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1 Introduction
In this work, we consider the following non-local reaction diffusion problem with time

dependent coefficient under the Dirichlet boundary condition

up=Au+ [ouPdx—k(t)ul, x=(x1,%,...,%\v) € 2t € (0,t%),
ulx,t)=0, xe€dQ,te(0,t%), (1.1)
u(x,0) = up(x) >0, x€,

where  C RN is a bounded domain with a smooth boundary 9%, A is the Laplace op-
erator, and t* is the possible blow-up time. By the maximum principle, it follows that
u(x,t) > 0 in the time interval of existence. The coefficient k(¢) is assumed to be non-
negative. The particular case of k = const of problem (1.1) has already been investigated
by many authors, in [1, 2], they studied the question of blow-up for the solution, and in
[3-5], they derived lower bounds for blow-up time under different boundary conditions.
To deal with problem (1.1) with time dependent coefficient, we make the assumption on
the parameters p and ¢, thatis,p=¢g > 1.

The motivation of this article comes from the work of Payne and Philippin in [6], where

they investigated the blow-up phenomena of the solution of the following problem

ur = Au+k(t)f(u), x=(,...,xn) € 2,t e (0,8%),
ulx,t)=0, xe€0L, (1.2)
u(x,0) =uo(x), x€,
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where Q is a bounded sufficiently smooth domain in R¥, N > 2, and the coefficient k(z) is
assumed nonnegative or strictly positive depending on the situation.

In next, we employ a method used by Kaplan in [7] to obtain a condition, which leads
to blow-up at some finite time and also leads to an upper bound for the blow-up time. In
Section 3, we derive the condition on the data of problem (1.1) sufficient to guarantee the

global existence of u(x, £).

2 Conditions for blow-up in finite time t*
Let A; be the first eigenvalue, and let ¢; be the associated eigenfunction of the Dirichlet-
Laplace operator defined as

Apy = - d1, ¢1>0,x€Q; ¢ =0,x€0Q, (2.1)

/ prdx=1. (2.2)
Q

Let the auxiliary function 7(t)

0() = (1] - k() 1 /Q upy dx 2.3)

defined in (0, t*), where u(x, ¢) is the solution of (1.1) and g > 1.
We assume that for all ¢ € (0, t*),

—k'(2)
|2] > k(2) > 0, miﬁ; I&%‘¢1|Q|§L (2.4)
for some constant 8, and
yi=n -2 25)
qg-1

We deduce from (2.4) and (2.5) that

n(t) > %n(t) + (1% —k(t))ﬁ /Qd)l[Au +/Ququ—k(t)uq] dx

1

- Ql-k@O) 7 ( | uldx-k a4

yn(®) + (191 k(0)) (/Qu . (t)/ﬂqﬁlu x)

> (t>+(|sz|—k<t))qll(<%—k<t)>/¢uqu>

= maxyeq P1 Q !

> _yn() + (121 - k() /Q uus dx. 2.6)

Furthermore, using (2.2) and Holder’s inequality, we get

/g;qﬁludx < (/Q o1 dx)q. (2.7)

Combining (2.6) and (2.7), we get

n'(t) = —yn(t) + n'(t), te(0,t). (2.8)
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By integrating (2.8), we get

(@) = Lyeralr 4 1,y 70,

0N+ (1 -q)t, y = 0. (2.9)

() < O() =

If ©(T}) = 0 for some T > 0, then n(¢) blows up at time ¢t* < T}. This result is summarized
in the following theorem.

Theorem 1 Let u(x,t) be the solution of problem (1.1). Then the auxiliary function n(t)
defined in (2.3) blows up at time t* < Ty with

1 _ 1 , 1-q
y(g-1) log( y((n(o))lfq_%)) if0<y®(0) <1,

T, = (2.10)

1 .
@07 ify 0.

3 Condition for global existence
In this section, our argument makes use of the following Sobolev-type inequality

1/4 3/4 2'3—3/4
(/ Vo dx) < F(/ |Vv|2dx) , I'= , (3.1)
Q Q T

valid in R® for a nonnegative function v that vanishes on <. In this section, our results
restricted to R for proof of (3.1), see [8].
We consider the auxiliary function o (¢) defined as

o (1) := M7 (|1 - k(1) / u* PV dx, te(0,t%), (3.2)
Q
with
M := (19| - k(0))™" / u"™ dy, (3.3)
Q

we assume that for all ¢ € (0, t¥),

—Kk'(¢)
|Q|>k(t)>0, m<ﬂ, (34)

for some constant S. In (3.2)-(3.3), n is subjected to restrictions
3
nlg-1)>1, n> z (3.5)
For convenience, we set
v(x, £) = @Y, (3.6)

and compute

-k'(2)
Q| - k(2)

x / ua-n-1 |:Au + / uldx — k(t)uq] dx (3.7)
Q Q

o'(t) = 2n o (t) + 2n(qg - )M (1] - k(1))
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with

2 1)-1
/uz"(q_l)_lAudx:— mg-1) - /IV |2 dx,
Q n*(q-1)°

due to (3.4), we obtain

o’(t) < 2nBo () - %(m — k(@) M /Q |Vv|* dx

+2n(q—1)M‘1(|Q|—k(t))zn[lmf vz*%dx—k(t)/ v2+%dx]
Q Q

= 2nfo(t) - %(m —/<(t))2”M-1/Q |Vv|* dx

+2n(g - DM (1Q] - k(t))znﬂ / Vi dx.
Q

By using Holder’s inequality,

. (4n-1)/4n 1/4n
/v2+ﬁdx§<f vzdx> </ v6dx> ,
Q Q Q

and Sobolev-type inequality (3.1), we obtain

(12 - k()" / V2 dx

Q

(4n-1)/4n 3/4n
5(|sz|—k(t))2”“(/ vzdx) (/ |Vv|2dx> i
Q Q

3/4n
_ Fl/nM(4n—1)/4nO_(4n—1)/4n ((|Q| _ k(t))2n+1/ |VV|2 dx) ’
Q

where T is defined in (3.1). Joining (3.11) and (3.9), we obtain

o'(t)

202n(g-1) -1]
ng-1)

3/4n
+ 2n(q — )TV Y27 n-Diam <M‘1(|Q| 3 k(t))z"/ IV dx)
Q

<2nBo(t) - (el - k(t)f”/Q V|2 dx

3/4n
=2nBo(t) +2n (A‘lM‘1(|Q| - k(t))"’” / |Vv|? dx)
Q

2[2n(g -1) -1]
n*(q-1)

(4n-3)/4n
x A<M1(|Q| - k(t))Zn)Fl/ |Vy)? dx) }
Q

X {)L3/4n(q _ 1)1—*1/%0_(4}'1*1)/4711\41/271 _

with arbitrary A # 0. Choosing A := A;, the first eigenvalue of problem (2.1), we have

/|Vv|2dxzk1/ v dx,
Q Q

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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by the Rayleigh principle. By using (3.13) in the last factor of (3.12), we obtain

3/4n
o'(t) <2nBo(t) + 2n<k1_lM_1(|Q| - k(t))znf |Vv|? dx)
Q
2[2n(g-1) - 1]
n*(g-1)
= 2nBo () + 2n0 (" x o (™" wo ()" — (u + )}, (3.14)

x {)\13/4n(q _ l)rllno_(t)(4n—1)/4an/2n _ )\10’(t)(4n3)/4n}

with

_ 2[2n(g —1) - 1]

= A13/4n(q _ l)Fl/an/Zn, A — ﬂ (315)
n*(q-1)
Suppose that 8 is small enough to satisfy the condition
un>0, (3.16)

and that initial data is small enough to satisfy the condition
w—u<0. (3.17)

Then either w(o (£))?" — u remains negative for all time, or there exists a first time ¢, such
that

(o)™ - =0. (3.18)
Then we obtain the differential inequality
o'(t) < 2n0 () {w(0(8) ™" - n} <0, te(0,1). (3.19)

Integrating this differential inequality, we obtain

—2n
o@)s{(l—f)d“+9} . t>0. (3.20)
m n

This result is summarized in the next theorem.

Theorem 2 Let Q be a bounded domain in R®, and assume that the data of problem (1.1)
satisfy conditions (3.4), (3.16), (3.17). Then the auxiliary function o (t) defined in (3.2) sat-
isfies (3.20), and u(x, t) exists for all time t > 0.
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