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Abstract

The aim of this paper is to study the existence and extinction of weak solutions of the
initial and boundary value problem for u; = div((|u]®*? + do)| Vu[P*D=2V u) + f(x, t, u).
First, the authors apply the method of parabolic regularization and Galerkin's method
to prove the existence of solutions to the problem mentioned and then obtain the
comparison principle by arguing by contradiction. Furthermore, the authors prove
that the solution vanishes in finite time and approaches 0 in L?(£2) norm as t — oo.

Keywords: nonlinear parabolic equation; nonstandard growth condition; extinction;
p(x, t)-Laplace operator

1 Introduction
Let @ C RN (N > 1) be a bounded simply connected domain and 0 < T < oo. Consider the
following quasilinear degenerate parabolic problem:

u, = divia(x, £, )| VulP®2Vu) + f(x,t,u),  (%t) € Qr,
u(x, t) =0, (.?C, t) el'r, (11)

u(x,0) = up(x), x€,

where Qr = 2 x (0, T], 't denotes the lateral boundary of the cylinder Qr, a(x,t,u) =
|u|”®) + dy with the assumption that d, is a positive constant and the nonlinear source
f(x,t, u) satisfies

fx,t,u) =bx,t) — bou(x,t), ue(—00,+00),x€ Q2,t>0 (1.2)

with by > 0, b(x, t) > 0, (x,£) € Qr. It will be assumed throughout the paper that the expo-
nents p(x, t), o (x, t) are continuous in Q = Q with the logarithmic module of continuity:

l<p™ = inf p(x,t) <p(xt) <p* = sup px,t) < oo, (1.3)
(x,0)eQ (x0)eQ

O0<o™ = inf o, t)<oxt)<oc*= sup o(x,t)< oo, (1.4)
(x5)eQ (x,t)eQ

Vz=(xt)€Qr.€ =(5) € Qrlz-&<1, |p()-p)| <ollz-£), (15)
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where

. 1
limsupw(r)In— = C < +o0.
T

T—0%

Model (1.1) may describe some properties of image restoration in space and time. Espe-
cially when the nonlinear source f(x, u) = b(x, ) — bou, the functions u(x, t), b(x, t) repre-
sent a recovering image and its observed noisy image, respectively. In the case when p(x, £),
o (x,t) are fixed constants, there have been many results about the existence, uniqueness,
blowing-up and so on; we refer to the bibliography [1-3]. When p, o are functions with
respect to the space variable and time variable, this problem arises from elastic mechanics,
electro-rheological fluids dynamics and image processing, etc.; see [4—9].

To the best of our knowledge, there are only a few works about parabolic equations
with variable exponents of nonlinearity. In [6], Chen, Levine and Rao obtained the exis-
tence and uniqueness of weak solutions with the assumption that the exponent o (x,¢) =0,
1<p~ <p* <2.In [10], we applied the method of parabolic regularization and Galerkin’s
method to prove the existence of weak solutions to problem (1.1) with the assumption
that o (x,£) = constant, f(x,t,u) = f(x,t). In this paper, we generalize the results in [10].
Especially, unlike [10], we obtain the existence and uniqueness of weak solution not only
z%
1< p < p* <1+ /2. Furthermore, we apply energy estimates and Gronwall’s inequal-

in the case when o(x,¢) € (2, ), p* > 2, but also in the case when o(x,£) € (1,2),
ity to obtain the extinction of solutions when the exponents p~ and p* belong to different
intervals; as we know such results are seldom seen for the problems with variable expo-
nents. At the end of this paper, we prove that the solution approaches 0 in L2(2) norm as
t — oo by some techniques in convex analysis.

The outline of this paper is the following. In Section 2, we introduce the function spaces
of Orlicz-Sobolev type, give the definition of weak solution to the problem and prove the
existence of weak solutions with a method of regularization and the uniqueness of solu-
tions by arguing by contradiction. Section 3 is devoted to the proof of the extinction of the
solution obtained in Section 2. In Section 4, we get the long time asymptotic behavior of
the solution.

2 Existence and uniqueness of weak solutions
We study the existence of weak solutions in this section. Let us introduce the Banach
spaces

L7*)(Qr) = {u(x, t)‘u is measurable in Qr, Ap() (%) = /Q P dx dt < oo},
T

el oy = inf{k > 0,A,0)(u/L) < 1};

Vi(Q) = {ulu € L(Q) N Wy (Q), |Vul € LF&)(Q)},

lullvie) = lullae + I Vullpnes

W(Qr) = {u:[0, TV V(Q)lu € L*(Qr), IVul € "*)(Qr),u=0on Tr},

lullwor = llull2or + IVtllpen.or

and denote by W’(Qr) the dual of W(Q7) with respect to the inner product in L2(Qr).
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Definition 2.1 A function u(x,t) € W(Q7) NL*°(0, T; L*°(R2)) is called a weak solution of

problem (1.1) if for every test-function
£ e Z={n(:neW(Qr)NL>(0, T;L*(Q)),n: € W'(Qr)},

and every 1, £, € [0, T, the following identity holds:

ty
/ f [ug; - (|u|‘7("'t) +do) | VulP®D2Vu Ve + f(x,t, w)§ | dx dt
t Q
- [ usasi @1
Q

Following the line of the proof of Theorem 2.1 in [10, 11], we have the following theorem

about the existence of weak solutions.

Theorem 2.1 Let the function f(x,t, u) and the exponents p(x, t), o (x, t) satisfy Conditions
(1.2)-(1.5). If the following conditions hold.:

(Hy) 1 2N
max y /¢ < )
! N +2 P
2p

ot(pt -1
L§0’<a+<2 or 2<o0 <o'*«< ;
p* p-1

+

T
() ltolloes + / b 0)] o de = K(T) < o0,
0

then problem (1.1) has at least one weak solution u satisfying ||ullc,q; < llt4ollco,0-
The theorems about the uniqueness of weak solutions are as follows.

Theorem 2.2 Suppose that the conditions in Theorem 2.1 are fulfilled and the following

condition is satisfied:

<o <o*<2, 1<p‘<p*51+\/§.

Hy 2@ D
p+

Then the nonnegative bounded solution of problem (1.1) is unique within the class of all

nonnegative bounded weak solutions.

Proof We argue by contradiction. Suppose that u(x, ) and v(x, t) are two nonnegative weak
solutions of problem (1.1) and there is a § > 0 such that for some O <t < T, w=u-v>3$
on the set Qs = QN {x:wlx, ) > 68} and () > 0. Let

1 - 1 - :
mé’al—méal lf$>8,

ifé& <e,

Fs(f):

where8>28>0anda=%.
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By the definition of weak solutions, pick a test-function & = F,(w) € Z,
0= / / [weFe(w) + (v + do) (I VP2 Vi — Vv P92 V) VE, (w)] dx dt
+ // (u™D — 70|V PCD2GyVF, (w) dx dt

- // [f(xx t, u) _f(x; t, V)]Fg (w)dxdt
Q:

:// weFe (W) dx dt

. / / (v + do) w2 (I VP2V oy — |VyPSD2y) Vw dx dt
+ // (u”D — 7 ED) 22 Yy P2y w dx dt

+ // wF,(W)dxdt =] + o+ J3 +Jas (2.2)

with Q. = Q; N{(x,t) € Q; : w>¢}.
Now, let tg = inf{z € (0, 7] : w > &}, then we estimate /1, J5, /3, J4 as follows:

to T
= // weFe (W) dx dt = / (/ wFe (W) dt+/ weFe(w) dt) dx
e,T Q 0 to
w(x,T) w(x,7)
Z// Fg(s)dsdxz/. / F.(s)dsdx
QJe Qe Je

> / (w - 26)F.(26) dx > (5 — 26)F, (26) ()
Qs

(2.3)

]4:// wF,.(w)dxdt > 0.

Let us consider first the case 2 < p~ < p* <1+ /2. By virtue of the first inequality of

Lemma 4.4 in [2], we get
Jy = / / (D 4 do) w2 (| VD=2V iy — | VP02V Vw dx dt
> // (V7D 4 do) w2220 | VP dl it

> e // (Va(x,t) + do)wa—2|vw|17(x:t) dxdt > 0. (2.4)

According to the condition (Hjs), we have

2pt -4 _o*(p*-1) (4-o")p*-1)

< <0 0<—mMmMm—=
pr-1 p* 2p*

ot + +

(4-0")p*-1) px1t) 59 O

>2-—=2-q,
2p* plx,t)—1 2

<1
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and then applying Young’s inequality, we may estimate the integrand of /3 in the following
way:

|(ua(x,t) _ Vo(x,t))wa—2|Vu|p(x,t)—2vuvw|

1
o(x, t)w/ (Ou+(1- 9)1/)0(x't)_1c19w"“2 |VulP®D=2vyVw
0

C v 44 (4-0H)(p*-1) plxt)
[7C S \WwPED 4 Cy (0, do, K(T),pT)|w| 27 Pt |y Pt

i 4 g U-oHp*-) py)
= 4(2p++1 5 3) |vw|p(xlt) +C (ai,do,l((T),pi)lwl 2t pan1¢ 2|Vu|1’(“)
Wi

_ 7 v dy)
- Zp* +1y2-a

- W2—oz

\VwP®) + Cy (0, do, K(T), p*) [ VuP™. (2.5)

Substituting (2.5) into /3, we get
1 ()
3 < 5]2 +C |VulP*™Y dx dt. (2.6)

Secondly, we consider the case 1 < p~ <2, 1 < p* <1+ +/2. According to the second
inequality of Lemma 4.4 in [2], it is easily seen that the following inequalities hold:

Jy = / / (D 4 do) w2 (| VP02V y — | VP02V Vw dx dt

> (p~-1) / / (5D do) w2 (V] + Vo]0 V) dxdt > 0. (2.7)

Using Young’s inequality, we may evaluate integrand of /5 as follows:
| (ua(x,t) _ Vo(x,t))wot—2|Vu|p(x,t)—2vuvw|

1
o(x, t)w/ (Ou+(1- 9)1/)0(x't)_1619w"‘_2 |VulP®D=2v Vi
0

_ 075 4 dg)p 1)
- 2W2—a

(IVul + Vo) Vw2

+ Cy (0%, do, K(T), p*) [w| 52 (|Vu| + | V)™

“ +d -1 x,t)— X,
< %(IWI £ 1V 19wl + G 1Vl + (9] (2.8)
wi-o
Plugging (2.8) into J3, we get
1
Ja< S c/f (1Vul + [V¥))"* dxdt. (2.9)

Plugging the above estimates (2.3), (2.4), (2.6) and (2.3), (2.7), (2.9) into (2.2) and drop-
ping the nonnegative terms, we arrive at the inequality

(6 —2e)(1 -2 u(2s) < C, (2.10)

with a constant C independent of .
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Noticing that lim, (8 — 2¢)(1 — 2%1)e% 1 14(Q5) = +00, we obtain a contradiction. This
means (2s) =0 and w <0, a.e. in Q;. O

In the case when o~ > 2, following the lines of the proof of Theorem 2.2, we have the

following theorem.

Theorem 2.3 Suppose that the conditions in Theorem 2.1 are fulfilled and the following

condition is satisfied:

2p*

Hy) 2<o <o?
(Hy) 2<07 <o <p*—1

, pr=2.

Then the nonnegative solution of problem (1.1) is unique within the class of all nonnegative

weak solutions.

3 Localization of weak solutions
In this section, we study the localization of the weak solution to problem (1.1). Namely,

we study the extinction of the solution. We discuss the extinction of weak solutions in the

2N

2N — + _ + Np~ . .
case of N2 <p <p < 2and 1 <P <y 1 <p < Np~’ respectlvely. Our main results

are the following.

Theorem 3.1 Suppose that b(x,t) =0, A% <p~ <p* <2, then any bounded nonnegative
solution of problem (1.1) vanishes in finite time for any nonnegative initial data 0 # u, €

L®(Q) N WYW(Q) and satisfies the following estimate:

2

2t ) opt2 2-p* "
—e , 0<t<Ty;

G
P2y 1
lully < [ luoll,* + 70— —

2 2 bO bO

lul =0, ¢te[T},+o0),

£ —_ + g
where T, = Pt In(1 + é—? ||u0||§ 7y, C1, by are two positive constants.

_2
2-p*)

Proof In Definition 2.1, we choose u as a test-function to show

1 [5] ty 2
- / wrdx| + / / |VulP® dx dt + by / / w*dxdt = 0. (3.1)
2 Q f 151 Q 151 Q

Applying the conditions [,* [, [VulP™? dxdt < lluol3, the inequalities min]ull},
! . _ + . .

||”||§()} < ftlz fglv_mp(x,t) dxdt < max{||u||§('), ||u||§()} and the imbedding theorem

Wé’p(x’t)(ﬁ) N Wé’P (2) = L*(Q), we have

ty — +
[ [ 1w asas = winf g, e,
t Q
. . +
> C(p*,p7) min{L, luolly ™ JIVully,

> C(p',p luola) IVully- = Cp*,p7, luolla) lul - (3.2)
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By (3.1), (3.2), we have

1 t2 ty
—/ u? dx +/ </ |u|2dx>
2 Q f ft Q

In(33),letty=t, to =t +h (0 <h< T —1t), multiply (3.3) by # and apply Lebesgue’s domi-
nated convergence theorem to show that as 7 — 0,

pal
2

5]
dt+b0/ /uzdxdtfo. (3.3)
t Q

pt

4 T
E(/ﬂ”z("’t)d’c)+2C1</Q|“(x:t)|2dx> +2b0/9u2(x,t)dx

<0, aete(0,7). (3.4)

By Gronwall’s inequality, we have

b\ o bo |77
f”zdxs N 27 + 20 ) e 2mor _ b0 |77
Q C1 Cl

Theorem 3.2 Suppose that b(x,t) =0,1<p™ <

O

N+2, 1< p* < 5=, then any bounded non-

negative solution of problem (1.1) vanishes in finite time for any nonnegattve initial data
0 % up € L®(Q) N WYY)(Q) and satisfies the following estimate:

L N AN = C, | .
ety < | (Nowoll 77+ = )T D0 , 0<t<Ty;
by 2

lull, =0, te[T,,+00),

_ r_ VP+(N:[77)
wherer = Ty = N ]\Ilf W) In(1+ é—‘; luoll, ™ ), Ca, by are two positive con-
stants.
Proof In Definition 2.1, we choose u® (o = ZN%,(NH) > 1) as a test-function to show

12}

1
—/u’dx
rJjo 4

ty
+ Cla ol Nop®) [ [ [0
f Q

t2
+ bof / u' dxdt <0, (3.5)
t Q
where r = >2,B= % > 1. The conditions f[ fg |VulP®D dxdt < Luoll3,
l2tlloo,0p < ||u0||oog, the inequalities mm{llullp , IIuIIp )} < fQ |Vul?®) dx dt and the

imbedding theorem Wlp ®(Q) s W/lp (Q) — LN -7 () show that the following in-
equalities hold:

"ol

ty _
/ / |Vuf [ dxdt > minf|lul’,, |u
51 Q

> C(p*,p7) minfL, luoll] 7 }IVully,

Page 7 of 10
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> C(p",p7 luoll) | Va2

> C(p",p, lluolla) |4y - (3.6)
N-p~

A similar argument as above gives that there exists a T, > 0 such that ||u||, satisfies that

_ Np~
rﬁ rp*(N:P ) C2 p*(N—p’)_ C2 Nt (N—p) X
Nl < | (Mol M + 2 )M Dot _ 2 , 0<t<Ty
b b 2
0 0

lull, =0, te[T,,+o0). O

2N
N+2’
bounded nonnegative solution of problem (1.1) vanishes in finite time.

Remark 3.1 In the case when 1 < p~ < 2>pt> %, it is not clear whether any

4 Asymptotic behavior of weak solutions

In this section, we study the asymptotic properties of the weak solution to problem (1.1).
Namely, we study the long time asymptotic behavior of the solution, our main result is as
follows.

Theorem 4.1 Suppose that b(x,t) =0, 2 < p~ < p*. If the following condition is satisfied

(Ha) there exists a positive continuous function g(t) such that the following inequality holds:

/ |Vu(x, t)|p(x’t) dx < M(up)g(t) fort>0,
Q

2p=p*)
where g(t) satisfies [, g o (&) dt = +00.

Then, for all 0 < o=, the solution to problem (1.1) satisfies
Jim [ 0)] g = 0-

Proof Step 1. Let
1 2
Fu)=— | |ul”dx,
2 Ja

then it is easy to prove that F(x) is a convex functional on L?(S2).
For any 7 € (0,7) and 4 > 0, by %&”) = u (8 representing Gateaux differential) and the
convexity of F(u), we have

F(u(t + h)) - F(u(r)) > /Q(u(x, T +h) —u(x, r))u(x, T)dx (4.1)

for any fixed f,t; € [0, T, t < . Integrating inequality (4.1) with respect to T over (t, t2),

we have

/t2 F(u(r + h)) dr — /tz F(u(r)) dr

5] 5]

ty+h 5]
:/ F(u(r))dr—/ F(u(r)) dr

+h 51

Page 8 of 10
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ty+h t+h
=/ F(u(r)) dr—/ F(u(t)) dr

17} i

Z/tl /Q(u(x,r+h)—u(x,r))u(x,r)dxdr. (4.2)

Multiplying both sides of (4.2) by %, and letting # — 0%, we obtain

F(u(tz)) u(tl) / / —udxdr

Similarly, we have

F(u(t)) - F(u(r - h)) < / (u(x, ) —ulx, T - h))u(x, T)dx.

Q
Thus,

15}

F(u(tz)) —F(u(tl)) 5/ a—uudxdr

n Jo Ot

and hence

F(u(tg)) u(tl) / / —udxdt

Choosing t; = 0, #; = £, we get from the definition of solutions that

F(u(t)) - F(u(0)) :—/0 /Q(|u|‘T +d0)|Vu|p(")dxdt—b0/O /Q|u|2dxdr. (4.3)

Step 2. We prove u(x,t) € C(0, T; L*(R2)). According to Theorem 2.1 and (Hy), we have
the following conclusions:

ue € W(Qr) S L0, T; W,? (),

uge € W(Qr) CL”* 10, T5 V(2)),
Wi (@) " 2(Q) = vi(Q).

Applying Theorem 5 in [12], we get that the set {u.(x,t)} is relatively compact in
C(0, T; L*(R2)), so u(x, t) € C(0, T; L(2)).

Step 3. Let G(¢) = 1 [, |u(x,)|* dx. Noting that u(x,t) € C(O T;L*(R)), then it is easy
to prove that G(¢) is continuous in (0, T'), so we have G'(¢ fQ |u|® + do) | VulP® dx —
bo [, lul*dxdr < 0.

By the imbedding W#®)(Q) < W™ (Q) — L*($2), Lemmas (2.1)-(2.3) in [5] and (Hy),
we have

fﬂ 2 dx < Clull gy < CIValZy

c(Ilp®) max{(/QWuV’(x) dx)

=

(e’
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2
— +

20t -p7)
< C(I21,p*, M(uo), do) max{g A (t),l}(/ |VuP® dx)p
Q

2
+

2t -p7) % 4+d
< C(|Q|,pi,M(uo),do) max{g 2 (t),l} (/ “"Idﬁlvulm dx)p
Q 0

2(p*-p7) 2
< C(|Q|,pi,M(uo),do,a) max{g P (t),1}|G’(t) P,
2p*-p7) 2
thatis, G(¢) < Cmax{g 77~ (¢),1}|G'(¢)|*".
v
Noting that G(£) > 0, G'(t) < 0, we have G'(¢) < —%, and hence
1+g P'PT (1)
1 2
/|u(x,T)|2dx§ — ,  8=——, G>0,i=12
@ r ) o\ s pr-2
(Ci [y W+g 77 (1) hdt+ Gyl
This completes the proof of Theorem 4.1. O
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