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1 Introduction
In this paper, we investigate the following boundary-value problem for impulsive frac-
tional differential equations with fractional integral jump conditions:

<Dx(t) = f(t, %(2)), te 0, TI\{tnta- - tm)
Ax(t) = (X1 diiPox(e)), k=1,2,...,m, 1.1)
ax(0) + bx(T) = ¢,

where °D“ is the Caputo fractional derivative of order o, 0 < <1, f: [0,T] x R —> R
is a continuous function, Jx : R — R, Ax(x) = x(¢]) — x(;) with x(£}) = limy,_, o+ x(tx + h),
x(t;) = limy,_, o- x(tx + h), dy j are constants, I Pxj is the Riemann-Liouville fractional integral
of order Bi;>0forj=1,2....,kand k=1,2,...,m, 0=t <ty < <ty <tma=T,a, b, c
are given constants such that a + b # 0.

The integral jump conditions are very general and include many conditions as special
cases. In particular, if dy; = d; and By ; = B;, then the impulsive fractional integral of equa-
tion (1.1) reduces to

3 h(t—s)hr-1 fa (f - g)f2-1
Ax(te) = Jk (dl /.S Tﬂl)x(S) ds + d2/0 Wx(s) ds +---

ti _ \Bk-1
A /0 %x(s)ds).

Recently, much attention has been paid to the existence of solutions for fractional dif-
ferential equations due to its wide application in engineering, economics and other fields.
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A variety of results on initial- and boundary-value problems of fractional differential equa-
tions and inclusions can easily be found in the literature on the topic. For some recent
results, we can refer to [1-13] and references cited therein.

On the other hand, integer order impulsive differential equations have become impor-
tant in recent years as mathematical models of phenomena in both the physical and social
sciences. There has a significant development in impulsive theory especially in the area of
impulsive differential equations with fixed moments, see for instance [14—24].

In this paper we prove some new existence and uniqueness results by using a variety of
fixed-point theorems. In Theorem 3.1 we prove an existence and uniqueness result by us-
ing Banach’s contraction principle, in Theorem 3.2 we prove an existence and uniqueness
result by using Banach’s contraction principle and Holder’s inequality, in Theorem 3.3 we
prove the existence of a solution by using Krasnoselskii’s fixed-point theorem, while in
Theorem 3.4 we prove the existence of a solution via Leray-Schauder’s nonlinear alterna-
tive. Leray-Schauder’s degree theory is used in proving the existence result in Theorem 3.5.

The rest of the paper is organized as follows: In Section 2 we recall some preliminaries
and present a basic lemma which is used to convert the impulsive fractional boundary-
value problem (1.1) into an equivalent integral equation. The main results are presented
in Section 3, while illustrative examples are contained in Section 4.

2 Preliminaries

Let PC([0, T],R) = {x: [0, T] — R : x(¢) is continuous everywhere except for some #; at
which x(£}) and x(;) exist and x(¢;) = x(t&), k = 1,2,...,m}. PC([0, T],R) is a Banach
space endowed with the norm defined by ||x|| = sup,c[o 77 [%(£)|. Next, we introduce some
notations, definitions of fractional calculus [25-27], and we present a preliminary result
needed in our proofs later.

Definition 2.1 The Riemann-Liouville fractional integral of order « > 0 of a function g €
LY((0, T),R) is defined by

t (t _ S)a—l
re)- [ e ds
¢ o T &
where T is the Gamma function.

Definition 2.2 The Riemann-Liouville fractional derivative of order @ > 0 of a continuous
function g : (0,00) — R is defined by

w1 LAY O
Drg(®) = F(n—oz)(dt) /0 TR

where 7 = [«] + 1, [@] denotes the integral part of real number «, provided the right-hand
side is point-wise defined on (0, 00).

Definition 2.3 For a continuous function g : (0,00) — R, the Caputo derivative of frac-

tional order « is defined as

¢ _ 1 ! _ n—a-1_(n)
D)= s [ -9t wds

where # = [a] + 1, [«] denotes the integral part of real number «, provided g™ (t) exists.
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Lemma 2.1 ([28]) Let o € (0,1) and h : [0,T] — R be continuous. A function x €
C([0, T, R) is a solution of the fractional Cauchy problem

‘D*x(t) = h(t), tel0,T],
x(n) = xo, n>0,

if and only if x is a solution of the following integral equation:

n
x(t) = xg — ﬁ /0 (n —8)*h(s)ds

1 ! a-1
+m/0 (t—s)*"h(s)ds.

Lemma 2.2 Let 0 <o <1 and a+ b #0. The unique solution of the impulsive fractional
boundary-value problem (1.1) is given by

x(t) = a+b a+b|:2],<2d111’1x t]) e )/ (T —s)*" 1f(sx(S)) :|

j=1
k i 1 ;
' ;Ji <,=21 dﬁjlﬂi,jx(t{)) "T@ /0 (¢ =5)""f (5,%(5)) ds. (2.1)

Proof For t € [ty, 1], Riemann-Liouville fractional integrating of order «, from 0 to ¢, for
the first equation of (1.1), we have

x(¢) = %(0) + %) ft( t—58)"7f (s, x(s)) dis. (2.2)

Substituting ¢ = £ into (2.2), we get

x(t) = x(0) + —— /0 1(tl —8)* 7 f (s, %(5)) ds.

For t € (t1,%,], by Lemma 2.1 with the second equation of (1.1), we obtain

x(t) = x(4) - %01)./ 1(L‘l —8)* 7 f (s5,%(5)) ds

_ 011
l"( )/(t s) fs,x(s))

=x(f1)+]1<zd1,/1ﬂl'jxt} ) T )/ (H =)™ 1f(s,x(s)

j=1

a-1
F( )/ (t-s) (s x(s))

. 1 ¢ o
=x(0) + /1 (Z dl,jlﬁl'/x(tj )) + m/o (t —9)*7'f (s, %(s)) ds

j-1
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If t € (t, 3] then again from Lemma 2.1, we have
x(t) = x(t3) - ﬁ / 2(t2 - s)"‘_lf(s,x(s)) ds + ﬁ /0 (t- S)O‘_lf(s,x(s)) ds

= x(O) + Z]z (Z dz/I ”x ) + F(IO[) A (t - s)“’lf(s,x(s)) ds
i=1

If t € (tk, tk+1] then again from Lemma 2.1, we get

k i ) ) .
+ ;]i (121: di,jlﬁzv/x(tj_)) + o) /0 (t—S)a_lf(s,x(s)) Js

In particular, for ¢ = T, we have

m i B ) 1 r -
+ ;L’ (121: di,j]f‘u/x(tj )) + r@) /0 (T - 8)*7f (s, %(s)) ds. (2.3)

From the third equation of (1.1) and (2.3), we get

ﬂll _ -l
x(0) = +b Mb[ZL(ZdZ,[ x(t > F()/ (T = )" (s, %(5)) d. }

Therefore, we have

x(t)_a+b a+b|:Z]’<Zd‘11ﬂ”x /) e )/ (T - 5)*7f (s,x(s)) d j|

j=1

k i
+Z]i<zdi,jlﬂi'jxtj ) @ )/ (t-s)* 1fs,x(s)
=1 \j=1

This completes the proof. O

Asin Lemma 2.2, we define an operator A : PC([0, ], R) — PC([0, T],R) by

T

|:Z]z (Z dujﬁux ) l"(la) (T - 5)* 7 f (s, %(5)) dsi|

(Ax)(t) =

+l21]1(2d,,1ﬂ’/x ) e )/ (2 e 'f (s,%(s)) dis, (2.4)

with a + b # 0. It should be noticed that problem (1.1) has solutions if and only if the oper-
ator A has fixed points.

3 Main results

We are in a position to establish our main results. In the following subsections we prove
existence as well as existence and uniqueness results for the impulsive fractional BVP (1.1)
by using a variety of fixed-point theorems.
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3.1 Existence and uniqueness results via Banach'’s fixed-point theorem
In this subsection we give first an existence and uniqueness result for the impulsive frac-
tional BVP (1.1) by using Banach’s fixed-point theorem.

For convenience, we set

_ la+bl|+1b|
" la+bT(a+1)

i Bij

|a + b + b |d;jlt;
3.2
( la +b| )ZZ T(Bij+1) (32)

_(la+b| +|b))mN + ||
B la + b|

T, (3.1)

Theorem 3.1 Assume the following.

(Hi) There exists a constant Ly > 0 such that |[f(t,x) — f(t,y)| < Lilx — y|, for each t € [0, T

and x,y € R.
(Hy) There exists a constant Ly > 0 such that |Jx(x) — Jk(y)| < Lo|x — y| for each x,y € R,
k=1,2,...,m
If
AN=LQ+L,d<d<e<l, (3.4)

then impulsive fractional boundary-value problem (1.1) has a unique solution in [0, T].

Proof We transform the problem (1.1) into a fixed-point problem, x = Ax, where the op-
erator A is defined by equation (2.4). Using Banach’s contraction principle, we shall show
that A has a fixed point.

Setting sup,c(o,7) [f (£,0)| = M < 00, sup{|Jk(0)|;k =1,2,...,m} = N < 0o and choosing r >
i(MQ + W), we show that AB, C B,, where B, = {x € PC([0, T],R) : ||x|| < r}. For x € B,,

we have

A
lAx| < sup {Wb' [Z

te[0,T]

ﬁ _ o)1
];(E dijl"ix ) @ )/ (T -5) [fs,x(S))IdS]
1 ! a-1 |C|
+F(oz)/0 (t—5s) V(s,x(s))|ds+ |a+b|}

L(Zd 1Pix(t ) —J(0)] +

k i

e28 (Z ””"f’ﬁ"’x(e))
i=1 j=1

|a + b| + |b|
e
L “ el
i, T o) .0 + s o>|>d3} “lavh

la+b|+ b | —
- = L N
= |a + b| {Z|: 2 * ]

IL(O)I}

Zdulﬁ’/x )

j=1

Lir+M a1 ||
" T /(T g d} la+b]

i=1
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m i Bij
|a + b| + |b] |dijlt; (Lir + M)T® Ic|
<— § L § — 4N
= ja+o] { [zr“ FBy+D |7 T+ [T la+h

i=1
=(Lir +M)Q + Lor® + W
<@+1-¢e)r<r,

which proves that AB, C B,.
Now let x,y € PC([0, T],R). Then, for ¢ € [0, T], we have

J; (Z diJlﬁi:ix(t]T)) —Ji (Z di,/lﬂi’y(ti_)> ‘
j=1

j=1

|a + b|

b m
|(Ax)(8) - (Ap)()| < supi i [Z

+ L /T(T—s)“_llf(s x(s)) —f(s (s))|ds
@) Jo ’ i

5>

i=1

L[ g i
+F(a)/o(t )7 |f (s, %(5)) f(s,y(s))|ds}

_laxbl+1b] Al -
R Ty

i=1 j=1

L1||x Lillx -yl ol
@) /(T 9 ds}

=LiQ|x -yl + Ly ®|lx - yll.

() (o)

Jj=1

Therefore,
lAu — Av|| < Allu—v|.

As follows from equation (3.4), A is a contraction. As a consequence of Banach’s fixed-
point theorem, we have A has a fixed point which is a unique solution of the impulsive
fractional boundary-value problem (1.1). This completes the proof. O

Now we give another existence and uniqueness result for impulsive fractional BVP (1.1)
by using Banach’s fixed-point theorem and Hélder’s inequality. In addition, for o € (0,1),

we set

la+bl+ b\ (1-y\"7" .
Q* = %7, 35
<|a+b|F(a)><a—y (35)

m i Bij ﬁ 1-o

|a + bl + |b] |d;j1t;
o* = , 3.6
( la + bl )(2(; (B +1) (3.6
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Theorem 3.2 Assume that the following conditions hold:

(Hs) [f(t,x) —f(t,9)] < &@®)|x —y|, for each t € [0, T], x,y € R, where & € L%([O, T],R"Y),
y € (0,).

(Ha) i) = J:i)| < nilx -y, for each x,y € R, with constants n; >0,i=1,2,...,m

Denote || = (f; 167 ds)”.
I

612" +n*@" <1,
then the impulsive fractional boundary-value problem (1.1) has a unique solution.
Proof For x,y € PC([0, T],R) and for each t € [0, T'], by Holder’s inequality, we get
|(Ax)(®) - (4)()|
bl |~
< su
- OT]{ |a + b| |:Z
1 (r .
+ — (T =8)*f(s,x(5)) = f(s,9(s)) | ds
ol F(5:209) ~ (:56)

Ji (Z d”]ﬁux ) -Ji (Z di,jlﬁi’/’y@j)) ‘

J=1

Ji (Z dijPix(t; ) ~Ji (i di,jfﬂl”y(tf)) '

j=1

5>
i=1

L ' _ el _
+F(a)f0(t )7 |f (s, %(5)) f(S,y(s))|ds}

|a+b| +|b|

|dj| o
Tla+bl [Z ZF(/.‘BZ,) )~ ds

+ﬁ/OT( —5)" & (s)|x - y|ds:|
[ (o) Gl o))
+ﬁ(/OT((T o )ﬁds) (fo (£6) )y“nx_y”

el (1=7 "7 e
ralasy) T V}P”‘y”

= (IE1€2" + 0" @) x = 1.

e

~<I>—‘

Page 7 of 16
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Therefore,
[Ax — Ayl < (I 11S2* + n*®*)[lx — yl.

It follows that A is a contraction mapping. Hence Banach’s fixed-point theorem implies
that A has a unique fixed point, which is the unique solution of the impulsive fractional
boundary-value problem (1.1). This completes the proof. O

3.2 Existence result via Krasnoselskii’s fixed-point theorem

Lemma 3.1 (Krasnoselskii’s fixed point theorem) [29] Let M be a closed, bounded, convex
and nonempty subset of a Banach space X. Let A, B be the operators such that (a) Ax + By €
M whenever x,y € M; (b) A is compact and continuous; (c) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

Theorem 3.3 Letf:[0,T] x R — R be a continuous function and let (Hy) holds. In addi-
tion, we assume that:

) If&x)| < p(t), V(t,x) € [0,T] x R, and n € C([0, T],R*).
(He) There exists a constant N > 0 such that |Ji(x)| <N,Vx €eR, fork=1,2,...,m

Then the impulsive fractional boundary-value problem (1.1) has at least one solution on
[0, 7] if

Lyd<1, (3.8)
where ® is defined by equation (3.2).
Proof We define sup,(o 7 |4(¢)| = || 14]| and choose a suitable constant 7 as

> ||ul2+ Y,

where Q and WV are defined by equations (3.1) and (3.3), respectively. We define the oper-
ators P and Q on B7 = {x € PC([0, T],R) : ||x|| <7} as

b ’ a-1 -1
(Px)(t) = PPN / (T —5)*"f (s,%(s)) ds + m / (t —5)*7f (s,%(5)) ds,

(Q)() = g+b a+bZ]‘<Zdulﬁ”x )+Z/;<Zdl,lﬁ’1x )

= j=1

For x,y € By, we find that

Px+ Qyll
il la + b| + |b| e (la + b| + |b|)mN + |c|
e — +
la + bl (o +1) la + b|
< ull2+ W

<r.

Page 8 of 16
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Thus, Px + Qy € By. It follows from the assumption (H;) together with (3.8) that Q is a
contraction mapping. Continuity of f implies that the operator P is continuous. Also, P
is uniformly bounded on By as

IPx1 < N2
Now we prove the compactness of the operator P.

We define sup, cjo,77x5, [ (&%) =f <00, 71,1y € [0, T] with 7, < 7, and consequently
we have

|(Px)(z2) = (Px)(w1)]

= ﬁ /o 1 [(ra=9)*" = (11 = 9)*]f (s,%(s)) ds + / 2(12 - 9)* " (s,x(5)) ds
= r(a+1)|fg_fla ’

which is independent of x and tends to zero as 7, — 1y — 0. Thus, P is equicontinuous.
So P is relatively compact on B;. Hence, by the Arzela-Ascoli theorem, P is compact on
By. Thus all the assumptions of Lemma 3.1 are satisfied. So the conclusion of Lemma 3.1
implies that the impulsive fractional boundary-value problem (1.1) has at least one solution
on [0, T]. The proof is completed. d

3.3 Existence result via Leray-Schauder’s Nonlinear Alternative
Lemma 3.2 (Nonlinear alternative for single valued maps) [30] Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C is
a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either
(i) F has a fixed point in U, or
(ii) thereis a u € dU (the boundary of U in C) and X € (0,1) with u = LF(u).
Theorem 3.4 Assume the following.
(Hy) There exist a continuous nondecreasing function ¥ : [0,00) — (0,00) and a function

p € LY([0, T, R*) such that

[f(t,x)! Sp(t)l/f(lxl) foreach (t,x) € [0,T] x R.

(Hg) There exists a continuous nondecreasing function ¢ : [0,00) — (0, 00) such that
Jc@)| < o(lxl) foralixeR.

(Ho) There exists a constant M* > 0 such that

M*
> 1.

Bij
bl+lb ; ldijlt
(i) i oM Yy ) + v M)l @ + 5

Then the impulsive fractional boundary-value problem (1.1) has at least one solution on
[0, T].
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Proof We show that A maps bounded sets (balls) into bounded sets in PC([0, T],R). For a
positive number r, let B, = {x € C([0, T],R) : ||x|| < r} be a bounded ball in PC([0, T], R).
Then for t € [0, T] we have
|Ax(t)|
- D]

~ |a+b| |:§

k i
S (S
j=1

i=1
|a+b|+|b|
~  la+b| |:Z

Ji (Z di,/l’s”x(f{))

i || - el

1 ! a-1 |C|
+ m/{) (t -9 |f (s,x(5))| ds + Y

1 ’ a—1
+m/0 (T -s) [f(s,x(s))|ds:|

i

L<§:¢J%x )

s 4
|a + b|

la+b|+ b | —
= Tla+bl [§:¢<

Y (llxll) 5!
) ) / (T - (s)ds:|

i=1 j=1
Ll
|a + b|
_ la+bl+1bl i |L1| Y (lxDlipllz, |c]
T .
= |a+b| |:Zl <1= Fﬁ” )” x|l Mo+ 1) + @D

Consequently

m ' ﬂt,/

|a +b| +|b| L ldisle ||
Ax|| < ———— QL+ —.
sl < === Z‘”<Zr(ﬁ,, Tl AR PR

i=1

Next we show that A maps bounded sets into equicontinuous sets of PC([0, T],R). Let

Sup(t,x)e[O,T]xBr lf(t’x)| :f* <00, T, Tp € [0’ T] Wlth T € (tu’ tu+l]’ Ty € (tV’ tv+l]! u<v,uve
{1,2,...,m} and x € B,. Then we have

(A4%)(D2) - (Ax)(m)| < ﬁ /0 (=9 = (1 - 9 Jf (5,4()) ds
+ /rz(rz —s)""lf(s,x(s)) ds| + Z ],(Z diJ[’Sin()f].)>’
n i=u+l j=1
=<

f*
Ll -l T

i=u+l

()

Obviously the right-hand side of the above inequality tends to zero independently of x € B,
as 7, — 71 — 0. As A satisfies the above assumptions, therefore it follows by the Arzela-
Ascoli theorem that A : PC([0, T'], R) — PC([0, T'], R) is completely continuous.

Page 10 of 16
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Let x be a solution. Then, for ¢ € [0, T], and following the similar computations as in the
first step, we have

m i Bij
|a + b + |b] Id;lt; Ic|
<——> oY L= Q )
lxll < Py ¢< NTESY el | + v (Il 1ol 2 + 2+ D]

=1 \j=1
Consequently, we have

[l

<1
ﬁ.‘v f— M
i \di,j\t,-”

(™) X (o v 16D + v (lelipll, @ + 5

In view of (Hy), there exists M* such that ||x|| # M*. Let us set
U ={xePC([0, TLR) : [|xl| < M*}.
Note that the operator A : I — PC([0, T], R) is continuous and completely continuous.
From the choice of U, there is no x € dU such that x = AAx for some A € (0,1). Conse-
quently, by the nonlinear alternative of Leray-Schauder type (Lemma 3.2), we deduce that

A has a fixed point x € U which is a solution of the problem (1.1). This completes the
proof. O

3.4 Existence result via Leray-Schauder degree
Theorem 3.5 Assume the following.

(Hyo) There exist constants 0 < k < Q7Y and M > 0 such that
V(t,x)| <«klx|+M forall(t,x) €[0,T] x R.

(Hi1) There exist constants 0 <y < (1 -k Q)®' and N > 0 such that
‘]k(x)‘ <ylx|+N forallxeR,

where Q and © are given by equations (3.1) and (3.2), respectively.

Then the impulsive fractional boundary-value problem (1.1) has at least one solution on
[0,T].

Proof We define an operator A : PC([0, T],R) — PC([0, T],R) as in equation (2.4) and
consider the fixed-point problem

x = Ax. (3.9)

We are going to prove that there exists a fixed point x € PC([0, T'], R) satisfying equation
(3.9). It is sufficient to show that A : By — PC([0, T],R) satisfies

x#AAx, Vxe€ dBg, VA €[0,1], (3.10)
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where B = {x € PC([0, T],R) : max;c[o,1) [#(t)| < R,R > 0}. We define

H(xx)=1Ax, xePC([0,T],R),r €[0,1].
As shown in Theorem 3.4, we find that the operator A is continuous, uniformly bounded,
and equicontinuous. Then, by the Arzeld-Ascoli theorem, a continuous map /4, defined
by ;. (x) = x — H(A,x) = x — Ax is completely continuous. If equation (3.10) is true, then
the following Leray-Schauder degrees are well defined and by the homotopy invariance of

topological degree, it follows that

deg(h)u BR! 0) = deg(l - )"Ar BR! 0) = deg(hly BR; 0)

= deg(hO:BR’ 0) = deg(I’ BR! 0) =1 7'/0’ 0e BR: (311)

where I denotes the identity operator. By the nonzero property of the Leray-Schauder
degree, h(x) = x — Ax = 0 for at least one x € Bg. In order to prove equation (3.10), we
assume that x = AAx for some A € [0,1]. Then

]z( dz]I ’x(t] ))
1 j=1
Z/;(Zd,,]ﬁ”x t] )
i=1

la+b|+ b | —
< S
~  la+b| |:Z

i=1

’Ax(t)|

bl [
< su
= opT]{|ll+b||:Z

1 ’ a-1
+%/(; (T -s) [f(s,x(s))|ds:|

j=1

_ o)1
F( )/ (T -s) [f(s x(s))|ds]

. Ic|
|a + b|
|a+h|+|b| K|x|+M/T ~
Rt B L d; . 1Pii i T-5)'d
= la+b [2( Z AP >+ r@) 0( ) ds
. Ic|
|a + b|
|a+b|+|b| | z/| kx|l + M Ic|
mN T
= a [( I ”;;F(ﬂu " T+t | laro]

< (K||x|| +M)§2 +yx|P + .

Computing directly for ||x|| = sup,c(o 7y [%(¢)], we have

o) < M2
T1-kQ-y®

IfR = MQ+¥

= a9 th inequality (3.10) holds. This completes the proof. O
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4 Examples

In this section we give examples to illustrate our results.

Example 4.1 Consider the following impulsive fractional boundary-value problem:

en? _ sinnt_ |x(2)] § l l
b x(t)_(t+1) 4+ 2|x(t)| te(0’4)’t7{4’2’ (1)

1 1[4 (-9 %
Ax(z) :fl(ifo = x(s)ds),
1\ 1 %(t—s)‘% 2 %(t—s)‘%
Ax(i) —]2<§/0 T%)x(S)dS+ g,/o Ti)X(S)dS) (4‘2)

5x(0) + 4x<2> =2, (4.3)

where J1(u) = [u]/(3 + [u]), Ja(u) = [ul/(4 + |u]).
Seta =2/3, T = 3/4, dl,l =1/2, d2,1 =1/3, d2,2 =2/3, /31,1 =2/5, ,32,1 =1/3, ,32,2 =1/4,a =5,
b=4andc=2.

Since |f(t,x) —f(t,y)| < (1/4)|x —y| and |Jx () — Jx(v)| < (1/3)|u —v| for k = 1,2, then (H;)
and (H,) are satisfied with L; = 1/4 and L, = 1/3. We can show that

L2+ Ly® =~ 0.9581219078 < 1.

Hence, by Theorem 3.1, the boundary-value problem (4.1)-(4.3) has a unique solution on
[0,3/4].

Example 4.2 Consider the following impulsive fractional boundary-value problem:

ek _ e lx(2)] 2 11
Dea(t) = 2(et +1) 24 lx(2)|’ te (O’ g)’t#l’ 3’ (44)

1 2 [ (t—s)d
Ax(l):h(gfo () x(s)ds>’

1\ (2 (-9 1[5 (-
M<§)"2<§/o I st | I

S))_ ° x(s) ds), (4.5)

3
5

5x(0) + 4x<§> =5, (4.6)

where J; (&) = (1/3) = 5, Jo(u) = 2|u|/(4 + 3|ul).

Seta =4/5,T =2/3,d11 =2/5,dy1 = 2/3,doo = 1/3, P11 = 1/4, Bo1 = 2/5, B2 = 3/5,a = 5,
b=4andc=5.

Since |f(¢,x) — f(t,y)| < [e"/(4(e" + D)|x — yl, () = h(v)| < (1/3)|u — v| and |Jo(u) —
(V)| < (1/2)|u — v|, then (H3) and (H,) are satisfied with &(¢) = e!/(4(e’ + 1)), n; = 1/3,
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n2 =1/2, y =3/5 and o = 2/3. We can show that
1€ + n*d* = 0.8454119129 < 1.

Hence, by Theorem 3.2, the boundary-value problem (4.4)-(4.6) has a unique solution on
[0,2/3].

Example 4.3 Consider the following impulsive fractional boundary-value problem:

”D% ) sinmx 1+sinmt ‘e (O 1> £ 11 @7)
X = + ) y < — .
272 + sin® 2 2 4°3

) )
ax(3)-n(3 / = 3’ x6)ds + / o= x()ds), (@.8)

4x(0) + 3x<%> =3, (4.9)

where J; (1) = (sinmu)/(272), Jo() = 2u/(37 + u?).

Seta =3/5,T =1/2,d11 =1/2,dy1 =1/3, dz =1, f11 =2/5, Bo1 = 3/5, B2 =1/3, a = 4,
b=3,c=3andf(tx) = ((sinwx)/(27? + sin’® x)) + ((1 + sinwt)/(27)).
It is easy to see that € =1.054828718. Clearly,

. lx| +1
< +sinmt) ,
2

sinmTx 1+sinmwt

@)=

+
272 + sin® Tx 27

|]( | |smnu| |u|
! 22 271
and
2u 2|u|
u)| = .
|]2( )| 37 + u? 371

Choosing p(¢) =1 + sinn¢, ¥ (Jx]) = (|x| + 1)/(27) and ¢(|u|) = 2|u|/37, we obtain

M*
1
0.5659502780 + 0.5201099305M* g

which implies that M* >1.179333172. Hence, by Theorem 3.4, the boundary-value prob-
lem (4.7)-(4.9) has at least one solution on [0,1/2].

Example 4.4 Consider the following impulsive fractional boundary-value problem:

Dla( - ——S0mx 2 (0,2) 4
C20+52(x2+1)  (t+2)% "3 )

1 I(t-s)3
Ax( ) ]1( /0 rd) "(S)ds>’

23
LA ] 410
31 (4.10)
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3 r') 3 INC)
1 (3 (t—-s)t
+ Z./o 7F(%) x(s) ds), (4.11)
4x(0) + 5x<§> =3, (4.12)

where J; (1) = (u/(6 + u2)) + 1, Jo (1) = (u/(6 + sin® w)) + (1/3), J3 () = ((sinmwu)/(77)) + (1/2).

Set « =3/4, T =4/3, dig =1/3, dry =1/2, dyp =1/4, d31 = 1/3, d3o = 2/3, d33 = 1/4,
Bi1=1/2, Br1=1/3, Pon =2/3, P31 =1/4, B35 =1/2, B33 =3/4,a=4,b=5and c=3.

Since |f(t,x)| < (1/6)|x] + 1, [Jx(x)] < (1/6)|x| + 1 for k =1,2,3, then (Hyo) and (Hy) are
satisfied with k =1/6, y =1/6, M =1 and N = 1. We have

Kk =0.1666666667 < 0.4761628182 = Q!
and
A =0.1666666667 < 0.2080746384 = (1 — kQ)d .

Hence, by Theorem 3.5, the boundary value-problem (4.10)-(4.12) has at least one solution
on [0,4/3].
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