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Abstract

The authors consider the following impulsive differential equations involving the
one-dimensional singular p-Laplacian: (¢, (/" (1)) = Aw( )f( ( )) tel, t#rk,
k=1,2,....m AY|- rk =t y@), k=1,2,...,m, ay( fo

)+ by fo y(s) ds, Pp(y"(0)) = (Z)p(y” = fo qﬁp (1) dt, Where A > O and
M > O are two parameters. Several new and more general exrstence and multiplicity
results are derived in terms of different values of A > 0 and w > 0. In this case, our
results cover equations without impulsive effects and are compared with some
recent results.

Keywords: multi-parameter; impulsive differential equations; one-dimensional
singular p-Laplacian; positive solution; cone and partial ordering

1 Introduction
The theory and applications of the fourth-order ordinary differential equation are emerg-
ing as an important area of investigation; it is often referred to as the beam equation.
In [1], Sun and Wang pointed out that it is necessary and important to consider various
fourth-order boundary value problems (BVPs for short) according to different forms of
supporting. Owing to its importance in engineering, physics, and material mechanics,
fourth-order BVPs have attracted much attention from many authors; see, for example
[2—29] and the references therein.

Very recently, Zhang and Liu [30] studied the following fourth-order four-point bound-
ary value problem without impulsive effect:

(Pp(x"(1)))" = w(t)f (£, x(2)), te[0,1],
x(0) = 0, x(1) = ax(§),
x"(0) =0, x"(1) = bx"(n),

where 0 <£,7 <1,0 < a < b <1.Byusing the upper and lower solution method, fixed point
theorems, and the properties of the Green’s function G(¢,s) and H(t,s), the authors give
sufficient conditions for the existence of one positive solution.
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In this paper, we investigate the existence of positive solutions of fourth-order impulsive
differential equations with two parameters

(D" ()" = 20@)f &, ¥(1)), te],t#tik=1,2,...,m

AY =g = it y(t)),  k=1,2,...,m,

ay(0) — by (0) = [, g(s)y(s)ds, 1.1)
ay(1) + by' (1) = [, g(s)y(s) dis,

6 (0)) = (" (1) = [, h(s)p(y"(5)) dis,

where A >0 and p > 0 are two parameters a,b>0,] =[0,1], ¢,(s) is a p-Laplace operator,
i.e, ¢p(s) = |s|P~ 25, p>1, (¢p)™ qbq, = + =1, w is a nonnegative measurable function on
(0,1), ® # 0 on any open submterval in (0 1) which may be singular at £ = 0 and/or ¢ = 1,
tx (k=1,2,...,m) (Where m is fixed positive integer) are fixed points with 0 = £y < #; < £, <

I < <y < b1 =1, AY oy, =¥ () — X/ (), where ¥/ (£]) and y'(¢;) represent the
right-hand limit and left-hand limit of y/'(¢) at ¢ = #, respectively. In addition, w, f, I, g,
and / satisfy

(H) eIl (0,1);

(H2) f e C([0,1] x [0, +00), [0, +00)) with f(¢,y) > O for all £ and y > O;

(Hs) Ir € C([0,1] x [0, +00), [0, +00)) with Ix(t,y) >0 (k=1,2,...,n) for all £ and y > 0;
(Hy) g h € L'[0,1] are nonnegative and & € [0,a), v € [0,1), where

1 1
£= /0 gtydt, v= /0 h(t) dt. (1.2)

Some special cases of (1.1) have been investigated. For example, Bai and Wang [14] stud-
ied the existence of multiple solutions of problem (1.1) withp = 2, I; =0,k =1,2,...,m and
o =1 for ¢t € J. By using a fixed point theorem and degree theory, the authors proved the
existence of one or two positive solutions of problem (1.1).

Feng [31] considered problem (1.1) with A =1, Li (¢, y(tx)) = Ie(y(tk)), @ =1 for ¢ € ] and
= 1. By using a suitably constructed cone and fixed point theory for cones, the author
proved the existence results of multiple positive solutions of problem (1.1).

Motivated by the papers mentioned above, we will extend the results of [14, 30, 31] to
problem (1.1). We remark that on impulsive differential equations with a parameter only a
few results have been obtained, not to mention impulsive differential equations with two
parameters; see, for instance, [32—34]. However, these results only dealt with the case that
p=2and pu=1

The rest of the paper is organized as follows: in Section 2, we state the main results of
problem (1.1). In Section 3, we provide some preliminary results, and the proofs of the
main results together with several technical lemmas are given in Section 4.

2 Main results
In this section, we state the main results, including existence and multiplicity of positive
solutions for problem (1.1).

We begin by introducing the notation

ey i)
f2=limsupmaxs ST = limsupmax
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e f6y) o (ty)
= liminf min s = liminf min s
fo y=0% te] Bu(y) Jo y=00 tel ()
Ii (¢, . Ii(¢,
I°(k) = lim sup max K y), I?°(k) = lim sup max K y),
y—0+ te] y y—00 te] y
I t, . . . 1 t’
Iy(k) = liminf min K y), I (k) = liminf min Kl y), k=1,2,...,m.
y—0t te] y y—>oo te] y

We also choose four numbers r, r1, rp, and R satisfying
0<r<r <dry<rp<R<+00, (2.1)

where § is defined in (3.20).

Theorem 2.1 Assume that (Hy)-(Hy) hold.
(i) Iff°° =0 and I*® = 0, then there exist Ao > 0 and o > 0 such that, for any A > xg
and > g, problem (1.1) has a positive solution u(t), t € ] with

Sr<u(t) < %R, tej. (2.2)

(i) Iff° = 0 and I° = 0, then there exist Ao > 0 and 1o > 0 such that, for any A > ko and
W > o, problem (1.1) has a positive solution u(t) with

Sr<u(t) <R, te]J. (2.3)

(iii) IffO =f° =I® =I° = 0, then there exist Lo > 0 and o > 0 such that, for any A > g
and [u > |Lo, problem (1.1) has at least two positive solutions uy(t) and uy(t) with

Sr<u(t) <nr<drn<u(t) <R, te]. (2.4)

Theorem 2.2 Assume that (Hy)-(Hy) hold.
(i) If foo = +00 and I, = +00, then there exist Lo > 0 and iy > O such that, for any

0 <A< AgandO< < jig, problem (1.1) has a positive solution u(t), t € ] with
property (2.2).

(ii) Iffy = +00 and Iy = +00, then there exist o > 0 and jiy > 0 such that, for any
0 <A< AgandO< < jig, problem (1.1) has a positive solution u(t), t € ] with
property (2.3).

(ili) Iffo =foo = Ioo = Iy = +00, then there exist Xo > 0 and jig > 0 such that, for any
0 <A< AgandO< < jig, problem (1.1) has at least two positive solutions u,(t) and
us(t) with

1
Sr<u(t) <r <drp <uy(t) < ER’ tel. (2.5)

3 Preliminaries
LetJ =]\ {t1,t2,...,t}, and

PC'0,1] = {y € C[0,1]: ¥l 0.1) € Cllior trsn), ¥ (£), ¥ (8) exists, k =1,2,...,m}.
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Then PC'[0,1] is a real Banach space with norm

I¥llpct = max{lIylle, '] .} (3.1)

where [|y]lco = sup,c; [¥(®)], 1Y loo = sup,e; [y (£)].

A function y € PC'[0,1] N C*(J') with ¢,(y") € C?(0,1) is called a solution of problem
(1.1) if it satisfies (1.1).

We shall reduce problem (1.1) to an integral equation. To this goal, firstly by means of

the transformation

0 (' (2)) = —x(2), (3.2)
we convert problem (1.1) into

x'(t) + A o()f (8, y(8) =0, te],

#(0) = () = [ h(Ox(e) dt 33)
and

V'(6) = ~pgx(8)), te]t#tw

Ay/lt:tk = —,U«Ik(tk’y(tk)): k= 1,2,...,m, (34)

ay(0) by (0) = [ g(s)y(s) ds,
ay(1) + by (1) = [ g(s)y(s) ds.

Lemma 3.1 If (Hi), (Hy), and (Ha) hold, then problem (3.3) has a unique solution x given

by
1
x(t) = )»/ Hi(t, s)a)(s)f(s,y(s)) ds, (3.5)
0
where
1
H(t,s) = G(t,s) + T / G(s,7)h(r)dT, (3.6)
v Jo
Git,s) = tl-s), 0<t<s<l, (37)
s1-¢1), 0<s<t<l.
Proof The proof of Lemma 3.1 is similar to that of Lemma 2.1 in [31]. O

Write e(t) = t(1 — ¢). Then from (3.6) and (3.7), we can prove that H(¢,s) and G(¢,s) have
the following properties.

Proposition 3.1 If (Hy) holds, then we have
H(t,s) >0, G(t,s) >0, Vt,se(0,1), (3.8)
H(t,s) > 0, G(t,s) >0, Vtse], (3.9)

e(te(s) < G(t,s) <G(t,t)=t(l-t)=e(t) <e= tm[aa)lil e(t) = %, Vt,s€], (3.10)
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1
pe(s) < H(t,s) < ys(l-s) =ye(s) < e vt,s €], (3.11)
where
1
1 e(t)h(t)dr
P LU LS (312)
-V 1-v

Remark 3.1 From (3.6) and (3.11), we obtain
1
pe(s) <H(s,s) <ys(l—s)=yel(s) < Zy, Vse/.

Lemma 3.2 [f(H;), (H3), and (Ha4) hold, then problem (3.4) has a unique solution y and y

can be expressed in the form

1 m
¥(6) = / Hi(t,5)6q ((9) ds + 113 (e, )Tk (80, y(20), (3.13)
0 k=1
where
1 1
Hil6:9) = Gi(6) + —— / Gi(s, 7)g(r) d, (3.14)
a—-sJo
1 1-1%)), i 1,
Giltrs) = - (b +as)(b+a(l-1t) ?‘Ofsftf (315)
d|b+at)b+al-s), f0<t<s<l,
d=a2b +a).
Proof The proof of Lemma 3.2 is similar to that of Lemma 2.2 in [31]. ]

From (3.14) and (3.15), we can prove that Hi(¢,s) and G (¢, s) have the following proper-

ties.

Proposition 3.2 If (Hy) holds, then we have

Hi(t,s) >0, Gi(t,8) >0, Vtse]; (3.16)
ébz < Gy(t,s) < Gyi(s,s) < %(b +a), Vtse], (3.17)
p1 < Hi(t,s) < Hi(s,s) < p2, Vt,s€], (3.18)
where
b*n y(b +a)? 1
L= o = o yl:a—é'

Suppose that y is a solution of problem (1.1). Then from Lemma 3.1 and Lemma 3.2, we

have

1 1 m
y(t) = / H,(t,8)¢, <k/ H(s, r)w(t)f(r,y(r)) dr) ds+ 1 ZH1(t, ti)l (tk,y(tk)).
0 0 P
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Define a cone in PC'[0,1] by

K ={yePC'[0,1]:y = 0,y(t) = 8llyllpc1,t €]}, (3.19)
where
q-1
5= PP . (3.20)
Py

It is easy to see K is a closed convex cone of PC'[0,1].
Define an operator T} : K — PC'[0,1] by

1 1
(Ty)(0) = / H(t,9)¢, (A/ H(s, D)o (t)f (t, (1)) dT) ds
0 0

+ Y H (8t y (). (3.21)
k=1

From (3.21), we know that y € PC*[0,1] is a solution of problem (1.1) if and only if y is a
fixed point of operator 7}

Lemma 3.3 Suppose that (H;)-(H4) hold. Then T} (K) C K and T} : K — K is completely

continuous.
Proof The proof of Lemma 3.3 is similar to that of Lemma 2.4 in [31]. O

To obtain positive solutions of problem (1.1), the following fixed point theorem in cones
is fundamental, which can be found in [35, p.94].

Lemma 3.4 Let P be a cone in a real Banach space E. Assume 21, 2y are bounded open
sets in E with 0 € €1, €1 C Q. If

A:PN(Q\ Q) — P

is completely continuous such that either
(@) ||Ax|| < ||x|l, Vx € PN 0 and ||Ax|| > ||x]|, Vx € PN 32y, or
(b) lAx| > llx|l, Vx € PN 3 and ||Ax| < ||lx||, Vx € PN 32y,
then A has at least one fixed point in PN (s \ 1).

Remark 3.2 To make the reader clear what Q,, 8Q,, 8Q;, and 2, \ Q; mean, we give
typical examples of ; and 2, e.g.,

Q= {x € Cla,b] : ||x]loo < r}, Qy = {x € Cla,b] : ||%]l oo <R}
with 0 <7 < R, where [|x[|oc = SUp;c, 5 1%(2)].

4 Proofs of the main results
For convenience we introduce the following notation:

1 tm
n=¢q (/0 w(s) ds>, n* = wq(/t w(s) ds)

Page 6 of 16
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and

Q={yek:lylpcr<r}, 89 ={yeK:lyllpct =7},
where r > 0 is a constant.

Proof of Theorem 2.1 Part (i). Noticing that f(¢,y) > 0, It(¢,y) >0 (k=1,2,...,m) for all ¢
and y > 0, we can define

my = tejfgisrlysr{f(t,y)} >0, m* =min{my, k=1,2,...,m} >0,

where r > 0, and

mi = min {Ik(t,y)}, k=1,2,...,m.

te],dr<y<r

Let

)\‘0 > r 1[4) t (1 tm)] ! /lo > )4
m —_— » _7.
2,017] i 2}’1’[,011’/’[

Then, for u € KN 9, and A > Ay, 1 > iLo, We have
1 1
(Ty'y)() = / Hl(t,s)qﬁq(A/ H(s, T)o(7)f (7, 5(7)) dt) ds
0 0

+u§:HﬂL&WUbﬂn»
k=1

1 m
> o, (x [ ety o) dr) oS It y(00)

k=1

1 m
> p1p? g, (k/ e(t)w()m, dr) +upy Y m*
0

k=1

1
= plpq‘lm‘j‘lk”‘lwq (/ e(t)w(r)dt) + umpym*
0

tm
> mpqlm;’l)\qlwq( / e(r)w(r)dr) + wmpym®

5}

tm
1 gelaam 1
> p1p? 'm0 (1 - m)]q <Pq</ w(f)df) + umpym*
5]

tim
— _ -1 -1
> p1p® 'm0 [0 - t)]” wq(/ w(t)dr) + pompym’*
5]

— _ -1 -1
= p1p ' mIAE (51 - )] 0 + pompim*

-1, 1 Iyl
—r+-—r=r= s
=) ) Ylipct

which implies that

IT{ bt > Iyllpct, ¥y € K N8R4 > Ao and i > o, (4.1)
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If f*° =0, =0, then there exist ; > 0, [, >0, and R > r > 0 such that
[ty <hep,(»), Lty <hy, Vtel,y=Rk=12,...m
where [; satisfies
1
2max{py,ala + b)}ng, (E ykll> <1, (4.2)
I, satisfies
2max{p2,a(a + b)}mulz <l (4.3)
Let o = § Thus, when y € K N 92, we have
¥(&) = $8lyllpcr =da =R, t€],

and then we get
1 1
(Ty)(@) = / H(t,5)¢, <)L/ H(s, T)o()f (7, (7)) dr) ds
0 0

+ 0 ZHl(t tk)lk(tk’y(tk))

1\ 1 -
<p (?V) < w(r)f (z,5(1)) dt) +uox Y Ie(te y(t))
k=1
1
<p <Zky> < w(t)hp(¥(1)) dr) + U2 ley(tk)
k=1
1
<p (lef) o ( l1¢p(||y||pc1)df> + (o2 lellprCl
k=1
1 1
(ny> e T R
0
= Pz( ||J’||Pc177 + poamb ||yl pca
1
EIIJ’Ilpc1 + = ||J’||pc1 = yllpct, (4.4)

) 1 1
[(Ty) (0] 5/ |H1,(t,5)|dg <A/ H(s, T)o(v)f (7, (7)) d‘L’) ds
0 0

m

RN IACEIEY)

k=1

q-1 1 m
<a(b+a) (iky) @q </0 a)(r)f(r,y(r)) dt) + ua(b + a)ZIk(tk,y(tk))
k=1

-1 1
<a(b+ a)(%)»y) o (/ a)(r)llqbp(y(t)) dt) +palb+a Z Ly(tk)

k=1


http://www.boundaryvalueproblems.com/content/2014/1/112

Zhang and Feng Boundary Value Problems 2014, 2014:112
http://www.boundaryvalueproblems.com/content/2014/1/112

1.\ 1
Ea(bm)(z\)/) wq(/o w(r)lltbp(llyllpcl)dT)

+pab+a)y byl
k=1

1.\
<a(b+ “)<g’\7’) L yllpcin + palb + aymly ||yl per

—_

§||J’||Pc1 + 3 ||J’||Pc1 =¥l pcrs

where

—a(b + as), if0<s<t<l,
ab+a(l-s), if0<t<s<l1

Hi,(t,s) = Gy,(t,s) = {
and
tgg}ag;s’Hlt t,s)| = max, ‘Gu(t s)| =a(b+a).

It follows from (4.4) and (4.5) that

| 729 ] oo < I9llpcr, Yy € K N3

(4.5)

(4.6)

Applying (b) of Lemma 3.4 to (4.1) and (4.6) shows that T} has a fixed point y € K N
(Qq \ /) with r < ||yllpcr < & = $R. Hence, since for y € K we have y(t) > §||yllpc1, t €,

it follows that (2.2) holds. This gives the proof of part (i).

Part (ii). Noticing that f(¢,y) > 0, It(¢,y) >0 (k =1,2,...,m) for all £ and y > 0, we can

define

_ze]?IlQLI}KR{f(t y)} m**:min{mz,k:I,Z,...,m}>0,

where R > 0, and

S T

Let

1\ 0
Ao > R mpt (1 - ) >—R
0= (2,01”* ) [,0 Rt ( m)] Ho = 2mpym

Then, for y € KN aQg and A > 1o, i > o, we have

Tity / Hi(t,s ¢>q< f H(s,T r y(t)) dt) s

i ZHl(t, I (8o y(8))
k=1

Page9of 16
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1 m
> p1pT g, (k /0 e()w(t)f (7, y(1)) dt) +uor Y It y(t))

k=1

1 m
> oo, (x | ewatom dr) oY m
0 k=1

1
= plpqlmz_lkqlgoq</ e(r)w(r)dr) + pmpym™*
0

_ S
> p1p? lm;]z A 1</’q(/
5]

tim
— —1. g— -1
> p1p? ' mk A (1 - t) ] wq(/ w(f)df) + pmpym™
5]

tm

e(r)w(t)dr) + pmpym’™**

tm
_ -1, q- -1
> prp" i A (1 - )] ¢q( f w(r)dr) + pompym™
5]

— -1 -1 -1
= p1p ' ml AS [0 - )]" 0 + pompym™

v

1 1
QR + ER = yllpcts
which implies that
| T3y | per > 19llpcts  Vy € KN OQp, A > Ao and p > pag. (4.7)
If 0 =0, I° = 0, then there exist /; > 0, [, >0, and 0 < r < R such that
f(&y) < hop(), L(t,y)<bhy (Vte],0<y<rk=12,...,m),

where /; and /, satisfy (4.2) and (4.3), respectively.
Similar to the proof of (4.6), we can prove that

1729 per < I9llpct, ¥y € KNOK. (4.8)
Applying (a) of Lemma 3.4 to (4.7) and (4.8) shows that 7' has a fixed point y € K N
(Qr \ ,) with 7 < ||y|lpcx < R. Hence, since for y € K we have y(t) > §||y||pc1 for t € ], it
follows that (2.3) holds. This gives the proof of part (ii).
Consider part (iii). Choose two numbers r; and r, satisfying (2.1). By part (i) and part
(ii), there exist Ag > 0 and o > 0 such that
1Ty per > Wllpct, ¥y € KN0Qy,i=1,2. (4.9)
Since f0 = f* = [*° = [° = 0, from the proof of part (i) and part (ii), it follows that
| T3y per < I9llpct,  Vy € KN 0K, (4.10)

and

1Ty per < I¥llpcr, ¥y € KN oS (4.11)
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Applying Lemma 3.4 to (4.9)-(4.11) shows that 7} has two fixed points y; and y; such
that y; e KN (S_Z,1 \ Q) and y, e KN (Qr\ 2,,). These are the desired distinct positive
solutions of problem (1.1) for A¢ > 0 and o > O satisfying (2.4). Then the result of part (iii)
follows. a

Proof of Theorem 2.2 Part (i). Noticing that f(¢,y) > 0, Ix(¢,y) >0 (k=1,2,...,m) for all ¢

and y > 0, we can define

M, = max {f(t,y)}>0, M* =max{My,k=1,2,...,m}>0,

te],dr<y<r

where r > 0, and

Mi= max {I(ty)}, k=12,...,m.

te],dr<y<r

Let

_ 1 p 1
)\’ 4 Mr B ’
0= (Zmax{pz,ﬂ(ﬂ+b)}ﬁr> (M)

1
0= r.
2 max{0;,a(a + b)}mM*

i
Then, fory e KN 32, and A < X0, 4 < flo, We have
1 1
(Ty)() = / Hl(t,s)q&q(A/ H(s, 7)o (z)f (7, 5(7)) dr) ds
0 0

I ZH1(t, I (e ¥ (8))

k=1
1 q-1 1 m
=p2 (ZV) ¥q ()“/ w(t)f(f,y(r)) df) + o2 Zlk(tk,y(tk))
0 k=1
1 q-1 1 m
< Pz(zw\> %(/ w(r)Mrdr> + 102 ZM*
0 k=1
1 q-1 1
= Pz(ZVAMr) gﬂq(/ w(t)dr) + ppamM*
0
1 - 71
< Pz(z?koMr) 1 + Lo pomM*
1 1
=gregr= Iyllpcr- (4.12)
Similar to the proof of (4.5), we can prove
[(TLy) @) < 17l pcr- (4.13)

It follows from (4.12) and (4.13) that

1Ty per < Illpcr, ¥y € KN O, (4.14)
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If foo = 00, Ix = 00, then there exist /3 > 0, [ > 0, and R > r > 0 such that
(&) > Le,(), L(t,y)>lyy (Vte],y>Rk=12,...,m),
where /3 satisfies
20107 A S [0 (- 1,)] 0 > 1, (4.15)
I, satisfies
2uprmiyd > 1. (4.16)
Leta = § Thus, when y € K N 92, we have
y(&) = 8llylpcr =8 =R, te],

and then we get

1 1
(Ty'y)(8) = / Hl(t,s)qbq(A/ H(s, 7)o (z)f (7, 5(7)) dr) ds
0 0

I ZH1(L 1) I (e y(8))
k=1

1 m
> (3 [ e (ea@)de )+ uon Y o)

k=1

1 m
> p1p? A g, ( /0 e(t)w(1)l3¢, (¥(1)) dr) + o Y lay(te)

k=1

1 m
> pp? A, ( f e()(1)lap (8171l pc1) dr) +uor Y lblyllpc
0

k=1

1
= P AT Syl per g ( f e(r)w(r)dr) + pormlad||ylpcs
0

tm
> plpq_l)wq_llgACS||J’||PC1‘/"I (/ e(T)CU(T)dT) + po1mlaS||yllpcr

5]
-1 -1 tm
> p1p AT S |yl per [ - t)]” ¢q< / w(f)df>+up1ml45llyllpc1
5]

14 ¢-179- -1
> LTI Syl [ = )" 0" + wormla8 ||yl pen

1 1
> -0+ —-o=a.
272
This yields
I T3y per = 19llpct, ¥y € KN 0. (4.17)

Applying (b) of Lemma 3.4 to (4.14) and (4.17) shows that 7} has a fixed point y € K N
(R4 \ ,) with 7 < ||yllpar < = %R. Hence, since for y € K we have y(¢) > §||yllpc1, t €/,
it follows that (2.2) holds. This gives the proof of part (i).

Page 12 of 16
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Part (ii). Noticing that f(¢,y) > 0, It(¢,y) >0 (k =1,2,...,m) for all £ and y > 0, we can
define

Mg = te}‘olii‘q{f(t W} >0,  M™=max{M;,k=1,2,...,m}>0,

where R > 0, and

* _ —_
Mk_te}ggﬁ{lk(t,y)}, k=1,2,...,m

Let

- R
Ho= 2pomM**

_ R 7!
Ao < 4( ) (yMg)™,
209m

Then, fory e KN 9dQg and A < Xo» L < flo, we have

1 1
(Ty)(@) = / Hl(t,s)¢q<kf H(s, D)o (t)f (7, 5(1)) dt) ds
0 0

+ 1 ZH (&, te )k (4 y(16))

< p2< ) ( w(f)f(f (1)) dt) + 402 Zlk t ¥ (tr))

k=1

1
) ( a)(r)MRdr> + P2 ZM**
0

= /02(

k=1

1

= pz( V)»MR) (/ w(r)dr) + oo
0

< pz( V)»OMR> 1+ Lo pamM™

1
* 5 R=1yllpcr. (4.18)

Ml’—‘

Similar to the proof of (4.5), we can prove
(T49) @] < Iylpct, ¥y € K00 (4.19)
It follows from (4.18) and (4.19) that
I Ty per < I¥llpct,  Vy € KN oK. (4.20)
If fo = 00, Iy = 00, then there exist /3 > 0, [y > 0, and 0 < 7 < R such that
f&,y) > Lo,(), L(t,y)>ly (Vte],0<y<rk=12,...,m),

where /3 and /, satisfy (4.15) and (4.16), respectively.
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Therefore, for y € K N 9€2,, we obtain
1 1
(19)0 = [ Hi(e99, (x [ He D0y (w50) df) ds
0 0

+ 1 ZH1(t, 8 I (b y(8))
k-1

1 m
> (3 [ e (ea@)dr )+ w3 o)

k=1

1 m
> p1p? A, < /0 e(t)o(t)l3¢, (y(1)) dr) + o Y lay(te)

k=1

1 m
> p1p? AT, (/ e(t)w(1)l3¢, (811yll pcr) dT> + o1 2145||)’||pcl
0

k=1

1
= Plpq_l)»q_llg_lfs||)’||Pc1<ﬂq (/ €(T)w(f)df> + pp1mla8|y | per
0

tm
> p1pT AU S |yl per g (/ e(f)w(r)df> + uo1mlab|yllpcr

5]
—1 -1 tm
> p1pT A TSyl par [ (1= 8a)]T g <f w(f)df) + upormlad |yl per
5]
_ 1 40— -1
> e I Syl [61(1 = )" 0" + wormla8 ||yl per
1 1
> §||J’||pcl + Ellyllpc1 = ¥llpcr-
This yields
I T3y ] per > 19llpct,  Vy € KN DK, (4.21)

Applying (a) of Lemma 3.4 to (4.20) and (4.21) shows that 7} has a fixed point y €
KN (Qr\ Q) with 7 < ||yl pcr < R. Hence, since for y € K we have y(£) > 8|yl pc1, t € ], it
follows that (2.3) holds. This gives the proof of part (ii).

Consider part (iii). Choose two numbers r; and r; satisfying (2.1). By part (i) and part (ii),
there exist A > 0 and fio > 0 such that

1Ty per < Illpct, YO <A <ho,0<p<jloy € KNIy, i=12. (4.22)
Since fj = foo = Ioo = Iy = 00, from the proof of part (i) and part (ii), it follows that
| T3y per > 19llpct,  Vy € KN DK, (4.23)
and
| T3y per > 19llpct, Yy € KN OS2 (4.24)

Applying Lemma 3.4 to (4.22)-(4.24) shows that 7}" has two fixed points y; and y, such
that y; e KN (Q,1 \ Q) and y, e KN (Qr\ 2,,). These are the desired distinct positive
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solutions of problem (1.1) for 0 < A < 4 and 0 < y < ji¢ satisfying (2.5). Then the proof of
part (iii) is complete. d

Remark 4.1 Comparing with Feng [31], the main features of this paper are as follows.
(i) Two parameters A >0 and p > 0 are considered.
(i) we Ll (0,1), notonlyw(t)=1forte].

loc

(iii) It follows from the proof of Theorem 2.1 that the conditions of Corollary 3.2 in [31]
are not the optimal conditions, which guarantee the existence of at least one
positive solution for problem (1.1). In fact, if fy = 0o, or f*° = 0, I*°(k) = 0, we can
prove that problem (1.1) has at least one positive solution, respectively.
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