing results:

Proposition 2.8 ([8]) If X is reflexive separable, then
(i) for all by € Hlo), 120,50 < ol 2e
(ii) the translation group {T (t)} is weakly continuous on H(ho);
(iti) T(&)H(ho) = H(ho) for all t € R*.

Proposition 2.9 ([8]) Let go(s) € L2(R; X), then
(i) forall g € H(go), &1 € L2(R; X), and the set H(go) is bound in L(R; X);
(i) the translation group {T(t)} is continuous on H(go) with the topology of LY, (R, X);
(iii) T()H(go) = H(go) for all t e R*.

3 Uniform attractors in &,

To describe the asymptotic behavior of the solutions of our system, we set /g € L% (Ry;

H) C L2(R.; H) and H(ho) = [ho(x,s + h)|h € R]Lf'W(R,;H

set in topological space L (Rq;H). If h e H(ho), then h1 € LZ(R,;H); this is to be

loc

Y where [] denotes the closure of a

t+1
sup/ ||h(x, s)|| ds < oo,
t>1 Jt
where | - || denotes the norm in H.

3.1 Existence and uniqueness of solutions

At first, we give the concept of solutions for the initial-boundary value problem (2.8).

Definition 3.1 Set I = [7,T], for T > t > 0. We suppose that k>0, i € LZ(R,;H), ge
CHR x R;R) satisfying (2.1)-(2.4) and g(0,0) = 0. The function z = (u,u,;) € C(I; &) is
said to be a weak solution to the problem (2.8) in the time interval I, with initial data

2(t) = z; = (uy, uy) € &, provided
(utt,f/)+oc(ut,17)+/ AMA‘_/dx‘rfg(u,t)ﬂdx+k(u+,a):/ I, )7 dx, (3.1)
Q Q Q

forallve Vandae. tel.

Then, by using of the methods in [15] (Galerkin approximation method), we get the
following result as regards the existence and uniqueness of solutions:

Theorem 3.2 (Existence and uniqueness of solutions) Define I = [t,T],VT > 7. Let k >0,
he L} (R;;H), g € CHR x R;R) satisfying (2.1)-(2.4). Then for any given z, € &, there is a
unique solution z = (u,u;) for the problem (2.8) in . Furthermore, for i = 1,2, let {z., h;}
(2L € & and h; € Li(R; H)) be two initial conditions, and denote by z; the corresponding
solutions to the problem (2.8). Then the estimates hold as follows: forallt <t <T +,

@) -2, < QI g, T (12 -2 15, + g - @213 z,)- (32)
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Thus, (2.8) will be written as an evolutionary system, introduced as z(t) = (u(t), u,(¢)) and
2r = 2(t) = (w1, up) for brevity, as ||z||z, = L(lull? + llu.]1?), the system (2.8) can be written
in the operator form

0z = Aa(t) (Z), Zlt=r = 21, (3«3)

where o (s) = (g(&, s), h(x,s)) is the symbol of (3.3). If z; € &, then the problem (3.3) has
a unique solution z(¢t) € C(R;,&y). This implies that the process {U, (¢, 7)} given by the
formula U, (¢, T)z, = z(¢) is defined in &.

Now we define the symbol space. A fixed symbol o¢(s) = (g0 (1, ), ho(x,s)) can be given,
where ho(x, s) is in L% (R.; H), the function go(u,s) € L*(R;; M) satisfying (2.1)-(2.4), and
M is a Banach space,

M= {gGC(RxR,R)’|g(”)|+|gs(”)| . g ()| OO},

lu|V*1 +1 lu|” +1

endowed with the following norm:

ligllat = sup
uelR

[l e |

lulr+ +1 lul” +1

Obviously, the function oo (s) = (go(#,5), ho(x, ) is in L2(R.; M) x L% (R,; H). We define
H(oo) = H(go) x H(ho) = [go(u,s+ )|l € R]LIZO,VCV(RT;M) x [ho(x,s+ 1))l € R]Lﬁ;”j(RT;H)’ where []
denotes the closure of a set in topological space Lﬁ;‘;’(Rr; M) (or le(;‘:’(Rf;H)). So,if (g,h) €
H(oo), then g(u, t) and h(x, £) all satisfy Condition (C*).

Applying Proposition 2.8, Proposition 2.9, and Theorem 3.2, we can easily know that the
family of processes {U, (t,7)}: Eg — &y, 0 € H(op), t > 1, are defined. Furthermore, the
translation semigroup {T'([)|/ € R*} satisfies VI € R*, T({)H(0o) = H(00), and the following

translation identity:
U (t+ Lt + 1) =Urps(t,t), Yo eH(oyg), fort>1>0,1>0,

holds.

Then for any o € H(0y), the problem (3.3) with o instead of oy possesses a correspond-
ing process {U, (¢, T)} acting on &.

Consequently, for each o € H(0y), 0o(s) = (go(u,5), ho(x,s)) (here ho(x,s) € Lf* (R;; H),
2o(u,s) € LA(R;; M) satisfying (2.1)-(2.4)), we can define a process

Uy (t,t):E — &,

Zr = (ul; u2) - (u(t)’ ut(t)) =U, (t’ T)Zr’
and U, (t, 1), o € H(0), is a family of processes on &.
3.2 Bounded uniformly absorbing set

Before we show the existence of bounded uniformly absorbing set, we firstly make a prior
estimate of solutions for equations (2.8) in &.
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Lemma 3.3 Assume that z(t) is a solution of (2.8) with initial data zo € B. If the nonlin-
earity g(u, t) satisfies (2.1)-(2.4), ho € L% (R;; H), h € H(ho), k > 0, then there is a positive
constant [Lo such that for any bounded (in £) subset B, there exists ty = to(||Bllg,) such that

1
205, = 5 (hll + hueel®) <, 22 10 = 20(1Blle,). (34)

Proof Now we will prove z = (&, u;) to be bounded in & = V x H.

We assume that o is positive and satisfies
0<ola—0) <. (3.5)

Multiplying (2.8) by v(¢) = u,(t) + ou(t) and integrating over 2, we have

1d
5= (IVIP + 1ul?) + ollull} + (& = 0)IVI* - ol — 0) (1, v)

2dt
+ k(u*,v) + (g(u, t),v) = (h(t),v). (3.6)
We easily see that
IIvII? 201112

ola —o)(u,v) = (¢ - @)= = +(a-o)e”llull’, (3.7)

2 2
(h(©), ) < (@ - Q)% L (3.8)

-0

Then, substituting (3.7)-(3.8) into (3.6), we obtain

d
E(IIVII2 + [lull?) + 20llull} + (@ - o) IVII* - 20% (@ - o) lull®

2
+2k(u’,v) +2(g,v) <2 La0l sy (3.9)
a-o

In view of (2.4) and (2.6), we know
(g V) = (g ut +ou)

d

- /Q G(1(x,2),£) dx + olg(ue, ), 1) - /Q Gu(1t(s,2),£) dx
d

= %/QG(u(x, t),t) dx+g/9g(u(x, t),t)u(x, t)dx
-0Co / G(u(x, t), t) dx + QC()/ G(u(x, t),t) dx

Q Q

—/ Gs(u(x,t),t) dx
Q

A%

%g(u(x, 0),t) + 0CoG (u(x, 1), £) — o (ml|ull® + K3)

- 8°G (u(x,1),t) — C,|Q| (3.10)
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and
+ 1d + +
k(u ,V): §Ek||u “2 +Qk||u ||2 (3.11)
Consequently,

7)
(VI + Dl + e I” + 26 (ulx, £), £)) + (& = Q) IVII?

+ 2)%()»1 —ola - o) —m)llull} +20k|u* ||2

+(0Co - 8%)2G (u(x, ), t)

| A(2)1I>
a-o

<2

+2(0Ks + G,1Q)). (3.12)
We introduce the functional as follows:
y(t) = VI + lul? + k||u+ ||2 + 2g(u(x, t), t) +2K;, fort>rt. (3.13)

Setting 8 = min{a — 0,20A7 (A — o(a — 0) — m), 20, 0Cp — §?}, we choose proper positive
constants m and §, such that

m<i-ola—0), 8 <eCo (3.14)

hold, then 8 > 0.
We define my,(t) = ||h(t)||?, then

d
Ey(t) + By(t) < Cy + Csmy(2), (3.15)

where Cy = 2(0K; + C5|R2|) + 28K, Cs = 2(a — o).
Analogous to the proof of Lemma 2.1.3 in [8], we can estimate the integral and obtain

t
Y1) <y(@e P+ CupT (1-e ) + C‘S/ my(s)e P9 ds
0
t
< y(r)e‘ﬁ(f‘f) + C4,3_1 (1 _ e—ﬁt) + CS/ mh(s)e—ﬂ(t—s) ds
-1
-1
+ Cs/ mpu(s)e P9 ds + - ...
-2
t
<)@+ G (1-e) + G / nls) ds
-1

t-1 =2
+ CseP / my(s)ds + Cse_zﬁ/ my(s)ds + - - -
t-2 t-3

§y(t)e’5(‘*f) + C4,3’1(1 _ e—ﬂr) + Csm(l reB e .. )
<y CpT (1- ) + Com(1+ p7)

<y(@)e P 1 Cupt + Cm(1+ B7), fort>r, (3.16)

where m = sup,.., ft”l my,(s) ds.
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By virtue of (2.3), we get
2G(u, t) > —2m||ul* — 2K, > —2mA]t |ull? - 2K;.
Choosing m < 1,/4, we obtain from (3.13)
) = lull} + Nl + Quel® + K| ||* + 26w, ) + 26

1
>l + s+ 0l + k|

> |20z, (3.17)
In consideration of (2.7) and 0 < y < 00, we see
26 (u (x),7) < 2C3/ (| @®)]"** +1) dx < Co(Jluc ] > + 1) (3.18)
Q

and

y(@) = |u@)|} + |ueo) + ou@)|* + k| (u(@))"|* + 26 (u(x), ) + 2K

< G (||=(v) ||§;2 +1). (3.19)
Combining (3.16), (3.17), and (3.19), we deduce that

||z(t)||250 <y(@)e P 1 Cypt + Csm(L+ B7)
< G(||=(x) ||£;2 +1)e P 4+ Cup™ + Com(1+ 7
<G ||z(r)||gze_ﬂ(t_f) +Cg, t>T.
Assuming that ||z(r)||?50 <R,ast >ty =ty(||Bllg,), we have
|20 ¢, =< ro- (3.20)
We thus complete the proof. d
And then, combining Theorem 3.2 with Lemma 3.3, we get the result as follows.
Theorem 3.4 (Bounded uniformly absorbing set) Presume that gy € L*(R,; M) and hy €
Lf* (Re; H). Let g € H(go) satisfy (2.1)-(2.4), h € H(ho), and {U,(¢,7)}, o € H(oo) = H(go) X
H(ho) be the family of processes corresponding to (2.8) in &, then {U, (¢, T)} has a uniformly

(w.rt. o € H(oy)) absorbing set By = Bg, (0, po) in E. That is, for any bounded subset B C
&o, there exists ty = to(||Bllg,) such that

|J U, (t7)BCB,, forallt>t.
UGH(O'O)
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3.3 The existence of uniform attractor
We will show the existence of uniform attractor to the problem (2.8) in &.

Theorem 3.5 (Uniform attractor) Let {U,(t, )} be the family of processes corresponding to
the problem (2.8). If go € L2(R.; M) satisfying (2.1), (2.2), (2.5), and (2.6), ho € L% (R; H),

and o = (g, ho), then {U, (¢, T)} possesses a compact uniform (w.r.t. o € H(oy)) attractor
Ati(00) in Eo, which attracts any bounded set in & with || - ||g,, satisfying

Art(0g) = @0,4(00)(Bo) = @1, #(0) (Bo), (3.21)
where By is the uniformly (w.rt. o € H(oo)) absorbing set in &.

Proof From Theorem 2.4 and Theorem 3.4, we merely need to prove that the family of
processes {U, (¢, 7)}, o € H(op) satisfy the uniform (w.r.t. 0 € H(op)) Condition (C) in &,.
We assume that A, i = 1,2, ... are eigenvalue of operator A in D(A), satisfying

0<5\1<12§---§)~\,§--~, ):1-—>oo,asj—>oo,
&; denotes eigenvector corresponding to eigenvalue i;, i = 1,2,3,..., which forms an or-
thogonal basis in D(A), at the same time they are also a group of canonical basis in V or
H, and they satisfy

ACZ)I' = 5&,‘5)1‘, VieN.

Let H,, = span{@1, @3, . .., Om}, Py : H — H,, is an orthogonal projector. For any (u, u;) €

&o, we write
(, ue) = (w1, tre) + (U, Une),
where (u1, u1;) = (Pt Pruiy).

Choosing 0 < o <1 and 0 < o(« — ) < A;. Taking the scalar product with v5(£) = uy,(£) +
ous(t) for (2.8) in H, we have

1d
5%(”1’2”2 + luall}) + elluall} - o — 0)(u, va) + (@ - 0)Iva|I?

+ k(u*, vz) + (g(u, 1), V2> = <h(t), V2>, (3.22)

where

(h(£),v2) < (@ = @)Iv2l1*/8 + 2(ct = @) | (I = P (D), (3.23)

(g(tt,0),v2) < (@ = Q) [Iv2*/8 + 2(er — 0) 1| (I — P ). (3.24)
Clearly, we get

o(@ - 0)(u,v2) < (= 0)|[v2*/4 + (@ - 0)¢” llu2 %, (3.25)

1d
Mut,vo) = o — k] (u2)* || + ok (u2)* |- (3.26)
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Combining (3.23)-(3.26), we obtain from (3.22)

| &

1
(vl + N l13 + k| ae2)* | ") + ellaea? + 5((1 -0)lnl?

N =
QU

t
+ ok () ||* = (@ - 0)0* s 1>
1d
2dt
1 9 12

+5la—olwl®+ ok | (u2)" |

<2(@-0) (I - P)gw0)|* +2(@ - 0) | - Ph)|
2y+2

<2Co(@ - 0) M| (I - Pu)g (s, )|y (1 + 122177 ™)

+ 2 —0) M|t = PR |
We define the functional
1 2 2 +|2
L(t) = i(llvzll + N2} + k]| (2)*|| ),

and we set ® = min{20A7 (A, — (@ — 0)0), & — 0,20}, then

d
2 L0+ oL(t) = 2Cs (e - o) [ = Pu)glu )] (1 + (V2120)* )

+2(a—-0)t H (I =P,,)h(t) }2, for t > tg.

By Gronwall’s lemma, we obtain

2 t
L(t) < Ltg)e™ 0 4 —— / eI |(1 = P,)hs)| ds
@ -0 to

2C; t
;0 / et [ = Pu)g(u,s) ”3\4 ds, fort>t,.
o0—-Q to

Obviously, there exists a constant C, such that
||, < L@ <Cla0)|;,
S0

|20z, < Cllzeto) [z,

+

! —w(t—s) _ 2
— /toe 17 = Po)ia(s)|* ds

t
. 2Cho / ) [(Z = P)g(u,s) ||f\4ds'

a—-Q0 to

d
(Ivall? + llwal? + k|| Ge2) || ?) + 027 (1 = (@ = 0)0) s 12

(3.27)

(3.28)

(3.29)

(3.30)
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Since g € L2(R;, M) C LA (R;, M), h € L% (R;, H), from Lemma 2.7, we can know for

any €; > 0, there exists a constant m large enough such that

2 t
= | eI - Ps) | ds < L, Ve H(h), (3.31)
a—0Jg 3
2Cyo ft —o(t—s) 2 €1
w(t-s I—Pm , d. < —, Y , 3.32
‘o toe K )g(u,s) |y, ds 3 g € H(go) (3.32)
where t > 7.

Letti =1/w ln(SCu%/el) + to, then

€

6”Z2(t0) ||Zoe—w(t—t0) < g, Vt > 4.

So for every o € H(0y), we get

|®s, e VEzn, (3.33)

1
where |z2(8)l1%, = 5(lu2llf + lluac 1)

Therefore, the family of processes U, (¢, ), 0 € H(op) satisfy uniformly (w.r.t.o € H(op))

Condition (C) in &. Applying Theorem 2.4, we can obtain the existence of a uniform (w.r.t.

o € H(op)) attractor of the family of processes U, (¢, 1), o € H(op) in &, which satisfies
(3.21).
We thus complete the proof. d

So we can draw the conclusion: when the nonlinearity g(u, £) is translation compact and

the time-dependent external forces /(x, t) only satisfies Condition (C*) instead of transla-
tion compact, the uniform attractors in (H?(2) N H}(2)) x Ly () exist.
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