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Abstract

In this paper, we consider a kind of Sturm-Liouville boundary value problems with
impulsive effects. By using the mountain pass theorem and Ekeland’s variational
principle, the existence of two positive solutions and two negative solutions is
established. Moreover, we do not assume that the nonlinearity satisfies the
well-known AR-condition.
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1 Introduction
Impulsive effects exist widely in many evolution processes, in which their states are
changed abruptly at a certain moment of time. Impulsive differential equations have be-
come more important in recent years in mathematical models of real processes and phe-
nomena studied in control theory [1, 2], population dynamics and biotechnology [3, 4],
physics and mechanics problems [5]. There has been a significant development in the area
of impulsive differential equations with fixed moments. We refer the reader to [6, 7] and
the references therein. Fixed-point theorems in cones [8-10] and the method of lower
and upper solutions with monotone iterative technique [11-13], have been used to study
impulsive differential equations.

Moreover, the Sturm-Liouville boundary value problems (for short BVPs) have received
a lot of attention. Many works have been carried out to discuss the existence of at least
one solution, multiple solutions. The methods used therein mainly depend on the Leray-
Schauder continuation theorem, Mawhin’s continuation theorem. Since it is very difficult
to give the corresponding Euler functional for Sturm-Liouville BVPs and verify the exis-
tence of the critical points for the Euler functional, few people consider the existence of
solutions for Sturm-Liouville BVPs by critical point theory, and many works considered
the existence of solutions for Dirichlet BVPs [14]. Recently, few researchers have used
variational methods to study the existence of solutions for impulsive differential equa-
tions with Dirichlet boundary conditions [15, 16]. In [17], by mountain pass theorem,
Tian and Ge considered the existence of positive solutions of a kind of Sturm-Liouville
boundary value problems with impulsive effects. The authors require that the nonlinear-
ity f(¢,x) : [0,1] x [0, +00) — [0, +00) and f (£, 0) # 0. They have not obtained the existence
of both positive solutions and negative solutions.
© 2013 Zhang et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.boundaryvalueproblems.com/content/2013/1/192
mailto:amy_zhangli@sina.com
http://creativecommons.org/licenses/by/2.0

Zhang et al. Boundary Value Problems 2013, 2013:192 Page 2 of 14
http://www.boundaryvalueproblems.com/content/2013/1/192

Based on the knowledge mentioned above, in this paper, we consider the constant-sign
solutions of the following BVP

—(p(x' () = —a(t)p,(x(t)) +f(t,x(t)), ae.tel0,1t#t,....tk
-A¢, (X' (8) = Lix(ty), i=12,...,k

(1.1)
o1x(0) — apx’(0) = 0,
Bix(1) + Box'(1) = 0,
where p > 1, ¢,(x) = |x[P2%, a1, B1 = 0, 02, B0 >0, 0 =ty <l < -+ <t < trg1 = 1,

AP, (1)) = dp(x (7)) — ¢p(x/(£;)). Here x'(¢]) and & (¢;) denote the right and left limits,
respectively. Assume that F(t,x) = f: f(t,s)ds, f(t,x) is continuous, I;(x) is continuous on
R i=1,...,k a(t) € C([0,1], (0, +00)).

Ambrosetti and Rabinowitz [18] established the existence of nontrival solutions for
Dirichlet problems under the well-known Ambrosetti-Rabinowitz condition: there exist
some u >2 and R > 0 such that

0<u /0 ’ f(t,s)ds <f(t,x)x (1.2)

forallt € [0, T] and |x| > R. Since then, the AR-condition has been used extensively. By the
usual AR-condition, it is easy to show that the Euler-Lagrange functional associated with
the system has the mountain pass geometry, and the Palais-Smale sequence is bounded.
For example, in [16, 17], based on (1.2), the authors considered the boundary value prob-
lems with impulsive effects.

In this paper, we study the existence of constant-sign solutions of BVP (1.1) without the
AR-condition. The paper is organized as follows. In the forthcoming section, we give the
Euler functional of BVP (1.1) and some basic lemmas. The aim of Section 3 is to prove
the existence of at least two positive solutions of BVP (1.1) based on the mountain pass
theorem and Ekeland’s variational principle. At last, we give some results of the existence

of at least two negative solutions.

2 Preliminary
The Sobolev space W'*[0,1] is defined by

wtr[0,1] = {x: [0,1] — R | x is absolutely continuous and x" € L”(O,I;R)}

and is endowed with the norm

1 1 1%
||x||=< /O lx(0)[” dt + /0 |x’(r)|"dt> .

Then, from [19], W?[0,1] is a sparable and reflexive Banach space.

Definition 2.1 We say that x is a classical solution of BVP (1.1) if it satisfies the equation
of BVP (1.1) a.e. on [0,1], the limits x'(]") and x'(¢7), i = 1,2,...,k, exist and the Sturm-
Liouville boundary conditions hold.
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However, if x € W1[0, 1], then x is absolutely continuous and x” € L7[0, 1]. In this case,
the one-sided derivatives «x'(t]), x'(t;) may not exist. As a consequence, we need to intro-

duce a different concept of solution.

Definition 2.2 We say that x € W'?[0,1] is a weak solution of BVP (1.1) if it satisfies

1 1
/ a(t)p,(x)ydt +/ cpp(x/)y/ dt
0 0

a; B2

1 k
- [ Aesyaee Y nepe o, (22 por-a,( 0y e
i=1

for y € W[0,1].
Consider ¢ : W'#[0,1] — R defined by
1 1 1 1 1
p(x) = _/ a(t)lxl? dt + —/ |x/|pdt—/ F(t,x)dt

pJo pJo 0
k x(t;) 1 a 1

- Z/ L(t)dt + —¢p<—1> lx(0)]” + —¢p<ﬁ) lx@)]”. (2.2)
' Jo p T\ p "\ B

It is clear ¢ is continuously differentiable on wb»[0,1] and by computation, one has

1 1 1 k
((p/(x),y) = /(; a(t)py(x)ydt + /0 ¢p(x’)y/ dt _/0 f(t,x)ydt - ;Ii(x(ti))y(t;)

+, (“1:20) ) $(0) + ¢p<ﬁ 1;(1) > y@), xye w[0,1]. (2.3)

2

Hence, a critical point of ¢ gives us a weak solution of BVP (1.1).

Lemma 2.1 [20] There exists a positive constant c, such that

Cp|x —J’|p, [9 = 2;

-yl
P (x| +]y)2>’

(167 2% = 1yl 2y, — y) > (2.4)

l<p<2

for any x,y € RN, |x| + |y| #0. Here, (x,y) =x - yT.
For x € C[0,1], suppose that [|x co = max;ejoq |%(2)], [%]s = mingepo ||
Lemma 2.2 Ifx € W'(0,1], then, ||x|lco < 2||.
Lemma 2.3 [17] For x € X, let x* = max{=x, 0}, then, the following properties hold:
(i) xeX=a"x €X;

(ii) w=at —u~;

(i) Nt llx < llxllx;

Page 3 of 14
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(iv) if (Xu)nen uniformly converges to x in C([0,1]), then, (x;),en uniformly converges
to x*;

(Vi) @p()x™ =[x 1P, dpla)x™ = —[x |

In the following, let H be a Banach space, let ¢ be continuously differentiable, and we
state (C) condition [21].

(C) Every sequence (x,)nen C H such that the following conditions hold:

(i) (@(x1))nen is bounded,
(i) @+ [1%ullz)ll@"Gn)llr+ — 0 as m— 00
has a subsequence, which converges strongly in H.

This condition is weaker than the usual Palais-Smale condition, but can be used in place
of it when constructing deformations of sublevel sets via negative pseudo-gradient flows,
and, therefore, also in minimax theorems such as the mountain pass lemma and the saddle
point theorem.

Lemma 2.4 Ifx(t) € W'?[0,1] is a weak solution of BVP (1.1), then x(t) is a classical solu-
tion of BVP (1.1).

Proof The proof of this lemma is similar to that of [22]. For the sake of completeness, we
give a simple proof here.
Choose y € Wé’p[O, 1] with y(¢) = O for every ¢t € [0, ;] U [£;11,1], then

tiv1

/p " a(t)py(x)y dt — f(t,x)ydt - /t - (¢p (x’))/y dt=0

17

Whence, by the fundamental lemma,

(0 (¥ @) = —aOpx) +f(t,x), ae.t e[ty ti].

Hence, x € W (t;, £;,1), that s, &/ (£]), «'(¢7,,) exist, and « satisfies the equation of BVP (1.1)
a.e. on [0,1]. Moreover,

1 k tiyl
[ awpa=3 [T o)
i=0 “H

k

_ Z[qbp(x’(t;l))y(tm) — (o (£))9(t) - /t ")y dt]
= = (%(0))y(0) + ¢ (x' (1)) y(1) - Xk: ) = (% (£7)))9(8)

i=1

- [ @ty

k
=~ (' (0))7(0) + (¥ W))y(1) = Y~ Aghy (' (1)) y(8:)

i=1

- [ @ yya
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Now multiplying the equation by y € W'#[0,1] and integrating between 0 and 1, together
with (2.1), we get

- (qsp(“l;‘io)) — 4, (x’(O)))y(O) ¥ <¢p<ﬂ 1;2(1)) ¥ ¢p(x'<1>)>y(1)

k

= (A (¥ (1) + Li(x(8:)))y(8:)- (2.5)

i=1

Assume that y(t) =t(t - I)H]k 1H,l(t — ), then, y(t;) # 0 and —A¢,(x'(t;)) = I(x(t;)) (i # 0,

k+1).Leti=1,...,k, we arrive x satisfies the impulsive condition and
1

(d)l’(al;ci )> ¢p( /(0))>J’(0) + <¢p<ﬁ1;2( )> + ¢p(x'(1)))y(1) (2.6)

by (2.5). Let y(¢) = ¢t — 1, then, ¢p(a1§20)) (%' (0)), that is, alx ~ %/(0). Let y(¢) = ¢, then,

¢p(ﬂ1x Uy = —¢,(x' (1)), that is, ﬁlg(l —«'(1). Hence, x is a solut1on of BVP (L.1). O

3 Existence of constant-sign solutions

Assume that H(t,x) = xf (¢,x) — pF(t, %), Gi(x) = [;(x)x — p f(f I(¢)dt, f(¢,0) =0 a.e.on [0,1],
f(t,x) >0fora.e.t € [0,1] and x > 0; f(t,x) < 0 fora.e.t € [0,1] and x < 0; [;(0) = 0, [;(x) >
0 forx >0, I;(x) <0 forx <0,i=1,2,...,k. Define x* = max{%x, 0}, f*(¢, x)—[ #=0

f(tx), x>0,
@)= {0, S Fx) = [ f*(65)ds,and

1 1 1 1 1
0. (x) = —/ a(t)|x|? dt + —/ |x’|pdt—/ F*(t,x)dt
PJo PJo 0

—Z/ t)dt + - ¢p< 2>|x( |+ ¢p<§;>{ . 3.1)

It is obvious that ¢, is continuously differentiable and f*(t,x) = f(t,x%), I} (x) = L;(x™),
i=1,2,... k.

Lemma 3.1 Assume that

(A1) L(x)<bj+cx™ L b,c;>0,x>0,T1>p,i=12,...,k
(Ay) there exits a constant ag > 0 such that fora.e.t € [0,1],0 <x <y, H(t,x) < H(t,y) + ao,
Gix) < Gi(y) +ap,i=1,2,...,k

(As) lim, 0o L% = 100 for t € 0,1].

Then, ¢, satisfies (C) condition.
Remark 3.1 Let

0, x<0,
ft,x) = { ex?(In(1 + #”) + 1 —sinw?), 0<x<1,

cx’1(n(l +x?) +1-sinl), 1l<ux.

Then, f(t,x) satisfies (A1)-(As). However, it does not satisfy the AR-condition while x is
large.
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Remark 3.2 The condition of H(¢,x) < H(t,y) + ap for ap > 0,0 <x <y, a.e. t €[0,1],is
weaker than the following condition:
there is xo > 0 such that H(¢, x) is increasing in x > xg > 0,

which is equivalent to the condition:
[6x)
X

is increasing in x > xg > 0.
Proof Let (x,)u>1 C W1r[0,1] be a sequence such that
’(p+(xn)‘ =q (1 + ”an) ”‘p;(xn)”(wl,p)* — 0, asn— oo (3.2)
In order to prove that (x,),>1 is bounded in W0, 1], there are several steps.
Step 1. (x;,)nen € W?[0,1] is bounded.
From (3.2), for € > 0, one has
’((p+ X)), >’ <e, wue W[0,1]. (3.3)
We know that x;, is an absolutely continuous function on [0,1], and so, the fundamental

theorem of calculus ensures the existence of a set Ey C [0, 1] such that meas([0,1] \ Ep) =0

and x;, is differentiable on Ey, then, let u = —x;,

> [(l G, =, )|

1 1 1
- ’_/ a(t)¢>p(xn)x;dt+/ ¢p(x’n)(—x;)/dt+/ St x,)x, dt
0 0 0

+Z[+ 1) (8) - @(““”2(0)) ;(0)—¢p(ﬁl’;’“(”> 1)‘

=/0 O y%z”/y VP dt+ ¢p( )yx (0) yp+¢,,(§l>\x VG

> minf (0], 1}l 0 (2 )b+, (51 o

Then, (x;,),ex C W?[0,1] is bounded.
Step 2. (x)),en € W'?[0,1] is bounded.

Suppose that ||} || — oo as n — 0. Set y, = for all n > 1. Obviously, ||y,|| =1, that

IIx I
is, (u)nen is a bounded sequence in W2[0,1]. Going to a subsequence if necessary, we

may assume that
Yy, —y in W[0,1], y, —y in C[0,1]. (3.4)

It is clear that y > 0 and from the inequality [{¢} (x,),x})| < I, ()| wrey - llxgll <
@, )| (wrpy - %all — O as n — oo, there exists a sequence (&,)nen, &4 > 0 and &, — 0

as 1 — oo such that

(@) (xu),x})| <eu for large n.
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Hence,
k
(@ (%), ' / / ? (%)Y I (xn(t:)) (81)
_ al(t dt + dt — —— ~ dt- _
| Ik Qe | nlde- | e 4= 2
o\ % ()17 (ﬁ1>|x;(l)lp
+ — + —
¢‘“<a2) i P\ B ) T
< for large n. 3.5
= Tl 8 (35)

From ||y, =1,0 < fol |y.|P dt <1, one has

1
0< /0 a6yt dt < |a(o)] .

Moreover, ¢, (- 1) EaOF < 2¢,(2h), qbp( 1) P 2”(1)1,( L), and from (A;), one has

llo 12— llaze 12 =

k k k
Z T (e (8:))x (8:) Z bilx;5 ()| _ Z cilx (8)|°
||x+||p sl & e

i=1 i=

k

k
Z ||x+ |P 1 ZC,Hx; ”Fp — —00, asun— 0.
=1

i=1

Let [0,1], = {t € [0,1],§(¢) > 0}, then, x}(£) = +00 as n — oo for ¢ € [0,1],. By the hypoth-

esis,

flex®)

+o00, tel0,1],, asn— 0.
(;; ()P Sl

Let xu(2) = Xpxi501(8) = X(y,>0y(2), then, x,(6)y, () — xo, (®)y(¢)? for all ¢ € [0,1]. If
meas[0,1], > 0, then,

S ©)

Xn(t)yn(t)’”W +o00, te][0,1],, asn— oo.

Hence, by Fatou’s lemma,

1 + t: n n
S« ){ gt
o llxllP”

o Flt,20)
—_/0 xn(t)yn(t)’”W

dt — +00, asn— oo.

Then, from (3.5), we reach a contradiction, that is, meas[0,1], = 0. Since y > 0, we con-
clude that y(¢) = 0 for a.e. t € [0,1]. Then, y(¢) = 0 for ¢ € [0,1].
Assume that (¢,),>1 C [0,1] be such that

[ (t,,xn) max ¢, (tx )

te[0,1]

Fix an integer m > 1 and define

1
= 2ol ")y n=1, (3.6)
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1
2p|x, P . . .
that is, z,, = %x; Since ||x} || = o0, there exists an integer ny, for n > ny, one has

2 P
@l ”‘rx”' ‘I‘\ < 1. Whence,

(2 (tnx;) > ¢.4(zn)
1 1 1 1 1 k zn(t;)
= _/ a(t)|z,,|pdt+—/ |z;|”dt—/ F*(t,zn)dt—Z/ I (t)dt
pJo P Jo 0 1 YO
1
+—¢p(2)| z,0)[ + ¢p(§1>|zn(1)|”

p

1 1
= 2||x;'n||p(/(; a(t)ly,,lpdt+/0 |y;’pdt) —/0 F*(t,z,)dt

—Zf IF(e)dt + ¢( )In(0)|”+ ¢p<§l)|zn(1)|”
P » 1 d k zn(t;) d
> 2mi 1% ullf = | F'(t,2,)dt - I .
= 2minfla(0, "l - [ Fezpa- 3 [ nod

Since yn — 0 uniformly for ¢ € [0,1], then, z,(¢) — 0 uniformly for ¢ € [0,1],and z,(¢;) — O

fori= .,k as n — oo. Hence,
<p+(t,,x;) > 2min{‘a(t)|m,1} ”x;’n Hp, n>ng>nm.
Therefore, we have g, (£,x}) — 0o as m — o0. Since ¢, (x,) and (x,,),ey C W'[0,1] are

bounded, then, (¢, (x})),en C R is bounded. Together with ¢, (0) = 0, one has ¢, € (0,1)
for all # > 1. Then,

d +
0= t"(E% (txn)

)= 1o i) 1)

t=ty
1 1 1

= / a(t)y (Ent},) tuity, dt + / by ((tax)") (buxs) it — / (bt dt
0 0 0

k

_Z i (nx+(t )) nx+(t)+¢p( )‘t (0)‘17 +¢p(§1)‘tn +(1 ’
i=1
:t/ a(t)( dt+t1’/| )P dt - /f*ttx tudkyy dt

= I (tux (1) nx*(t)+¢p( >|tnx (0)|”+¢p(%)|tnx;(1)|”.

i=1

Moreover,

1 k
! / H(t,tyx}) dt + }7 D Giltux (1)
0 i=1

p

1! 1o
L / Sttty de + = 3 L6 () i (8)
PJo )
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tnx;(tt
/ (t,tax) dt - Z/ L(t)d

1 . @Y o
_ptP/ a(t)(x))” dt + - tl’/] | dt + (a2>/tnxn(0)|

k

1 B ( )p 1 J tnits; (&) Od
+ 2@ = )i = | FH (8,15} di - I (t)dt
P¢p(ﬂ2)| #0) ./o ( ) Z/o

i=1
=@, (tux;))

ZZmin{’a(t) , n>ng>m.

m’]'} ”x:rl 3

Since ¢, (x;) is bounded, there exists 1 > 0 such that

n = pe.(x,,) = (@ (), ;)

1 k 1 k x5 ()
_ /0 f*(t,xn)x,:dm;If(xn(m)x;(m—p /0 F*(t»x;)dt—zﬂ; fo I () de
1 k
- / Hbx) de+ > Gi(i(e).
0

i=1

Since 0 < t,x} <x, then,

1 k
(k+1ag +n > (k+1ag + / H(t,x;) dt + Z Gi(x;(t,))
0 i

k

> /(;1H(t, taxy) dt + ) Gyt (4)

i=1

> 2pmin{|a(t){m,1} ||x:n P nsng>m.

Since m > 1 is an arbitrary integer, let m — 00, we have a contradiction. This proves that

(x)uen € WP[0,1] is bounded.

From step 1 and step 2, we obtain that (x,).cn is bounded. Hence, we may assume that

X, —x in W[0,1], x, =« in C[0,1].
Moreover, for m,n € N, one has

(@) (%n) = @}, (o) 2% — 2m)

1

1
_ fo a0) (95 = Gy (o)) (o — )l + / (6,(()

0

1
- ¢p((xm)/))(x; - x/m) dt - /0 (,f+(t: xn) = (¢, xm)) (% — xm) dt

k

S0 (o 8) — () (08 — () + (qs,,(“““”‘o))

o
i=1 2

Page 9 of 14
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—@<mZmUyM@—MmD

<¢p (,len(l)> ¢p (,lem(l) )) (xn(l) — xm(l))
B2 P>

Since (%4)nen is a Cauchy sequence in C[0,1], [{¢] (xn) — @\ Xm), %n — %) | < (@} (x0)1 +

€, @) DU%nll + 1% ]1)s (Xn)nen is bounded in W'2[0,1], @) (x,) — 0, ¢/ (x,s) — O as
m,n — 00, one has (¢’ (x,) — ¢, (®m), %, — %) = 0 as m,n — oco. Moreover, f*(t,x) is
continuous in x, I/ (x) is continuous, x, — x uniformly in [0,1], whence, (@,(%’;(0)) -
p(22200)) (x,(0) - 2,,(0)) — 0, (¢,(22) — ¢, (B220)) 1, (1) — ,,(1)) — 0, and

1
/0 (0p(x),) — p(x),)) (%), —,) dt — 0, as n,m — oc. (3.7)

If p > 2, from Lemma 2.1, there exists a positive constant c, such that

1 1
| @) -0, -5 e, [ -, 6

If p <2, by Lemma 2.1, the Holder inequality and the boundedness of (x,),cn in
wr[0,1], one has

/M_%ym_/-_L_iL_nxppnﬁﬂw

(%3, ] + 167, 1)

2-p

Vo -« 5 22
f([lazx:@gﬁ;dﬁ (/(M|+M|)d0
1 L
<o ([ @) -5, dt) P
0

1 Ea
([l sy
0

! 14
<6 ([ ) -5 - ) 2
0

2-p
2

[N

X (1ull? + 1%m]l?) (3.9)
Then, we have fol |x, — %, [P dt — 0 as n,m — oo. Hence, ||x, — x,,|| — 0, that is, (x,,),en
is a Cauchy sequence in W'?[0,1]. By the completeness of W[0,1], one has that (x,,),cn
is a convergence sequence. O

Theorem 3.1 Assume that (A;)-(Az) and

(A4) f(trx) < bO(t) + CO(t)xr_l: x> Or bO(t):CO(t) S C([Or 1]! [07 +OO));

moﬁmmw%n—uﬁmmm+zLde—%mwmw+zgm¢¢>agz
( t(p-1)(Jg bo (O de+ YK, )
2’*1(1—19)(]0 colt dt+zl:1 )

,_|

hold, then, BVP (1.1) has at least one positive solution.


http://www.boundaryvalueproblems.com/content/2013/1/192

Zhang et al. Boundary Value Problems 2013, 2013:192 Page 11 of 14
http://www.boundaryvalueproblems.com/content/2013/1/192

Proof From (Ay), one has F*(t,x) < bo(£)x* + 22 (x )® and

1 /1 1 (1 1 k  palt)
0. (x) > —/ a(t)|x|”dt+—/ |x/|pdt—/ F*(t,x)dt—z‘/ I (¢)dt
P Jo pJo 0 i J0
1 1 1 1 1 1 1
> —/ a(t)|x|1’dt+—/ |«'|” dt - bo(t)|x|dt——/ co(t)|x|* dt
pJo PJo 0 T Jo
k k c:
= Zbi|x(ti)| - Z = !x(ti)lr
i=1 i=1 T
1 2'[ 1
min{lal 1617 20l [ bo(de~ I’ / colt)dt
0 0
k 9t k
=20l Y b= — el Y e
i=1 i=1
1
= (—min{mlm,l}— (/ bo(t)dt+Zb) [
p

i=1

T k
- ( /0 ot Zci) ||x||f-f’) . (3.10)

i=1

=

Let h(x) = 2(f0 by(t) dt + Zl bt 4+ Z (fo co(t) dt + Zl L €)x" P, then, lim,_, o+ h(x) =
lim,_, ;o /1(x) = +00. Hence, there exists x € (0, +00) such that 0 < /(x) = minye(o,+o0) /().
Obviously, 0 = /(%) = 2(1 - p)(fy bo(t)dt + Y1, b + 27 ZL ([ co(t) dt + 3k, c)x™ 71,

1
( T(p-1)(p bo(t)dr+ T 1b) ) 1. We infer that there exists an n' > 0 such that ¢, (x) >

then, ¥ = 2’*1(r—19)(f01 colt dt+Zl )
n' >0 for all x € {x € W[0,1], || x| = X}.

Moreover, choose x(¢) > 0, t € (0,1), x € W?[0,1], fol |x|? dt = 1. For, VN; > 0, there ex-
ists M > 0 such that f ”C > N for x > M. Choose Ny = ||by(t)||loo + llco(t)looMT L, one has

fH(E,x) > Npxp N2. Hence, Ft(t,x) > %lep — Nyx and

—('0+)(;;x) _p/ (t)lxlpdt+—/ %/ ]pdt——N1+ A / xdt + ¢p< )‘x(o)‘p

+ ¢>p< )I . (3.11)

@+ (Ax)
)LP

Hence, from the mountain pass theorem, we obtain xy € W'?[0,1], such that

Since N; > 0 is arbitrary, we have lim;_, ;oo & = —00, that is, lim; _, ;00 ¢, (Ax) = —00.

@ (x0) =0 and ¢,(x)>7n">0=¢.(0). (3.12)

It follows xg £ 0. If x9 < 0 for a.e. t € [0,1], then, 0 = (¢ (xo),x5) = —fo a(t)|xg|P dt —
fol [(xg) 17 dt—¢p(%)|x5(0)|P - ¢p(%)|x5(l) |”. Hence, x;(£) = 0 a.e. t € [0,1], thatis xo(£) >
0 and x¢ = 0. This implies that xy is a positive solution of BVP (1.1). O

Theorem 3.2 Assume (A;)-(As) and
(Ag) Lix)>dix¥ L, 0<y <p,x>0,d;>0,i=1,2,...,k

hold, then, BVP (1.1) has two positive solutions.
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Proof Assume B, = {x € W'?[0,1] : ||x|| < x}. Obviously, infBﬂ ¢4 (x) > —oo and
1, (! 1., (! P
0. (Ax) < —)J’/ a(t)|x|P dt + —)J’/ |« dt — — Zdi(x+(ti))y
P Jo P Jo Y 'O

2P hVZ
(2o D5l

If A € (0,1) is small enough and x is positive, we have ¢, (1x) < 0, then,

—oo < infg, (x) < 0.
Bp

Let € € [0, p) with p = infyp, ¢, - infgp ¢, and consider the functional ¢, :Bp — R, we
can apply Ekeland’s variational principle [19] and obtain x, € B, such that

infg, (x) < ¢, (x:) <infe,(x) + & <infg, (x) + p = info, (3.13)
B P

P P /4
and
@) <@, () +elly—x.|| forallye B,.

From (3.13), we have x, € B,. Define ¥, (y) = ¢, (y) + €|y — % ||, then, x, € B, is a minimizer
of ¥, on Bp. Therefore, for small A > 0 and all # € W?[0,1] with ||/| = 1, we have

Ye(xe + M) — Yo () ~0

’

A
then,
3 Ah) - 3
@ (% + Mh) — @ (%) +ellh] =0,
A
that is,
(@, (xe), ) = —¢|| Al (3.14)

Define ¥ (y) = ¢.(y) — elly — x¢|l, then, ¥ (y) < ¥,(x,), that is, x, € B, is a maximum of
Y on I_Sp. Therefore, for small A > 0 and all # € W'?[0,1] with ||k|| = 1, with the same
discussion above, one has

(@), (xe), B) < el . (3.15)
Hence,

|l @) <e. (3.16)
Leteg, = % and set x,, = x,, € B,. Then, ¢, (x;,) — infgp ¢, (x) and ¢/, (x.,) — 0. Since @, (x)

satisfies (C) condition, we may assume that x,, — x in W'#[0,1]. Hence, ¢/, (x) = 0

@, (%) = iélf(/%(x) <0=¢.(0),
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which implies that X # 0 and ¥ is a critical point of ¢,. Moreover,

@ (%) = glf(/’+(x) <0< =< @.(x0),
o

S0, X Z x9. If x < 0 a.e. t € [0,1], with the same discussion in Theorem 3.1, x~ = 0 a.e.
t € [0,1]. Hence, x > 0 and x = 0, which implies X is another positive solution of BVP (1.1).
d

With the similar discussion above, we have the following result.

Theorem 3.3 Assume (A1), (A3)-(Ag) and

(A}) thereexists > 1such that foralls € [0,1], we have uH(t,x) > H(t,sx) fora.e.t € [0,1],
allx >0, uG;(x) > Gi(sx),i=1,2,...,k, x>0

hold, then, BVP (1.1) has at least two positive solutions.

Theorem 3.4 Assume that (As) and

Bi) Li(x) > -b;—cilx|", byc; > 0,i=1,2,...,k,x <0, T > p;
By) H(t,x) < H(L,y) + ao, Gi(x) < Gi(y) + a0, y <x <0, a0 > 0;

(
(
(B3) lim,_,_so j;;t(g = +00 fora.e. t € [0,1];
(
(

B4) f(trx) > _bO(t) - CO(t)|x|T_11 bo(t),(}o(t) S C([07 1]! [01 OO)), x < 0;
Bs) Li(x) < —di|x|" ™,y <p,x<0,i=12,...,k

hold, then, BVP (1.1) has at least two negative solutions.

Theorem 3.5 Assume that (By), (B3)-(Bs), (As) and

(BY) there exists u > 1 such that for all s € [0,1], we have uH(t,x) > H(¢,sx) fora.e. t € [0,1],
allx >0, uG;(x) > Gi(sx), i =1,2,...,k,x <0

hold, then, BVP (1.1) has at least two negative solutions.
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