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Abstract

In this paper, some Banach spaces are introduced. Based on these spaces and the
coincidence degree theory, a 2m-point boundary value problem for a coupled
system of impulsive fractional differential equations at resonance is considered, and
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illustrate the availability of our main results.
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1 Introduction

Recently, Wang et al. [1] presented a counterexample to show an error formula of solutions
to the traditional boundary value problem for impulsive differential equations with frac-
tional derivative in [2—5]. Meanwhile, they introduced the correct formula of solutions for
an impulsive Cauchy problem with the Caputo fractional derivative. Shortly afterwards,
many works on the better formula of solutions to the Cauchy problem for impulsive frac-
tional differential equations have been reported by Li et al. [6], Wang et al. [7], Feckan [8],
etc.

Fractional differential equations have been paid much attention to in recent years due to
their wide applications such as nonlinear oscillations of earthquakes, Nutting’s law, charge
transport in amorphous semiconductors, fluid dynamic traffic model, non-Markovian dif-
fusion process with memory etc. [9-11]. For more details, see the monographs of Hilfer
[12], Miller and Ross [13], Podlubny [14], Lakshmikantham ez al. [15], Samko et al. [16],
and the papers of [2, 17-19] and the references therein.

In recent years, many researchers paid much attention to the coupled system of frac-
tional differential equations due to its applications in different fields [20—-25]. Zhang et al.
[25] investigated a three-point boundary value problem at resonance for a coupled system

of nonlinear fractional differential equations given by

D& u(t) =f(t,v(t), D), 0<t<1;
Dhv(e) = g(t, ult), DS ult)), 0<t<l;
u(0)=v(0)=0,  ul)=0cwu(m),  v(1)=02v(n),
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where 1 < a,8 <2, 0 <n,n <1, 0,032 >0, 01771’"1 = azng_l =1, Dj. is the standard
Riemann-Liouville fractional derivative and f,g : [0,1] x R? — R are continuous. And
Wang et al. [23] considered a 2m-point boundary value problem (BVP) at resonance for a

coupled system as follows:

D% u(t) = f(t,v(t), DL v(e), DL v(t), 0<t<1;

0+v(t) = g(t, u(t), D3 u(t), D3 u(t)), O0<t<l;
I57%u(0) = 0, D§u(1) = 37 aiDgul&), u(Q) = 37 biu(n,);
I57v(0) =0, D§+ v) = Y Dy vy, V(1) = X7 div(sy),

where 1 < «, 8 < 2. With the help of the coincidence degree theory, many existence results
have been given in the above literatures. It is worth mentioning that the orders of derivative
in the nonlinear function on the right-hand of equal signs are all fixed in the above works,
but the opposite case is more difficult and complicated, then this work attempts to deal
exactly with this case. What is more, this case of arbitrary order derivative included in the
nonlinear functions is very important in many aspects [20, 22].

There are significant developments in the theory of impulses especially in the area of
impulsive differential equations with fixed moments, which provided a natural description
of observed evolution processes, regarding as important tools for better understanding
several real word phenomena in applied sciences [1, 7, 26-29]. In addition, motivated by
the better formula of solutions cited by the work of Zhou et al. [1, 7, 8], the aim of this
work is to discuss a boundary value problem for a coupled system of impulsive fractional
differential equation. Exactly, this paper deals with the 2m-point boundary value problem

of the following coupled system of impulsive fractional differential equations at resonance:

D{.u(t) =f(t, v(t), D 0 V(D)) Dg+ v(t) = g(¢, u(t),Dg+ u(t)), O0<t<l;
Au(t;) = Ai(v(t;), Dy v(E:),s AD{, u(t;) = Bi(v(t;), Dy v(8:))

i=1,2,....k

AV(E) = Ciu(t), D u(t)),  ADL.v(t;) = Di(ult), Dl u(t)), (1)
i=1,2,...,k

D u(0) = Y- a:DET u(E)), = 2o bt u(n);

Dg:lv(o) = Z; 1 CtDo+ V(Cl) V(1) = Zi:l diel‘z ﬂV(ei);

where l<o,<2,a-g>1,8-p>land0<& <& <<€ <,0<m<ny<--<
Mm<lL,0<8 << <Lr<l,0<0<0y<---<0, <1 f,g:[0,1] xR2—>RsatiSfy
Carathéodory conditions, A;, B;, C;, D; : R x R — R. Aw(t;) = w(t]) — w(¢;), ADy w(t;) =
Dy w(t}) — Dy, w(t;), here w € {u, v}, r € {p,q}, w(t;) and w(¢;) denote the right and left
limits of w(¢) at ¢ = ¢;, respectively, and the fractional derivative is understood in the
Riemann-Liouville sense. k, m, a;, b;, ¢;, d; (i =1,2,...,m) are fixed constant satisfying

Yomai=y b=y "=y di=1and 3 bini = Y0 difi = 1.
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The coupled system (1.1) happens to be at resonance in the sense that the associated
linear homogeneous coupled system

DLu(t)=0,  Diw(t)=0, 0<t<l;
DEu(0) = Y aDeu(E),  u(l) = 30 bin?u(n:);
DETW0) = Y eDE ), v1) = YT diot P i)

has (u(t), v(t)) = (It + hot*=2, hgtP 1 + hytP~2), c; € R, i = 1,2, 3, 4 as a nontrivial solution.
To solve this interesting and important problem and to overcome the difficulties caused by
the impulses, we will construct some Banach spaces, then we shall obtain the new solvabil-
ity results for the coupled system (1.1) with the help of a coincidence degree continuation
theorem. The main contributions of this work are Lemma 2.1 and Lemma 3.1 in Section 3
since the calculations are disposed well.

The plan of this work is organized as follows. Section 2 contains some necessary nota-
tions, definitions and lemmas that will be used in the sequel. In Section 3, we establish
a theorem on the existence of solutions for the coupled system (1.1) based on the coinci-
dence degree theory due to Mawhin [30, 31].

2 Background materials and preliminaries
For the convenience of the readers, we recall some notations and an abstract existence
theorem [30, 31].

Let Y, Z be real Banach spaces, L : dom(L) C Y — Z be a Fredholm map of index zero
and P:Y — Y, Q:Z — Z be continuous projectors such that Im(P) = Ker(L), Ker(Q) =
Im(L) and Y = Ker(L) & Ker(P), Z = Im(L) ® Im(Q). It follows that L|dom(L) N Ker(P) :
dom(L) N Ker(P) — Im(L) is invertible. We denote the inverse of the map by Kp. If Q is an
open bounded subset of Y such that dom(L) N Q2 # @, the map N : Y — Z will be called
L-compact on & if QN(2) is bounded and Kp(I — Q)N : @ — Y is compact.

The main tool we used is Theorem 2.4 of [30].

Theorem 2.1 Let L be a Fredholm operator of index zero, and let N be L-compact on Q.
Assume that the following conditions are satisfied:
(i) Lx # ANx for every (x, ) € [(dom(L)\ Ker(L)) N 9L2] x (0,1);
(i) Nx ¢ Im(L) for every x € Ker(L) N 0<2;
(iii) deg(QNlkerr), 2 NKer(L),0) # 0, where Q: Z — Z is a projection as above with
Im(L) = Ker(Q).
Then the equation Lx = Nx has at least one solution in dom(L) N Q.

Now, we present some basic knowledge and definitions about fractional calculus theory,
which can be found in the recent works [13, 16, 32].

Definition 2.1 The fractional integral of order « > 0 of a function y : (0,00) — R is de-
fined by

t _ )1
I y(t) = /0 %y(s)ds,

provided the right-hand side is pointwise defined on (0, 0o).
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Definition 2.2 The fractional derivative of order « > 0 of a function y: (0,00) — R is
defined by

VPSR S (. N AP
D0+y(t)_1"(n—(x)<dt> /O(t )" y(s)ds,

where n = [«] + 1, provided the right-hand side is pointwise defined on (0, c0).

Remark 2.1 It can be directly verified that the Riemann-Liouville fractional integration
and fractional differentiation operators of the power functions ¢* yield power functions
of the same form. For o > 0, i > -1, we have

[g+ tM — Mt#*a, Dg+ tl/- —

'(w+1) o
“TasasD m (n=>a). (2.1)

Ti-a+l) r=

Proposition 2.1 [17] Assume that y € C(0,1) N L[0,1] with a fractional derivative of order
a > 0 that belongs to C(0,1) N L[0,1]. Then

I8 D, y(t) = y(t) + crt* ™ + ot 2 4 ent® N (2.2)
forsomec; — R,i=1,2,...,N, where N is the smallest integer grater than or equal to o.
Proposition 2.2 [32] Ifa >0, 8 > 0, then the equation

(18.15.9)®) = (157 ) @)
is satisfied for a continuous function y.

Ifa>0,meN and D = d/dt, the fractional derivatives (D, y)(t) and (D3 y)(t) exist,
then

(D" Dg.y)(t) = (DgH™y) (8).
If o > 0, then the equation
(D I5:y) (0) = y(2)

is satisfied for a continuous function y.
Ifa > B >0, then the relation

(DG 189)(8) = (I y) @)
holds for a continuous function y.
Let C[0,1] = {u|u is continuous in [0,1]} with the norm |||« = max,e[o,1 |4(¢)| and

PC[0,1] = {x :x € C(t;, ti1), there exist x(t{) and

x(t)) with x(67) = x(6),i=1,2,...,k -1}
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with the norm ||x||pc = sup,¢[o; [#(¢)]. Denote

Y1 = {uluq € PC[0,1],D§:'u € PC[0,1]},

Y, = {vlvs € PC[0,1], D}, 'v € PC[0,1]},

where 1, (t) = 2=%u(t), vg(t) = £>~Pv(t) with the norm

Dgﬂ”“PCL

DgIIVHPc}'

lully, = max{lluglpc,

IVlly, = max{[lvsllpc,
Thus, Y = Y; x Y, is a Banach space with the norm defined by |[(x,v)|ly = max{|lul|y,
Vly,}-

Set Z; = Z, = PC[0,1] x R* equipped with the norm

I%llz, = max{lyllpc,lel},  Vx=(y,¢) € Z1,

thus Z = Z; x Z, is a Banach space with the norm defined by ||(x, )|z = max{||x|lz, lyllz,}.
Define the operator L : Y — Z, L(u,v) = (Lyu, Lyv), dom(L) = dom(L;) x dom(L,), where

Ly = (D, Au(tr), ..., Au(ty), AD, u(tr), ..., ADg, u(ty)),

Lov = (Dhov, Av(t), ..., Av(ty),  ADv(t),..., AD (&),

with

dom(L,) = {u € Y1|D5u(0) = Y aDy ul€), u(l) = mef-‘*um)],

i=1 i=1

i=1 i=1

dom(L,) = Ive YZ‘DO+ v(0) = ZCDm v(&), v ngz 51/(9)}

Let N:Y — Z be defined as N (i, v) = (N1v, NLu), where

Nyv = (f(t wt), D o+ V(t)) Al(v(tl) D€+ v(tl)),...,Ak(v(tk),Dgw(tk)),

By (v(t1), D v(t1)), - .., B (v(t), Dy v(t))),
Nou = (g(¢, u(t), DE u(0)), Ci(u(tr), D u(tr)), . .., Cr(u(ti), D u(tx)),
Dl(u(tl D0+u(t1)) (u(tk),ng(tk))).

Then the coupled system of boundary value problem (1.1) can be written as
L(u,v) = N(u,v).

For the sake of simplicity, we define the operators 71, Ty : Z; — Z; for X = (x,61,...,8k

w1, ..., wy) as follows:

m &
TiX = (Zai (/ x(s)ds + T(« — q) Zwit?“‘“), 0,..., o,), (2.3)

i=1 0 ti<E;
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X= (/Ol(l—s)a"lx(s) ds — li:bml?—a /Om("i _ )" x(s) ds
+F((X)Zb Z (Stz “+TM(a - q)mel Z C()ltq+1 o

i=1 n;<ti<l n;<ti<l
m
~Tle-q)y bi Y wit?*z‘“,o,...,o) (2.4)
i=1

= ni<ti<l

By the same way, we define the operators T3, T4 : Zy — Zy for Y = (¥, 01, Pi> Tty - - > Tk)

as follows:

T3Y = <Z c,»(/{iy(s) ds+T(B —p)sz’*l‘ﬁ),o,...,o,), (2.5)
0

i=1 ti<gi

1 m 0;
- _g)pl _ 92 F Y=}
< /0 1 -5y (s)ds ;dﬂl /0 6; - s)Py(s) ds
Zd Zp,2ﬂ+F(ﬁ pZdQ Zrit‘fﬂ_’l}

i=1 0;<ti<l 0;<ti<l

~-T(B —p)Xm:di > ritf+2_ﬂ,0,...,0>. (2.6)

i=1 6;<t;<1

In what follows, we present the following lemmas which will be used to prove our main

results.

Lemma 2.1 Ifthe following condition is satisfied:

011 912 021 022
(H1) 01 = | gy s | #0502 = | ooy o2 | #0, where

1 m
bl =3 i '2:
o1 = al +1)< Z ﬂl> 012 2;&151
1 m m
o= (1 - Zbim2>; ou = Zﬂiéi;
i-1 i-1
1 “ 1 —
=——(1-) 4d63), == i
o ﬂ(ﬁ+1)( ; ,) 022 Z;CC’
O3 = — ( ngz) 024=Zci§i,
i1

then L : dom(L) C Y — Z is a Fredholm operator of index zero. Moreover, Ker(L) =
Ker(L;) x Ker(L,), where

KCI'(Ll) = {hlta_l + hzta_z, hl,hz € R},

KCI'(LQ) = {hgtﬂ_l + h4tﬂ_2,h3, h4, € R}
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and Im(L) = Im(L;) x Im(L,), here

Im(Ly) = {X = (%,81,..., 8, @1,..., i) | D 1(t) = x(2), Au(t;) = 8, ADE, u(t;) = w;}
={X=®0,....0001,...,00)| T1X = T,X = (0,0,...,0)}, (2.8)
(L) = {Y = (5 p1s - » Pk T - .- T0) | Dlgu v(E) = 9(8), Av(t:) = i, ADf V() = 71}
=AY =0 p1 s Pl T T T3Y = TuY = (0,0,...,0)}. (2.9)

Proof Itis clear that (2.7) holds. For (1, v) € Ker(L), we have L(u,v) = (L1, Lyv) = (0,0), i.e.,
Liu =0, Lyv =0, then u € Ker(L;), v € Ker(L,), so Ker(L) = Ker(L;) x Ker(L,). Similarly, it
is not difficult to see that Im(L) = Im(L;) x Im(L,). Next, we will show that (2.8) and (2.9)
hold.

If Z = (z1,81,..., 8, @1,...,01) € Im(L1), Zy = (22,01,---, Pr>T15---> Tk) € Im(Ly), then
there exist u € dom(L;) and v € dom(L,) such that

D2 ult) =z (0), Dj.v(t) = 2,(),
Au(t;) = 5;, Av(t;) = pi, (2.10)
ADg+ u(ty) = w;, AD€+ v(t;) =t
and
D u Z a: D% u(E u(@)=>_ b} u(n), (2.11)
i=1
Dy v(0) = Z aDy &), v) =) dio] P ue). (2.12)
i=1

Proposition 2.1 together with (2.10)-(2.12) gives that

1 ¢ o F(a—q) e ) o
0= gy [ 09 a0 (e S S e

—a F(O{ - q) +q-a \ o-
+ (I’lz + ;;Sit? - T ;witf 1 )t 2 (2.13)
v(t) = %ﬁ) /Ot(t —5)P 2y (s) ds + (h3 + F(I’i—/;)p) 3 .Citfﬂﬂ—ﬂ)tﬁ—l
R <h4 T ”f(g)") ) mgw-ﬁ)w. (2.14)

Substituting the boundary condition D§7'%(0) = Y7, a;D% u(§;) into (2.13), one has

m

Za, (/ z1(8)ds + '« — q)Za)Ltqul “) =0, (2.15)
0

i= ti<&;
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and substituting the boundary condition u(1) = Y"1, bm?""u(ni) into (2.13), one has

/1(1—s)“‘121(s)ds—2m:bml / (i = 5)*" lzl(s)ds+F(o¢)Zb > st
0 i=1

i=1 n;<t;<l

INa-gq Zb,n, Z a),tq+1 Y T(a—-q Zb Z a),t‘”2 “=0. (2.16)

n;i<ti<l i=1 n;<ti<l

By the same way, if we substitute the condition (2.12) into (2.14), then we can obtain that

icl(/ s)ds+T(B-p) Z r,»tf”l_ﬂ) =0, (2.17)

i=1 ti<g;

and

1 m 0;
/ (1—s)ﬁ_1z2(s)ds—2di6’i27ﬂ/ (6; —s)P'zy(s)ds + T'(B Zd Z oit; P
0 P 0

i=1 0;<ti<l

T(B-p) idia Y " -rp-p idi > =0 (218)

0;<ti<l i=1 0;<ti<1

Conversely, if (2.15)-(2.18) hold, set

_L ' _ el F(Ol—q) Aqtl-a ) o1
u(t)—F(a)/O(t 5) zl(s)ds+( @ > wit] >t

t<t
(;5 27— [a _)q) ;w,-tf”“)t“‘z,
1 t _ F(ﬁ P) +1-8
v(t):—/(t—s)‘3 1z (s)ds+( it )tﬁl
L(8) Jo ’ 7)) Z
) 2_/3 _ F(ﬁ —P) ) '2+p—ﬁ> B2
x (; pit; TG ;r,tl 2.

It is easy to check that the above u, v satisfy equation (2.10)-(2.12). Thus, (2.8) and (2.9)
hold.

Define the operator Q: Z — Z, Q(x,y) = (Q1x, Q2y) with Q1 X = QX + QX - £, QY =
QY + QY - t, here

1
QuX = —(ouTiX - 012T2X) £ (%,0,...,0),

o1
QnX = ——(013T1X—014T2X) £ - (x*,0,...,0),
QuY = —(021T3Y 022T4Y) ()/ 0,.

QnY = —U—(023T3Y—024T4Y) £ -(»,0,...,0).
2

Page 8 of 23
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In what follows, we will show that Q; and Q, are linear projectors. By some direct com-

putations, we have

T1(QuX) = (Z ai&; -a‘c,O,...,O) = Zﬂiéi - QuX =014 - QuX,
i1

i=1

1 m ni
T5(QuX) = (a_c|:/ (1-s)*tds- Zbinf_a / (n; = 8)*7* ds:|,0, . ..,0)
0 = 0
1 “ _
= a(1—Z_;bm?)(96,(),---,0) =013 - QuX,

& 1<
T1(QuX - t) = —<X* Zﬂi/ SdS,O,..-»()) ) Z“zfiz - QX =01 - QuX,
i=1 0 i=1

1 m i
To(QpX - t)=- (x* |:/ (1-s)*1sds- Z bmf“" / (n; = 8)*Ls ds:|, 0,..., O)
0 Py 0

1 m
= ]_ — bi 3 . X = ° X;
2@+ 1) ( ; 77,) QuX =011 - Q2

011014 — 012013

Qu(QuX) = l(011T1(QuX) - 012 T2(QuX)) =
o1 o1

QuX = QuX,

1 013014 — 0140
Q12(QuX) = —U—(Gls T1(QuX) - 014T2(Q11X)) = —wQuX =0,
1 1
1 011012 — 0120
Qu(QuX - 1) = G—(Gu T1(Qu2X - 1) — 012 T2 (Qu2X - 1)) = —%Qu){ =0,
1 1

Qu2(QuX - £) = _ail (013T1(Qu2X - 1) — 014 To(Q12X - 1))

013012 — 014011
A — QuX = QpX.
1

As aresult,

QUQiX) = Qu(QuX + QX - )
= Qu(QuX + QX -t) + Quu(QuX + QX - 1) - t
= Q4X + Qu(QuX - £) + [Qu2(QuX) + Qu2(QuX - )] - £
= QnX + QpX -t =Q1X.

Similarly, we can see that Q2(Q,Y) = Q,Y. Then for (X,Y) € Z, we have Q*(X,Y) =
Q(Q1X, Q2Y) = (Q2X, Q%Y) = (Q1X, Q2Y) = Q(X, Y). It means that the operator Q: Z — Z
is a projector.

Now, we show that Ker(Q) = Im(L). Obviously, Im(L) € Ker(Q). On the other hand, for
(X, Y) € Ker(Q), then Q(X, Y) = (0,0) implies that

onTiX —01,ToX =(0,0,...,0), onTiY — 09 ToY =(0,0,...,0),
0’13T1X—0’14T2X: (0,0,...,0), 0'23T1Y—O'24T2Y: (0,0,,0)
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The condition (H;) guarantees that 71X = T,X = (0,0,...,0), T53Y = T,Y = (0,0,...,0),
then (X, Y) € Im(L). Hence, Ker(Q) = Im(L).

For We Z,let W=(W-QW)+QW.Then W - QW € Ker(Q) =Im(L), QW € Im(Q), it
means that Z = Im(L) + Im(Q). Moreover, Ker(Q) = Im(L) gives that Im(Z) N Im(Q) = (0, 0).
Thus, Z = Im(L) ® Im(Q). Then dim Ker(L) = dim Im(Q) = codimIm(L) = 4, L is a Fredholm
map of index zero. O

Define the operator P: Y — Y with P(u,v) = (Piu,Pyv), here Py : Y] — Y1, Py : Yy —> Vs
are defined as follows:

1
P = ——D2 u(0) - %71 + lim u(t) - 1272,
t—

')

1
_ B-1 p-1 H 2-p p-2
Pyv= Dy v(0) -t + lim = FPv(t) - 97,
2 F(ﬂ) 0 () 10 ()

Moreover, we define Kp : Im(L) — dom(L) NKer(P) as Kp(X, Y) = (Kp, X, Kp, Y), where Kp, :
Im(L;) — dom(L;) N Ker(P;), i = 1,2 is defined as follows:

I(plX = I(pl (x, 51, .. .,5](, Wiy.. .,a)k)

1 ¢ INa -
= — f (¢ —8)* Y x(s) ds + Ma-q) Za)itfﬂ_a gl
0

(@) M) 4
_a NGRS 2- a—
(- T )
ti<t ti<t

I(pZY:I<P2(y;p1wH)pk,Tlr'“;Tk)

R S AP FB-p) N~ prip o
_F(,B)/o(t )P y(s)ds + I (6) ;Tltf t

— F(ﬁ—P) +2— _
+ (Zpitf ﬁ—Tﬂ)Zrﬂf ? ﬁ) P2,

ti<t ti<t

Lemma 2.2 Assume that Q C Y is an open bounded subset with dom(L) N Q +# @, then N
is L-compact on Q.

Proof Obviously, Im(P) = Ker(L). By a direct computation, we have that

1
Py = ——D Piu(0) - 7 + }iné £2Pu(t) - %72

[(a)
_ 1 o—1 a-1 - 2-« -2 _
= mDO+ M(O) -t + }I_I)% t u(t) oA = PlM.

Similarly, P3v = P,v. This gives that P> (u,v) = P(P1u, Pyv) = (Piu, P3v) = (Pu, Pyv) = P(u,v),
that is to say, the operator P is a linear projector. It is easy to check from w = (w — Pw) + Pw
that Y = Ker(P) + Ker(L). Moreover, we can see that Ker(P) N Ker(L) = (0,0). Thus, Y =
Ker(P) @ Ker(L).

In what follows, we will show that Kp defined above is the inverse of L|gom(z)nKer(p)-

If (X,Y) e Im(L), then L, Kp, X = X, L,Kp,Y =Y, which gives that

LKp(X,Y) = (LiKp X, LoKp,Y) = (X, Y).
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On the other hand, for (#,v) € dom(L) N Ker(P), we have

([(plLl)M(t) = Kpl (Dg+ u(t), 81, ) 5](, W1yevey a)k)
N ‘1) g+l-a a1
:M(t)+ <h1+TC()Za)l‘ti A

ti<t
(e s - T S e
ti<t ti<t
Since u € Kp, and Kp, L1u € Ker(P;), then
lim £7u(t) = D 'u(0) = 0, (2.19)
(2.20)

}in(l) 27 Kp, Lyu(t) = D% Kp, L u(0) = 0.
By some calculations, (2.19) and (2.20) imply that

Mo — _
h1+ (Ol q)zwit?+la=0,

F((X) ti<t
Z o Tl-q) Z 2
2-a gti—a _
hz + Biti — Ta) a)iti =0.

ti<t ti<t

It means that Kp Liu = u. Analogously, Kp,Lyv = v. Thus, KpL(u,v) = (Kp,L1u, Kp,Lyv) =

(#,v). So, Kp is the inverse of L|qom()nKer(P)-
Finally, we show that N is L-compact on Q. Denote QINv = (v%,0,...,0), QuNou =

(#%,0,...,0), where

o1 — O3t 012 — 014l
QN = ———T1(Nv) - ————TH(Nv),
o1 o1
091 — 023t 0923 — 04t
QuNou = ————T3(Nou) - ——— Tu(Nou).
[op)) (o))

Then we can see that

Kp(I = QN (u,v) = Kp(I - Q)(N1v, Nau) = (Kp, (I = Q1)N1v, Kp, (I - Q2)N>u),

where

Kp, (I - Q))Nv

o * F(Ol—q) +1-a -
=1 (f(t,v,D€+v)—v)+WZBithl ol

ti<t

20 NGRS ) q+2—a) a2
+ (ZAlti T ZB,Q ¢

ti<t ti<t

- % /Of(t — ) f (s, v(s), Df (s)) dis

(071 (1 + @) — 013t) ~— §i tea
1;1F(2+a) B ;ai(/o f(s,v(s),D§+v(s))ds+F(a—q)gBit?1 )
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t*(o12(1 + ) —owt) | [* "

ni
- Z b}~ /0 (i = )*7f (&, v(s), Dy, (s)) ds:|

t*(o12(1 + @) — o14t) +-a "
e [“ —0 b Y BT b Y A

ni<ti<l i=1 ni<ti<l

NG q)Zb > Bl "]

i=1 ni<ti<l

+1-a ol o Ol q) +2-a o
F(a) Zth : <ZAt2 " T > B! )t2

ti<t ti<t ti<t

So, we can see that Q;N; is bounded and Kp, (I — Q;)N; is uniformly bounded.

For 0 <t <t <1, we have

gy [ =999, D) = s [0 =97 (49, ) s

SuptE[O 1] If(t V(t) 0+ v(t))]
I'(x)

/ [t =9 = (1 —9)* ] ds + /tz(tz —s)* ' ds

0 15
supte[01 If (&, v(D), o+v(t))| N
|t5 — 27|, (2.21)
')
ZBit;ﬁl—a . tza_l _ ZBit?H—a . tla_l
ti<ty i<t
) <ZBitlf1+1—“ + Z Bit;rrl—a) PR ZBithﬂ-a !
ti<ty 11 <tj<ty ti<ty
< <ZB,¢?”‘“) et - n +< > Bitf+1_“> o (2.22)
ti<ty 1 <t;<ty

The equicontinuity of £, £**! together with (2.21) and (2.22) gives that |Kp, (I — Q1) Niv(t2) —
Kp,(I = Q))N1v(t1)] = 0 as t, — t;, which yields that Kp (I — Q;)N; is equicontinuous.
By the Ascoli-Arzela theorem, we can see that Kp, (I — Q;)N; is compact. By the same
way, QuN; is bounded and Kp,(I — Q2)N; is compact. Since QN(u,v) = Q(Nyv, Nau) =
(Q1N1v, QaNou) and Kp(I — Q)N(u,v) = (Kp,(I — Qi)N1v,Kp, (I — Q2)Nau), then QN is
bounded and Kp(I — Q)N is compact. This means that N is L-compact on Q. O

3 Main results
In this section, we present the existence results of the coupled system (1.1). To do this, we
need the following hypotheses.

(Hy) There exist functions ¢;, ¥;, y; € C[0,1], i = 1,2, such that

[f (2, 9)| < @ ()] + 27 [y @) - 12l + [1(D)] - Iy,

(62 9)| < @] + 7P [¥a ()] - x| + |120)] - 1y,


http://www.boundaryvalueproblems.com/content/2013/1/80

Zhang et al. Boundary Value Problems 2013, 2013:80 Page 13 of 23
http://www.boundaryvalueproblems.com/content/2013/1/80

where v;, y; (i = 1,2) satisfy

1611 llollalloo | 8l¥illoollValloo 16[Yrllsoll¥alloo | 8llalloollVilloo
I'(e)I'(B) r@r@-p T'(e)I'(B) FBre-q

m(ll%llwﬁ +171llso) (12 llcA + 172]l00) < 1,

here

16 0 o 8 00 00 16 00 o 8 00 00
A=< Iillcolly2 |l I illcolly2ll )/(1_ I llco Il I 1lloo 12l )

F@rB)  T@r(B-p) F@r(B)  T@r(B-p)

s (16||¢2||oo||)/1||oo N 8||V1||oo||)/zlloo)/<1_ 16 Y1 llc V72100 8||Vz||oollw1||oo>
['(e)I'(B) (BT (a - q) '

T'(e)I'(B) (BT (a - q)

(H3) For (u,v) € dom(L), there exist constants e; € (0,1) (i =0,1,2), M; >0 (i=1,2) such
that
(1) if either |u(t)| > My or |v(t)| > M for V¢ € [eg, e1], then either ToNyv(¢) # 0 or
T4Nou(t) 7 0;
(2) if either |Dg+ u(t)| > M, or |D€+ v(t)| > Mo, Vt € [es, 1], then either T1Njv(t) #0 or
T3Nou(t) #0.
(Hy) For (u,v) € Ker(L), there exist constants g; > 0 (i = 1,2) such that if either |/1;| > g
or |hy| > g, either |h3| > g, or |hs| > go, then either (1) or (2) holds, where
1)

h1 T1N1 (hgtﬁ_l + h4tﬂ_2) + h2 T2N1 (hgtﬁ_l + h4tﬂ_2) = (81, o,..., 0),

]’13 T1N2 (hlta_l + hgta_z) + ]’14 T2N2 (l’llta_l + hgta_2) = (52, o,..., 0),

here sy, s, are positive constants;

)

h1 T1N1 (hgtﬁ_l + h4tﬂ_2) + h2 T2N1 (hgtﬂ_l + h4tﬂ_2) = (53,0, .o .,O),

h3T1N, (hlt“_l + hzto‘_z) + hy TN, (hlt“_l + hgt"‘_2) =(84,0,...,0),
here s3, s4 are negative constants.
Lemma 3.1 Suppose that (Hy)-(H3) hold. Then the set
Q1 = {(u,v) € dom(L)\ Ker(L)|L(x,v) = AN (u,v), 1 € (0,1)}
is bounded in Y.

Proof For (u,v) € Q, by L(u,v) = (L1u, Lov) = AN (4, v) = (AN1v, AN>u) and (¢, v) € dom(L),
we have

A t a— )\,F( - ) +1-o o—
u®) = s /0 (£ — )" (5, v(s), DL, v(s)) ds + <h1+#23it§“ )t !

ti<t

T —
+ (hz A AL - (ﬁ(a)@ ZBitf*q‘“> 22, (3.1)

ti<t ti<t
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DY, u(t) = F(a / (=) (5,1(5), D () ds
u(e) = %ﬂ) /0 t(t—s)ﬂ_lg(s, u(s), D, u(s)) ds + <h3 LB -p) G ;D £ ﬂ)tﬁ 1
I'(B-p) =B\ . p
(mm%cﬁ P_2 G ;Dit?pﬂ>tﬂ 2 (3.3)
Dv(t) = TG p)/ (t - )7 g(s,v(s), DY, u(s)) ds
+ (%hg + xZDﬁ*l““)tﬂPl. (3.4)

t<t

Since Nyv € Im(L;), Nou € Im(L,), then T1(N7v) = To(N1v) = 0, T3(Nou) = T4 (Nou) = 0
Then we can see, from the condition (Hj3), that there exist constants ey, e, e* € (0,1) such
that |u(t)| < My, |v(t)| < M, for &, € [eo, e.] and |Df, u(t)| < M,, |D‘g+v(t)| <M, for t* €
[e*,1]. So, we can see from (3.1) and (3.2) that

Fe-g) M, + 1 sup |f (& v(t), Dy v(t))| + Hle-g) Z | B[

| < T ()21 (@) repo) M) 2
= F(Fof;‘e;f’z,l 24 gy Sup V(60D v0)| + F(ﬁlw)q,) é'Bflt?”“ (3.5)
and
ol < M + ();E)Pl (6, 6), DL v(0) | + s + (;wn‘f” )
+§|A N2 F("‘( q)§|3|tq+2a
<M+ sup [f (¢, v(), Dy v(®))| + |/l

F( )teml

K s o Tla
Y AN+
i=1

1+ t). (3.6)

Then for t € [0,1] and u € dom(L,), we have

| D u(e)| ‘ /f s,v(s), Dfy.v(s)) ds + (@)l + Al (@ — q ZB tq“_a

ti<t

k

< [f (& v(®), Dyov(®))| + T(@) | + Tl - q) Y Bl ™

i=1

] F(a _'q)A42

e*a—q—l

<2[llgilloo + 1¥1llos - Ivglloc + Inilloo - | Dfev
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k
+20(@—q) ) |Bi|e"™

i=1
£2[ll@lloo + 1¥1llos - Ivgllpc + 171lloo - HD’S V| pe] + Ris 3.7)
1 +1-a
u(t)| < —— sup |f(t,v(t), D5, v(t))| + | |+ B[t + |l
euto)] < Mw G0 + Z
2—a q) q+2—a
+Z|A [7 () Z|Bi|ti
i=1
2I' (e — q)
<M o] oo *
=M+ g 2+r(a)[”¢1” + [ V1lleo - lIvgllec

k k
N — _
il 105w ] + 23 1+ DD 5 g gy
i=1 i=1

I'(«)
A 4
:m[”§01||oo+”w1”oo‘ lvgllpc + [71lloo - ”Dp 12 ]+R2. (3.8)
2
D4 )] = g 5 LIl + Wl Il + 11l - [DGsv] ]

k
+My+2) Bt
i=1

A

2
F(T_q)[ﬂsﬁlﬂoo +[Ynlloo - lvgllec + 111 lloo - HDISWHPC] +Rs. 3.9)

Similarly, for u € dom(L,), we have that
|D§+_1V(t)| 22[ll¢2lloo + 1¥2lloo - ltallpc + I1v2lloo - | Dfue]| 5] + RS (3.10)

[P v(e)] & lp2lle + I1¥2llos - Ittalloc + 1¥2lloo - | DGyt o] + Ros (3.11)

4
Tl
2
[D5-w0)] = gy Llealloe + 1Wallo - It + valloe - [P el o] + B 3:12)

Substitute (3.11) and (3.12) into (3.8), then we have

4
~~letlleo + @) 3 1Vl

( (ﬁ)[”§02”oo+”"//2”oo luellpc + 1¥2lloo - HD0+M||PC]+R')

Uy PC =
( )

4 2
+ m“)’l”oo(m[ﬂfﬂzﬂoo + 1¥alloo - ltallpc

+1alloe - |05 u] ] +Ré)

~ (16||w1||oo . 8[1¥1llso
F@)(B) T(a)(8-

+[172lleo - ||Dg+”||1>c]

p)>[||‘p2”oo + 1V2lloo - llttallpc

T )(||<p1||oo+||¢1||ooR + 1¥1llooR3)- (3.13)


http://www.boundaryvalueproblems.com/content/2013/1/80

Zhang et al. Boundary Value Problems 2013, 2013:80 Page 16 of 23
http://www.boundaryvalueproblems.com/content/2013/1/80

It means that

luallpc < A|Df |, + B,
similarly,

Ivsllec <A'|Dfov| o + B

Substituting the above two into (3.9) and (3.12), we can see that

1264l = Fr 5 (Wl + 1) - [ v
2
* o =g (1l + IWallB)Rs (3.14)
and
D 2 ,
1D5-vlc = 15— (192l + v2lloc) - [DFet]
2
+ m(”fﬂzﬂoo + |¥2llooB)Rj. (3.15)

From the condition (H,), (3.14) and (3.15) give that || DJ. u|| pc and || D). v||pc are bounded,
then || uy ||pc and ||vgl pc are also bounded. Thus, by the definition of the normon Y, |||y,
and ||v||y, are bounded. That is, ; is bounded in Y. O

Lemma 3.2 Suppose that the condition (H3) holds. Then the set
Qy = {(u,v)|(u,v) € Ker(L), N (u,v) € Im(L) }
is bounded in Y.

Proof For (u,v) € Ker(L), we have that (u,v) = (%! + hot*72, hatP ™' + hytP~2), where h,
i€{1,2,3,4}. Since N(u,v) € Im(L), so we have

TlNl(hgtﬂ_l + h4tﬁ_2) — Tle(h?,tﬂ_l + h4tﬂ_2) -0
and
T3N2(h1t“*1 + h2ta72) =TyN, (hlt"‘*l + hztorz) =0.

From (H3), there exist positive constants M', M", ey, €, ¢’ such that for ¢’ € [¢/,1],

')

’Dg+u(t/)’ = F(a q)

I |£* 1 < M,

which means that |/;| < %. And for ¢’ € [eg, €"],

’M(t”)’ — |h1t//a—1 + hzt//a—Z‘ SM//,
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which means that || = [u(t”)t">* + Int"| < |u(t")| + |h| < M” + |h1]. So, we can see that
for t € [0,1],

|t2_"‘u(t)| = |t + ho| < ||+ hol,

G
Ta—g ™

DG u()] =

The above two arguments imply that ||y, is bounded. In the same way, |v|y, is bounded.
Thus, €2, is bounded in Y. O

Lemma 3.3 The set
Q3 = {(u,v) € Ker(L)|1J (1, v) + (1 = L)OQN (1, v) = (0,0,...,0), 1 € [0,1]}

is bounded in Y, where ] : Ker(L) — Im(Q) is the linear isomorphism given by

](hlta_l + h2 ta_z

o1

) _ (Uuhl —onh . (—o13h1 + o1ah)t 0 0)
01 b PR ] bl

](hgt’s’l + hﬂ,sfz) _ (Uzlhs — 092hy N (—oa3hs + 024h4)t,0,...,0>
03 o))

and

1, if(Hs) (1) hold,
21, if (Ha) (2) hold.

9 =

Proof For (u,v) € Ker(L), set u* = it + hyt®2, v* = hgtP~! + hyt?=2, then A (u,v) + (1 -
A)OQN (u,v) =(0,0,...,0) implies that

A(h1,0,...,0) + (1= VWOTIN (v) = (0,0,...,0), (3.16)
A(h,0,...,0) + (1 - A)9T2N1(v*)= .,0), (3.17)
Mhs3,0,...,0) + (1 - MO TiN> (1*) = (0,0, ..., 0), (3.18)
A(h4,0,...,0) + (1 - A)QTzNz(u*)z .,0). (3.19)

From (3.16) and (3.17), we have

AMH +13,0,...,0) + A= MO[ I TiNi (VF) + ha TN (V)] = (0,0,....,0),
the condition (Hy) gives that

A} +13) =—(1-1)0s <0,
where

s, if (Ha) (1) hold,
s3, if (Ha) (2) hold,

Page 17 of 23
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which is a contradiction. As a result, there exist positive constants g1, g, such that |/ < g,
|3 < g>. Similarly, from (3.18)-(3.19) and the second part of (1) or (2) of (Hy), there exist
two positive constants g3, g4 such that |13 < g3, |h4| < g4. It follows that [|u*[ly;, V¥,
are bounded, that is, 3 is bounded in Y. O

Theorem 3.1 Suppose that (H;)-(Hy) hold. Then the problem (1.1) has at least one solution
inY.

Proof Let Q2 be abounded open set of Y such that U,il Q; C Q. 1t follows from Lemma 2.2
that N is L-compact on Q. By means of above Lemmas 3.1-3.3, one obtains that
() L(u,v) # AN (u,v) for every ((u,v), 1) € [(dom(L)\ Ker(L)) N 3£2] x (0,1);
(i) N(u,v) ¢ Im(L) for every (u,v) € Ker(L) N 2.
Then we need only to prove
(ili) deg(QNker), 2 NKer(L),(0,0,...,0)) #O0.
Take

H(u,v,A) = £A] + (1 = A)N(u,v).

According to Lemma 3.3, we know H((u,v),A) # (0,0,...,0) for all («,v) € 32 N Ker(L).
Thus, the homotopy invariance property of degree theory gives that
deg(QN [ker(z), 2 NKer(L), (0,0, ...,0)) = deg(H(-,0), 2 N Ker(L), (0,0,...,0))
= deg(H(-,1), 2 NKer(L),(0,0,...,0))
= deg(+/, 2 NKer(L),(0,0,...,0)) #0.

Then, by Theorem 2.1, L(u,v) = N(u,v) has at least one solution in dom(L) N ©, i.e., the
problem (1.1) has at least one solution in Y, which completes the proof. d

4 An example
Example 4.1 Consider the following boundary value problem for coupled systems of im-
pulsive fractional differential equations:

D(%u(t) = f (¢, v(¢), é v(¢)), D§+V(t)=g(t,u(t) D% (t)) 0<t<l;
Au(@) = A ((3), Dgv(3)), AD;fau( )= B2 )D&v( );
(%) Ci(u ( 2), D u(3)), ADwv( ) = Dy (u(3), 0+u( )i (4.1)
D3,u(0) = 3D u(}) 2D u(}),  u(t) = —v/5u() + 2¢/3u(b)
D v0) = 4D, v(1) -3D&v(L), (1) =-3(2)3v(d) +4(d)5u(d),
where
—0 + —tarctany, telo, é],lyl >1;
)&1—(*).1 + %tys’ te [O: %]7|y| <1
flexy) =154, te(l, 1L

_+1+_\/_x, tE(%71]1|x|§1’
tx, te (%11]r|x| >1,
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B3y ref0,b >

B 3yt re(0,b] <1
gltx,y) = 221, re L1y

Bl oy Li3ad, te (L) Inl <1

Lol L3y, te(31Lx>1,

and

Av3) = = sinz+ — arct Bi(x9) = = sinx + — arct
X, = —Sinx + — arctany, X, = —Sinx + — arctany,
WY=50 40 4 Y= 40 25 4

1 1 1 1

S8+ 15 arccoty, Dy(x,y) = — cosx + 300 arccoty.

Ci(x,y) = =
1%, 9) 160

= %CO

Due to the coupled problem (1.1), we have that o = %, B = %,p = %, q= i, ay =3,ay = -2,
bi=-5by=6,c1=4,c,=-3,dy=-3,dy =4 &=L, & =M= m=50=3 =4
91 = %, 92 = % ObViOl.lSly, ay +ady = bl + bg =C t+C = dl + dz =1and bml + bz?’)z = d101 +
d,0, = 1. By direct calculation, we obtain that

736 1 16

on = 2o on == 013 = 1o o014 =0, 01 = 011014 — 013012 7 0;
99 11 1

021—504, 023 = 800’ 023—4,
1

02 = —, 09 = 021094 — 023092 7 0.

20

It is easy to see that

[f (6%, 9)| < @] + [y @) - 1l + [1(D)] - 1y,

gt.2,9)| < |e200] + 7P |20 - Ixl + [12(8)] - Iy,

where
8+1 0, tel0,i]; 2t tel0,L];
1= Y (t) = . . 3 ne =4 . 6
27 te(g,l], , te(g,l],
2+1 0, tel0,i]; 3t telo,i];
$2= 0 Ya(t) = ) . > ZIOER i . >
%; te(irl]; O, te(g,l]
S _ 1 _ 1 _1 3 And
0, [V1lloo = 575 IMlloo = 725 1¥2llee = 555 1V2lleo = 155+ An
16| Y1 [l ol P21l 00 s 8lrilloollralloc 1 . 1
I'(a)T'(B) F'(@)T(B -p) 30F(%)F(%) 107TF(%)F(%)
=0.0808362 <1,
16[Y1llcll¥2lloe  8lly2llocllYilloo 1 1

"T@T@-q 30rG)rE)  100r@re)
=0.0544752 < 1,

T()I'(B)
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4 A’ A
m(”lblﬂoo + 17 lloe) (1¥2lleA + [172]l00)

=0.0124261 <1,

where A = 0.0527672, A’ = 0.0110034. Thus, the condition (H,) holds.
Taking M; =1, for any v e dom(L,), assume that |D . v(t)] > 1 holds for any ¢t € [i2 %].
Ingu/(t) >1,te [12, 6] then

Thus either D& v(t) >1or D0+v(t) <-1foranyte [12, 6]

m

Zal(/ (s, v(s), D0+ v(s)) ds + T'(c — q) ZB tq+1 a)

= ti<§i

B/l 3 §/s2+1 3 /41
2/ - =5 ds+/ + =5 ds—Zf ds
0 10 4 L 10 8 L 10

=0.00116464 > 0.

If Do+v(t) < -1, ¢t € [ﬁ, %], then

i”‘(/ s, v(s), DO+ v(s)) ds+T(a—q) ZB tq+1 a)

= ti<§i

Bgyl 3 f(+1 3 P81
5[ + —s ds+/ — =5 ds—Z/ ds
0 10 4 L 10 8 L 10

=-0.00143953 < 0.

1
Slmllarly, assume that |D0+v( )| > 1 holds for any ¢ € [10, 1]. Thus either Dg.v(t) > 1 or
() <-1foranyte [i0 é] IfD0+V(t) >1,te [10’ 1], then

m

ch(/ s,u(s), D +u(s)) ds+T(B —p)ZDitf“_ﬁ)

i= <&

1 1 1
0/s2+1 3 5(s2+1 3 1/s2+1
2/ s - —s ds+/ 5T + —s ds—S/ 5T ds
0 40 20 5 40 20 L 40

=0.00262604 > 0.

Ing+v(t)< -1, t €[5, £, then

m

ch(f (s, uls), D0+u( ))ds+F(ﬁ—p)ZD,-tf“_ﬂ)

i= <&

o241 3 5/s2+1 3 T/241
5/ + —s ds+/ - —s ds—B/ ds
s \ 40 20 1740 " 20 1\ 740

=-0.000373958 < 0.

So, from the above arguments, the first part of the condition (Hs) is true for M; =1, ¢ €

[12 6
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Taking My, = 16, assume that |v| > 16 holds forany ¢ € [%, 1]. Then eitherv>16 orv < —-16

fort e [%,1]. Ifv>16forte [%,1], then

1 1 " ni 1
/0 1- s)“_lf(s, v(s), D v(s)) ds — Z bin™ /0 (n; - s)“‘lf(s, v(s), DG v(s)) ds
i=1

+ () Zb ZAt2°‘+F(a q) Zb,n, ZthH“

i=1 ni<t;<l ni<ti<l

Mo - q)Zb Z Bt

ni<ti<l

> 0.194319 - 0.06725 = 0.127069 > 0.

Ifv<-16forte [%,1], then

1 i 1
/ 1- s)"‘*lf(s, V(s),D . v(s)) ds — Z bin?~ /n (i — S)a,1f(s, v(s), D&, v(s)) ds
0 0

m
a)z Z St +T(a—gq Zb,n, Z a),t'“1 “
i=1 ni<t;<l n;<t;<l
m
_F(O[—q)Zbi Z with+2—a

i=1 n;<t;<1

<-0.106389 + 0.06725 = -0.039139 < 0.

By the same way, taking Mo, = 10/+/3, assume that |u(£)| > M, holds for any ¢ € [%,

Then either v >10//3 or v < —-10/Y/3 for t € [%,1]. Ifv>10/4/3 for ¢ € [1,1], then

1 1 m 0; 1
/ (1-5)"g(s, u(s), D¢ u(s)) ds — Z d,»@l.z_ﬁ / (6; — )P (s, u(s), D u(s)) ds
0 = 0

+F(,B)Zd Y Gt +T(B- p)Zd,m > Dt

i=1 0;<ti<l 0;<ti<l
m
2—
-I'(B —P)Zdt Z DA
i=1 0;<ti<l

> 0.0703184 — 0.0120714 = 0.058247 > 0.

Ifv>10/Y3fort e [%,1], then

1 1 m 0; 1
/ (1—s)ﬁ’lg(s,u(s),D(‘;u(s))ds—Zdiéiz_ﬂ / (6: — )P g (s, u(s), Dds u(s)) ds
0 i=1 0

id Y G- p)de,ZDt”“ﬂ

i=1 0;<ti<l 0;<ti<l

-T(B —P)idi Z Diffﬂ_ﬁ

i=1 0;<ti<l

<-0.0231755 + 0.0120714 = —0.0111041 < 0.

1].
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So, from the above arguments, the second part of the condition (Hsz) holds for M, =
max{Ma1, Mas} =16, ¢ € [1,1].

On the other hand, for (u*,v*) = (h1t*™" + hyt*2, hytP~! + hyt?~2) € Ker(L), taking g = 8,
assume that /1; < =8, i =1,2,3,4, then hst?! + hatP~2 < 16 for t € [%,1], Mt 4 byt ? <
—;—\% fort e [%,1]. And D(‘)liu* <-1forte [%, %], Doau* <-1forte [ﬁ, %
see, from the above arguments, that T1N1v* = (11, 0,...,0), ToNyv* = (r3,0,...,0), T1Nou* =
(r3,0,...,0), ToNou* = (r4,0,...,0), where r; < 0, i = 1,2, 3,4. Thus,

]. Then we can

hl T1N1 (hgtﬂ_l + h4tﬂ_2) + h2T2N1 (hgtﬂ_l + h4tﬂ_2) = (Sl, o,..., O),

h3 TN, (/’lll’a_l + hzta_z) + hy To N, (hlta_l + hzta_Z) =(s5,0,...,0),

where s; > 0, 55 > 0. So, the condition (Hy) holds. Hence, from Theorem 3.1, the coupled
1

1 1
problem (4.1) has at least one solution in {u% ,Dg.u € PC[0,1]} x {V%,Dgw € PC[0,1]}.
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