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Abstract

This paper investigates the existence of solutions for a weighted p(t)-Laplacian
impulsive integro-differential system with multi-point and integral mixed boundary
value problems via Leray-Schauder's degree; sufficient conditions for the existence of
solutions are given. Moreover, we get the existence of nonnegative solutions.
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1 Introduction
In this paper, we consider the existence of solutions and nonnegative solutions for the
following weighted p(f)-Laplacian integro-differential system:

1
)

=D pptt + f (& u, (W) 07, S(u), T(w)) =0, te(0,1),t#t, (1)

with the following impulsive boundary value conditions:

tl_i)nt} u(t) - tlintri; u(t) =A,»(tlirg u(t),tlir% (w(t))l’(fl)-l u’(t)), i=1,...,k )
i w(@)a "% 0) Jim wle)| o[ 0
=B; (}if?— u(t), }L‘?— (w(t))lﬁ L/(t)), i=1,...,k (3)
1 | | m=2 1
u(0) = _/0 g(tu(t) dt, u(l) = ;algu(&) - /O h(t)u(t) dt, (4)

where p € C([0,1],R) and p(¢) > 1, -4, yu = —(w(t)|u' IPD24) is called the weighted
p(t)-Laplacian; 0 <ty < fp <+ <fr <1, 0<& < <&uo<ap >0 =1,...,m—-2);
g € L'[0,1] is nonnegative, folg(t) dt=0 €[0,1]; 1 e L]0,1], fol h(t)dt =8;A;,B; € C(RN x
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RN,RM); T and S are linear operators defined by (Su)(¢) = fol h.(t,s)u(s)ds, (Tu)(t) =
fo (¢, s)u(s)ds, t € [0,1], where ki, &, € C([0,1] x [0,1],R).

Ifo <1and 37> @y —8 #1, we say the problem is nonresonant, butif o = 1 or 371> @y —
8 =1, we say the problem is resonant.

Throughout the paper, o(1) means functions which are uniformly convergent to 0 (as
n — +00); for any v € RN, v/ will denote the jth component of v; the inner product in RN
will be denoted by (-,-), | - | will denote the absolute value and the Euclidean norm on
RN . Denote J = [0,1], ] = (0, D\{ts,..., &}, Jo = [to, 1), Ji = (ti, ti1), i = 1,..., k, where £o = 0,
tx+1 = 1. Denote by J? the interior of /;, i = 0,1,...,k. Let

xeC(,RN),i=0,1,....,k
and lim,_, ;+ x(¢) exists fori = 1,..., k

’

PC(J,RN) = :x J—> RN

w € PC(J,R) satisfy 0 < w(t), V¢ € (0,)\{t1,..., 2}, and (w(£)) 7@ 51 e LY0,1),

PCI(1,RY) = | e pe(rY) ¥ € CUP R limes (WO) T4 (0

and lim, . (w(t))P -1x/(t) exists for i = 0,1,...,k

For any x = (x',...,4") € PC(J,RN), denote |x’|y = sup{|x‘(t)| |t €]'}.

Obviously, PC(J, RY) is a Banach space with the norm ||x[|o = (3", |xi|(2))%, and PC'(J,
RN) is a Banach space with the norm ||x||; = ||lx[lo + ||(w(t))1ﬁx’||o. Denote L' = L}(J,RYN)
with the norm

1
N 2 1
||x||L1:<Z|xf|jl> . VxelL', where x|, = / %' (1)) dt.
i=1 0

In the following, PC(J,RN) and PC'(J,RY) will be simply denoted by PC and PC!, re-
spectively. We denote

u(t}) = lim wu(), u(t;) = }H}l u(t),

t—)t

w(0)|u'|"” 4 (0) = lim w(o)|u' [P (8),
w7 (1) = Jim wio)]u "7 @),
A= Ai(tlir% u(®), Jim (w(t)) 70T W), im0k

B;=B; (tlg? u(t), llm (w(t)) lu (t)) i=1,...,k

The study of differential equations and variational problems with nonstandard p(¢)-
growth conditions has attracted more and more interest in recent years (see [1-4]). The
applied background of these kinds of problems includes nonlinear elasticity theory [4],
electro-rheological fluids [1, 3], and image processing [2]. Many results have been ob-
tained on these kinds of problems; see, for example, [5-15]. Recently, the applications of
variable exponent analysis in image restoration have attracted more and more attention
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[16-19]. If p(¢) = p (a constant), (1)-(4) becomes the well-known p-Laplacian problem.

If p(t) is a general function, one can see easily —A,;, cu # cp(t)’l(—AP(t)u) in general, but
_ o p-l

A cu = H(=A,u), so =4,

linearity, thus —A,,,) is more complicated than —A,,. For example:

(a) If 2 C RN is a bounded domain, the Rayleigh quotient

() represents a non-homogeneity and possesses more non-

1
fQ m|vu|p(x) dx

o ueWé";‘r’})(sz)\{m Jo il dx

is zero in general, and only under some special conditions A, > 0 (see [9]), when Q C R
(N =1) is an interval, the results show that A, > 0 if and only if p(x) is monotone. But the
property of A, > 0 is very important in the study of p-Laplacian problems, for example, in
[20], the authors use this property to deal with the existence of solutions.

(b) If w() =1 and p(¢) = p (a constant) and —A,u > 0, then u is concave, this property
is used extensively in the study of one-dimensional p-Laplacian problems (see [21]), but it
is invalid for —A ). It is another difference between —A , and —A ;).

In recent years, many results have been devoted to the existence of solutions for the
Laplacian impulsive differential equation boundary value problems; see, for example, [22—
29]. There are some methods to deal with these problems, for example, sub-super-solution
method, fixed point theorem, monotone iterative method, coincidence degree. Because of
the nonlinear property of —A, results on the existence of solutions for p-Laplacian impul-
sive differential equation boundary value problems are rare (see [30—33]). In [34], using
the coincidence degree method, the present author investigates the existence of solutions
for p(r)-Laplacian impulsive differential equation with multi-point boundary value condi-
tions, when the problem is nonresonant. Integral boundary conditions for evolution prob-
lems have various applications in chemical engineering, thermo-elasticity, underground
water flow and population dynamics. There are many papers on the differential equations
with integral boundary value problems; see, for example, [35-38].

In this paper, when p(¢) is a general function, we investigate the existence of solutions
and nonnegative solutions for the weighted p(t)-Laplacian impulsive integro-differential
system with integral and multi-point boundary value conditions. Results on these kinds of
problems are rare. Our results contain both of the cases of resonance and nonresonance.
Our method is based upon Leray-Schauder’s degree. The homotopy transformation used
in [34] is unsuitable for this paper. Moreover, this paper will consider the existence of (1)

with (2), (4) and the following impulsive condition:

1 1
lim (w(2)) 7074/ (¢) — lim (w(2)) 7O o/ (¢)
t—>tf =t
1
)

= Dy Jim u(®), im (W) T @), i=1,.k (5)

where D; € C(RN x RN, RV), the impulsive condition (5) is called a linear impulsive con-
dition (LI for short), and (3) is called a nonlinear impulsive condition (NLI for short). In
general, p-Laplacian impulsive problems have two kinds of impulsive conditions, includ-
ing LI and NLI; but Laplacian impulsive problems only have LI in general. It is another

difference between p-Laplacian impulsive problems and Laplacian impulsive problems.
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Moreover, since the Rayleigh quotient A,) = 0 in general and the p(t)-Laplacian is non-
homogeneity, when we deal with the existence of solutions of variable exponent impulsive
problems like (1)-(4), we usually need the nonlinear term that satisfies the sub-(p~ — 1)
growth condition, but for the p-Laplacian impulsive problems, the nonlinear term only
needs to satisfy the sub-(p — 1) growth condition.
Let N > 1,the functionf : ] x RN x RN x RN x RN — RN isassumed to be Caratheodory,
by which we mean:
(i) For almost every ¢ € J, the function f(t, -, -, -, -) is continuous;
(ii) For each (x,7,s,2z) € RN x RN x RN x R¥, the function f(-,x, 7,5, z) is measurable
onJ;
(iii) For each R > 0, there is a ag € L'(J,R) such that, for almost every ¢ € J and every
(x,9,5,2) € RN x RN x RN x RN with |x| <R, |y| <R, |s| <R, |z] <R, one has

If (t,%,,5,2)| < ar(?).

We say a function u : ] — RY is a solution of (1) if u € PC" with w(t)|u'|P-2u’ absolutely
continuous on J?, i = 0,1,...,k, which satisfies (1) a.e. on J.
In this paper, we always use C; to denote positive constants, if it cannot lead to confusion.

Denote

Z = itn]fz(t), z" =supz(t) foranyze PC(J,R).
€

te]

We say f satisfies the sub-(p~ — 1) growth condition if f satisfies

ft,u,v,s,2)
lul+Iv|+Isl+lz1—+o0 (|2e] + |V] + || + |z[)9®O-1

=0 for ¢ €] uniformly,

where ¢(£) e PC(J,R) and 1<q <q*<p~.

We will discuss the existence of solutions for system (1)-(4) or (1) with (2), (4) and (5) in
the following three cases:

Case (i): 0 <1, ZZ:Z ar—-8=1;

Case (ii): 0 =1, Y/ 2oy = 8 #1;

Case (iii): 0 <1, Y/ P -8 < 1.

This paper is organized as five sections. In Section 2, we present some preliminaries and
give the operator equation which has the same solutions of (1)-(4) in the three cases, re-
spectively. In Section 3, we give the existence of solutions for system (1)-(4) or (1) with (2),
(4) and (5) when o <1, Z;’:lz a; —§ = 1. In Section 4, we give the existence of solutions for
system (1)-(4) or (1) with (2), (4) and (5) when o =1, Z;’:lz a; — 8 #1. Finally, in Section 5,
we give the existence of solutions and nonnegative solutions for system (1)-(4) or (1) with
(2), (4) and (5) when o <1, 22":_12 a;-8<1.

2 Preliminary
Forany (t,x) € ] x RN, denote ¢(¢,x) = |x[?P~2x. Obviously, ¢ has the following properties.

Lemma 2.1 (see [34]) ¢ is a continuous function and satisfies:
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(i) Foranyt€[0,1], (¢,-) is strictly monotone, i.e.,
(@(t;20) — (t,%2), 1 —22) >0 for any x1, %, € RN, %1 # x5

(i) There exists a function o : [0, +00) — [0, +00), at(s) = +00 as s — +00 such that
<(p(t,x),x) > a(|x|)|x| forall x e RN,

It is well known that ¢(t,-) is a homeomorphism from RN to RY for any fixed ¢ € J.
Denote

- 220 N -1
@ (t,x) = |x|P01x  forx € RY\{0},9 " (£,0) =0,Vt € /.

It is clear that ¢! (¢, -) is continuous and sends bounded sets to bounded sets.
In this section, we will do some preparation and give the operator equation which has
the same solutions of (1)-(4) in three cases, respectively. At first, let us now consider the

following simple impulsive problem with boundary value condition (4):

w(O)p(t,u' (1)) =f(£), t€(0,1),t#t,
lim, u(t) =limes - u(t) =a;, i=1,...,k (6)

lim,_, .+ w(t)|u PO/ (¢) - lim, - we)|uw PO/ () =b;, i=1,...,k

where a;,b; e RN; f e L1,
Denote a = (ay, ..., ax), b = (by,...,by). Obviously, a,b € RN,
We will discuss it in three cases, respectively.

2.1 Case (i)
Suppose that o <1 and Z[ _ a¢—38=1.1If uis a solution of (6) with (4), we have

w(t)g(t, 1 (£)) = w(0) )+ bi+ / f(s)ds, VteJ. @)

ti<t

Denote p; = w(0)@(0,4'(0)). It is easy to see that p; is dependent on a, b and f(-). Define
the operator F: L! — PC as

F(f)(t) = /0 tf(s)ds, vte ] Nf el

By solving for ' in (7) and integrating, we find

0)+Zal+F{ -l[ (w(®)) <,01+Zb +F(f(t))“(t), Ve,

ti<t ti<t

which together with boundary value condition (4) implies

ks [0(e oo (s o) o e

ti<t

Page 5 of 28
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and
m-2 &
ZaZ{Zaﬁ] 7 |: (w(t) < 1+Zb + F(f) (t))i| }
£=1 ti<&g 0 li<t
k 1
_Z“i_/ 7 |: (w(®)) <p1+2b +F(f)(¢t ):|
i=1 0 ti<t
1
_ f h(¢) (F{(p‘l [t, (w(e)) ™ (m +Y b+ F(f)(t))} }(t) + Zai) dt =0.
0 ti<t ti<t
Denote W = R*®¥ x L! with the norm
k k
ol = lail+ Y bl + 9]y, Yo=(abd)eW
i=1 i=1

then W is a Banach space.

For any w € W, we denote

w(m)-Zae{Za, / [ (w(®)” <p1+Zb+F(l9)(t))] }

ti<&g ti<t

—Z“t / [ (w(0) <p1+zb +F(ﬁ(t>)}

ti<t

. /0 h(t)<F{ [ (w())™ (,01 +3 b+ E ﬁ)(t))“(t)+zai) ”

ti<t ti<t

Denote &,,_; = 1. Then

Aulor) = - Zae{Zal / [ (w(®) <pl+Zb+F(z9)<t)>} }

=1 &<t ¢ ti<t

+/01h(t)</t [ (w(t))” (,01+Zb + F(9) t))}dt+2ai)dt

ti<t ti>t

(O ) A A
= - — t)at t, t 13
2 1) . E(p w o1+ +

ti<t

M2 gy t
_Z/; h(t)/;lgo[ w(s)) (p1+Zb+F )}dsdt

Si<§

+/Elh(t)f [ (w(s)) <,01+Zb +F(z9)(s)>}dsdt

§i<§

—mz_zag Zai / Zaldt

=1 g<y >t

Page 6 of 28
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Throughout the paper, we denote
é‘l
:/ t)|/ (w(s))7 1dsdt+Z/ o | w(s)) T dis d

S
m-2 1

= ap + h(t)| dt.

Dace |l

Lemma 2.2 Suppose that h(t) > 0 on [£1,1], o > ;‘*1 h@®)dt (L =1,...,m—-2)andh(t) <0
on [0,&]. Then the function A,(-) has the following properties:
(i) Forany fixed w € W, the equation

Aw(pl) =0 (8)

has a unigue solution py(w) € RN,
(i) The function pr: W — RN, defined in (i), is continuous and sends bounded sets to
bounded sets. Moreover, for any o = (a,b, %) € W, we have

-1k
|pi(w)| < 3N|:(2N)1’ (5* Z |ai |) +) bl + ||19||L1},
i=1
where the notation MP" =1 means

At M M
M, M<1.

Proof (i) From Lemma 2.1, it is immediate that
(Aw(xl) — Ay(%2), %1 —x2> <0 forwx #xy, Va0 € RY,
and hence, if (8) has a solution, then it is unique.
+ #
Set Ry = 3NN (8" 5 35 laul" = + 30, 1Bl + 12111

Suppose that |p;| > Ry, it is easy to see that there exists some jj € {1,..., N} such that the
absolute value of the joth component p{" of p; satisfies

ol Erids VT
’ |> ! >3|:(2N)p (5*T2|ai|) +Z|bi|+”ﬁ”L1i|'
i=1 i=1

Thus the joth component of py + 3, _, b; + F(?)(¢) keeps sign on J, namely, for any ¢ € J,
we have

i ' 2/p] LB N
‘( °+ b +F(0y())‘ N Ny 5T21:|ai| + Y 1bil + 12
i= i=1

ti<t
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Obviously, we have

Kpl +Zbi+F(z9)(t))‘ lpil <2N‘( >0 +F(z9)j°(t)) ,

ti<t ti<t

then it is easy to see that the joth component of A, (1) keeps the same sign of p{o. Thus,

Aa)(pl) #0

Let us consider the equation
)"Aw(lol) + (1 - )\))01 =0, Xie [011] (9)

According to the preceding discussion, all the solutions of (9) belong to b(Ry +1) = {x €
RN | x| < Ry + 1}. Therefore

dg[Au(p1), bRy +1),0] = dp[I,b(Ro +1),0] #0,

it means the existence of solutions of A, (0;) = 0.
In this way, we define a function g;(w) : W — R¥, which satisfies A,,(p1(w)) = 0.
(ii) By the proof of (i), we also obtain p; sends bounded sets to bounded sets, and

g
|1 (e |<3N|:(2N)1’ (5* ZI@) +Z|bi|+”l?||L1i|'
i=1

It only remains to prove the continuity of p;. Let {w,} be a convergent sequence in W
and w, = o, as n — +00. Since {p1(w,)} is a bounded sequence, it contains a convergent
subsequence {;3](@,,/.)}. Suppose that p~1(wnl.) — po as j — +00. Since Awnj(ﬁl(wn/.)) =0
letting j — +00, we have A, (o) = 0, which together with (i) implies pg = p1(w), it means

01 is continuous. This completes the proof. O

Now we denote by Nr(u) : [0,1] x PC' — L! the Nemytskii operator associated to f
defined by

N () (8) = (6, 4(6), (w(£) 77114 (8), S(u), Tw)) on . (10)
We define p; : PC' — RN as
p1(w) = p1(A, B, Ny)(w), (1)

where A = (Ay,...,Ax), B=(By,...,Bx).

It is clear that p;(-) is continuous and sends bounded sets of PC! to bounded sets of RY,
and hence it is compact continuous.

If u is a solution of (6) with (4), we have

Za,+F{ [ w(t))” < +Y b+ F(f)(t )“t vt e [0,1].

ti<t ti<t
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For fixed a,b € R, we denote K, : L! — PC' as

Kiapy()(0) = F{(p‘l [t, (w(e)™" (ﬁl(a, b9)+ Y b+ F(ﬁ)(t))] }(r), Vee].

ti<t

Define K; : PC' — PC! as

Ki(u)(t) = F{(p‘l [t, (w(t))_1 <,01(u) + ZBi + F(Nf(u))(t))i| }(t), Vte].

ti<t

Lemma 2.3 (i) The operator K, ) is continuous and sends equi-integrable sets in L' to
relatively compact sets in PC'.

(ii) The operator Ky is continuous and sends bounded sets in PC' to relatively compact
sets in PC.

-1
Proof (i) It is easy to check that K, ;) (#)(-) € PC', V¥ € L', Va,b € RN, Since (w(£))??1 ¢
L' and

Kiap(9)(8) = ¢! [t, (w(e))™ (ﬁl(a, b9)+ Y b+ F(z?))], vt € [0,1],

ti<t

it is easy to check that K, (-) is a continuous operator from L! to PC*.
Let now U be an equi-integrable set in L, then there exists o € L! such that

’u(t)| <a(t) ae.in]foranyueL'.

We want to show that K, (1) C PC' is a compact set.
Let {u,} be a sequence in K (U), then there exists a sequence {¢,} € U such that
Uy = Kia,p)(9,). For any £, £, € J, we have

/Otl z?,,(t)dt—/(;t2 V(2) dt' = v/f VUu(t) dt /ttza(t) dt'.

Hence the sequence {F(¢,)} is uniformly bounded and equi-continuous. By the Ascoli-

=<

|F@,)(t) - F0,)(®)] =

Arzela theorem, there exists a subsequence of {F(1},)} (which we rename the same) which
is convergent in PC. According to the bounded continuity of the operator p;, we can
choose a subsequence of {1 (a, b, 9,) + F(¥,)} (which we still denote {p1(a, b, %,) + F(9,)})
which is convergent in PC, then w(t)ﬁK(a,b)(ﬁn)’(t) =7 U(t, pi(a, b, 0,) + Zt1<t b;+F(¥,))
is convergent in PC.

Since

Kia(0)() = F{w [t, (w(e)™! (pi(a, b0+ Y b+ F(zm)] }(n, vee[0,1]

ti<t
it follows from the continuity of ¢! and the integrability of w(t)m in L' that K, (,)
is convergent in PC. Thus {u,} is convergent in PC".
(ii) It is easy to see from (i) and Lemma 2.2.
This completes the proof. d

Page 9 of 28
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Let us define P; : PC' — PC! as

Je eI @)(@) + Y, Al dt

Py(u) = 1-o

It is easy to see that P; is compact continuous.

Lemma 2.4 Suppose that o <1, 7> a; -8 = 1; h(t) > 0 on [£,1], ap > f;f“ h(t)dt (L =
1,...,m—2)and h(t) < 00n|0,&]. Then u is a solution of (1)-(4) ifand only if u is a solution
of the following abstract operator equation:

u=Pi(u)+ ZAi + K (u). (12)

ti<t

Proof Suppose that u is a solution of (1)-(4). By integrating (1) from 0 to ¢, we find that

w(t)p(t,u' () = p1(u) + ZBi + F(Np(w))(8), Vte(0,1),t#t,..., k. (13)

ti<t

It follows from (13) and (4) that

u(®) =u(0) + » A

+ F{go_l |:t, (w(t))_1 (,ol(u) + ZBi + F(Nf(u)))] }(t), vt € [0,1],
1
w0 =05
1
x / g (F{W [t, (W)™ (,ol(u) +Y B+ F(Nf(u))):| }(t) + ZA,) dt
0 ti<t ti<t
1
) Jo gOK () (@t) + 3, ., Alldt P, 14)

l1-0

Combining the definition of p;, we can see

u="P(u)+ ZAi + K (u).

ti<t

Conversely, if u is a solution of (12), then (2) is satisfied. It is easy to check that

_ JogDIKi)(®) + ¥, . Al dt

u(0) = Py(u) -

1 1
u(0) = ou(0) + / g() |:K1(u)(t) + ZA,'] dt = / gt)u(r) de, (15)
0 0

ti<t

and

k

u(l) = Pi(u) + ) A; + Ky (u)(1).

i=1
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By the condition of the mapping p;, we have

m-2

Z {ZA + / g0‘1|:t, (w()) ™ <p1+ZB,~+F(Nf(u))(t)):|dt}

ti<ég ti<t

—ZA / [ (w(t))” <p1+ZBl-+F(Nf(u))(t)>:|dt

ti<t

- fo h(?) (F{gol [t, (w(o)™ (m +Y B+ F(Nf(u))(t)>:| }(t) i ZAL.) dt =0.

ti<t ti<t

Thus
m—2 1
u) = Y ante) - [ houloyde. (16)
=1 0

It follows from (15) and (16) that (4) is satisfied.
From (12), we have

w(t)p(t,/(£)) = pr(w) + Y Bi+ F(N;w))(£), te(0,1),t#t;, (17)
(wt)p(t,u)) = N@)(®), te(0,1),t#t;.

It follows from (17) that (3) is satisfied.
Hence u is a solution of (1)-(4). This completes the proof. O

2.2 Case (ii)
Suppose that 0 =1 and Ze _ oa¢—38 #1.If u is a solution of (6) with (4), we have

w(t)<p(t, u'(t)) =w Zb +/ f(s)ds, Vte].

Denote p; = w(0)@(0,#'(0)). It is easy to see that p; is dependent on 4, b and f(-). Bound-
ary value condition (4) implies that

folg(t)<F{ [(W(t) (,02+Zb +F(f(t))“(t)+2a;)dt=0,

ti<t ti<t

Yl it [yt @7 s W) M oa + X, i+ F(F)(E)] dt)

u(0) = 1= +8
CXhait foe 6 w) 1(p2+2mb + F(f)(e) dt
1- Zl 1 O +6
Jy MOE [ @) e + Tiebit FOWOINO + 5yt
1- ZZ 1 Q¢ +4

For any w € W, we denote

1
Ty (p2) = /0 @) (F{w‘l [t, (w(r)™ (Pz +Y bi+ F(l‘/‘)(t))} }(t) + Zm) dt.

ti<t ti<t
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-1
Throughout the paper, we denote E; = fol (w(2))?O1 dt.

Lemma 2.5 The function T, (-) has the following properties:
(i) Forany fixed w € W, the equation T',(p2) = 0 has a unique solution p(w) € RN,
(ii) The function py: W — RN, defined in (i), is continuous and sends bounded sets to

bounded sets. Moreover, for any w = (a,b, %) € W, we have

E+1¢ Ak
|p~2<w>|53N[(2N>P*<IE Zw) +Z|bi|+||ﬂ||u],
L g i=1

. #_
where the notation MP ~' means

At M M
M, oM<l

Proof Similar to the proof of Lemma 2.2, we omit it here. O

We define p, : PC' — RN as py(u) = p2(A,B,Ny)(u), where A = (A;,...,Ar), B =
(B1,...,Bx).

It is clear that p,(-) is continuous and sends bounded sets of PC! to bounded sets of RY,
and hence it is compact continuous.

For fixed a,b € RN, we denote K{ i L' — PClas

Ky (0)(®) = F{(p‘l [t, (w(o)™ (,52(61, b9)+ Y b+ F(z?)(t))] }(t), Vee].

ti<t

Define K : PC' — PC! as

Kw)(t) = F{(pl [t, (w(t))‘1 (pz(u) + ZB,« + F(z\ff(u))(t)ﬂ }(t), Vte].

ti<t
Similar to the proof of Lemma 2.3, we have the following.

Lemma 2.6 (i) The operator K|, is continuous and sends equi-integrable sets in L' to
relatively compact sets in PC.

(ii) The operator K, is continuous and sends bounded sets in PC' to relatively compact
sets in PC*.

Let us define P, : PC* — PC" as

P @[, A+ Ko ()(E0)] - S A

Py(u) =
g 1- lea4+5
Kp()1) + fy hOKa () (@) + ¥, , A
1- Z£1(¥e+5

It is easy to see that P, is compact continuous.
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Lemma 2.7 Suppose that o =1, Z[ L og — 8 #1, then u is a solution of (1)-(4) if and only
if u is a solution of the following abstract operator equation:

u="Py(u ZA + Ko(u

ti<t

Proof Similar to the proof of Lemma 2.4, we omit it here. d

2.3 Case (iii)
Suppose that o <1 and Zf_,':lz ¢ — 8 < 1. If u is a solution of (6) with (4), we have

w(t)p(t,1/(£)) = w(0)p(0,/(0)) + Y _ b; +/fs)ds, vte].

ti<t

Denote p3 = w(0)p(0,4/(0)). It is easy to see that ps is dependent on a4, b and f(-).
From u(0) = folg(t)u(t) dt, we have

1
(1-0)

x fo 1g(t)<F{ [ (w(t))” <p3+Zb +F(f) (t))“(mzai) dr.  (18)

ti<t ti<t

u(0) =

From u(1) = Y72 apu(g) - fo (£)u(t) dt, we obtain
Y el e it [yt @ s W) M os + X, i+ F(F)(2)] dt)
1- Z;”;lz o+ 8
Shait [y o7 [t W) ps + X, by + ()] dt

u(0) =

1- ZZ 1 Oy + )
fo h(t)(Flo[t, (w(£) (s + Zmb +FO)ODEO) + 3, ai )dt 19)
1- Ze o+

For fixed w € W, we denote

1
mm):ﬁ /0 g(t)(F{ [ () (p3+2b + F(9)( t))“(mZa,»)dt

ti<t ti<t

R e, @i+ f o7 1 (0) 03 + Ky b+ FO) )] )

1- ZE:l oy + 5
X Yiiai+ [y o I W) Mps + Xy, bi+ F@)(0)] dt
1- ZL’ 1 Oy + 1)
fo h(e)(Flp™ [t, (w(®)) ™ (o3 + zt,db + FONONE) + Ly a) dt
1- ZZ -1 % +4

V,Og € RN.

From (18) and (19), we have Y, (p03) = 0.

Page 13 of 28
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Obviously, Y, (ps) can be rewritten as

1
iy [ (o o0 (oo T ro0) [Jo 0 )

s Pl Yo @i+ o 07 e W) o3 + X, b+ FO)(®)] dt)
1= +6
=Yt e fo o b W) Hps + X, bi + F0)()] dt

Tw (IOS) =

1- ZE -1 Oy +4
+ Zz 14l Zz 1 o)
1- Zl 1 O([+5
. Jo @) (E(9™ [t (w(®) (o3 + 2 <tb +F@)@OE) + X, ai )dt
1- Zl 1 % +4

Denote &,,_1 = 1. Moreover, we also have

Tw(pS)
1 1
:(1—0)/0 g(t)<F{ [ (w())” <p3+§b +F(ﬁ)(t)>“(t)+;ai>dt
1- ZE -1 Oy +8
Py 2o — [E h(@)dr) [ 7 1t W0) (o3 + X0 bi + FO)(0)] dt
1- Zl 1 Oy +6
P2 SR [ @ s W) (s + X bi + F9)(6))] dis dit
1—2(3:1 oy +5
i (o) [ o s, (w(s) (s + > s bi + F(0)(s)] dsdt + [y h(t) Yspaidt
1->70 a0+
1 k

+/ 0 [ (w(t))” (3+Zb +F(19)(t)>i|dt+2ai,

0 ti<t i=1

Lemma 2.8 Suppose that ay, g, h satisfy one of the following:

1% Yyt <1, gt)1 - 2"_12056+5)+h(t)(1 0)>0;
(20) h(t) > 0 on [£,1], ap > f‘é‘” h(t)dt (L =1,...,m—2) and h(t) <0 on [0,&].

Then the function Y, (-) has the following properties:

(i) For any fixed w € W, the equation Y, (p3) = 0 has a unique solution pz(w) € RN,

(i) The function p3: W — RN, defined in (i), is continuous and sends bounded sets to
bounded sets. Moreover, for any w = (a,b,9) € W, we have

#

k r-1
\@(w)\fSN{<2N)P*[((1E_1;)IEI+(6*+1) s )Zw}
i=1

1- ZZICQ/+8

k
+> bl + ||z9||L1},
i=1
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. #_
where the notation MP ~! means

At M M
M, oM<

Proof Similar to the proof of Lemma 2.2, we omit it here. O

We define p; : PC' — RN as ps3(u) = p3(4,B,Ny)(u), where A = (A;,...,Ar), B =

(By,...,B).
It is clear that ps(-) is continuous and sends bounded sets of PC! to bounded sets of RY,

and hence it is compact continuous.
For fixed a,b € RN, we denote K, : L' — PC' as

Ky 0)(8) = F{ [,(w(t))_1<;73(a,b,l9)+Zbi+F(z§‘)(t))“(t), Vee].

ti<t

Define K3 : PC' — PC! as

Ks(u)(t) = F{(pl [t, (w(t))f1 (,og(u) + ZBi + F(Nf(u))(t)):| }(t), Vte].

ti<t
Similar to the proof of Lemma 2.3, we have

Lemma 2.9 (i) The operator K, is continuous and sends equi-integrable sets in L' to
relatively compact sets in PC.
(ii) The operator K3 is continuous and sends bounded sets in PC' to relatively compact

sets in PC".
Let us define P3 : PC' — PC as

o gOU@) + Y, . Al dt

l1-o0

P3(u) =
It is easy to see that P3 is compact continuous.

Lemma 2.10 Suppose thato <1, Z,_,”;Z ay— 68 <1and ay, g, h satisfy one of the following:

(19 Y/ ler <1, g0 - Y7 o +8) + h(t)(1-0) > 0;
(2°) k()2 0 on [0,1) e =[5 h(e)dt (€ =1,...,m ~2) and h(t) < 0 on [0,&].

Then u is a solution of (1)-(4) ifand only if u is a solution of the following abstract operator

equation:

u=P3(u) + ZA,- + K3(u).

ti<t

Proof Similar to the proof of Lemma 2.4, we omit it here. O
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3 Existence of solutions in Case (i)
In this section, we apply Leray-Schauder’s degree to deal with the existence of solutions
for system (1)-(4) or (1) with (2), (4) and (5) when o <1, Zfznj ap—8=1.

When f satisfies the sub-(p~ — 1) growth condition, we have the following theorem.

Theorem 3.1 Suppose that o < 1, Z[ Loag—8=1; h(t) >0 on [&,1], ap > f;‘“ h(t)dt
£=1,....m-2)and h(t) <0 on [0,&]; f Satzsﬁes the sub-(p~ — 1) growth condition; and
operators A and B satisfy the following conditions:

k -1
Z|A (u, V)| < C1(1+ |u| + |v|) e -1,
i=1

(20)
K

Z|Bi(u, V)| < Co(1+ |ul + |v|)q+71, Y(u,v) e RN x RN,
i-1

then problem (1)-(4) has at least a solution.

Proof First we consider the following problem:

—Dpu = ANy @)(®), te(0,1),t#t,
llme u(t) - lim,_, - u(t)
(S) =AA; (llmt_>t u(t), lim;, .- (w(t))P -Lu/'(8), i=1,...,k,
hmz—mi* w(t)|u/ |PD-2 /(t)—hmt—n w(t)|u/ [PD-24 (¢)
— ABi(lim, - u(®) hmHti—(w(t))Pl W), -1, ..,k,
) =[5 gOul) dt, u(l) = Y02 aeul&e) - [ h(t)ult) dt.
Denote

Py (Lt) = /71(}“4: AB, )"Nf)(u);

Ky () = F{W [t, (w(e)) ™ (pm(u) +AY Bi+ F(ka(M))(f))] }

ti<t
Jo OKiu@)(®) + Y, ., AA;) dt
PL)\(I/!)_ )
l1-0
W, 1) = Pra(u) + 1Y Ai+ Ky (w),
ti<t

where Nf(u) is defined in (10).
Obviously, (1) has the same solution as the following operator equation when A =1:

u=Vr(u, ). (21)

It is easy to see that the operator p,, is compact continuous for any 2 € [0,1]. It follows
from Lemma 2.2 and Lemma 2.3 that W,(-, 1) is compact continuous from PC! to PC! for
any A € [0,1].

We claim that all the solutions of (21) are uniformly bounded for A € [0,1]. In fact, if it
is false, we can find a sequence of solutions {(u,, A,)} for (21) such that ||u,|; — +o0 as
n— +ooand ||u,|; >1foranyn=1,2,....
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From Lemma 2.2, we have

k -1
|, ()] < Cs [(Z |Ai|) + ) Bl + HNf(u)HLl} < Cy(1+ul? 7).
i=1

i=1

Thus

pu, () + Y AB; + F(ANy) F[FN)| < G5+ ulT 7). (22)

ti<t

DB

ti<t

<oy, @) +

From (S;), we have

w(O)|, (O () = py, () + > 4By + / t)LNf(u,,)(s) ds, Vte].

ti<t 0

It follows from (11) and Lemma 2.2 that

k 1
w(®)u, ()" < |py, )| + D 1Bl + /0 INF()(5)| ds < Co + Crlluall{ ™, Ve e

i=1
Denote o = %. If the above inequality holds then

| () 1,0)], < Collaall?, n=1,2,.... (23)
It follows from (14), (20) and (22) that

N
-1
|1u4(0)| < Collunll, wherea = Zﬁ 7

Foranyj=1,...,N, we have

|i,()| = uL(O)+ZAi+/t(u{,),(s)ds
ti<t 0
j i t 1’&71*1 p(tl)fl Y
< [4,(0)] + ;A, + /o (w(s))7® t:}zﬁ)uw(t)) () (t)| ds

= Nuallf[Cro + GE] +

DA

ti<t

<Culluully, Vtel,n=12,...,

which implies that
i,|, < Cuallually, j=1...,Nin=12,....
Thus
lunllo < NCiollunllf, n=12,.... (24)

It follows from (23) and (24) that {||x,||;} is uniformly bounded.
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Thus, we can choose a large enough Ry > 0 such that all the solutions of (21) be-
long to B(Ry) = {u € PC* | ||ull; < Ro}. Therefore the Leray-Schauder degree d;s[I —
W (-, 1), B(Ro), 0] is well defined for A € [0,1], and

dis[I = Ws(-,1), B(Ry),0] = dys[I - Ws(-,0), B(Ry),0].

It is easy to see that u is a solution of u = W¢(x,0) if and only if u is a solution of the
following usual differential equation:

—Ap([)u =0, te(0,1),

S
(52) u(0) = [y gOu@)dt,  u(l) = Yy awulE) - [y h(e)u(o) dt.

Obviously, system (S,) possesses a unique solution . Since u# € B(Ry), we have
dps[1 - Wy (-,1), B(Ro),0] = drs[I — ¥ (-, 0), B(Ro),0] #0,
which implies that (1)-(4) has at least one solution. This completes the proof. d

Theorem 3.2 Suppose that o <1, Y />, -8 = 1; h(t) > 0 on [£,1], ap > fff“ h(t)dt
(£=1,...,m—2)and h(t) <0 on [0,&]; f satisfies the sub-(p~ — 1) growth condition; and
operators A and D = (D, ..., Dy) satisfy the following conditions:

k S
YA )] = Ci(L+ Tl + vl)

i1
K +
Z|Di(u,V)’ < Co(L+ul + V), V(u,v)eRN xRV,

i=1
where a; < 1%’ andpt;)-1<q" —a;,i=1,...,k
Then problem (1) with (2), (4) and (5) has at least a solution.

Proof Obviously, Bi(u,v) = ¢(t;, v + D;(u, v)) — ¢(t;, v).
From Theorem 3.1, it suffices to show that

k

Z|Bi(u, v)| < C2(1 + |u| + |V|)q+_l, V(u,v) € RN x RN, (25)
i=1

(a) Suppose that |v| < M*|D;(u,v)|, where M* is a large enough positive constant. From
the definition of D, we have

|Bi(, )| < Cu|Ditat, )" < Cy(1+ ] + [v]) ¢

g1

Since o; < p?t,-)—l’ we have o;(p(t;) — 1) < g* — 1. Thus (25) is valid.
(b) Suppose that |v| > M*|D;(u,v)|, we can see that

N— |D(M,V)| AR
|Biu,v)| < Cs|v]P® 17l|v| = CalvP“D72| Dy(u, v)|.
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There are two cases: Case (i): p(¢;) — 1 > 1; Case (ii): p(t;) =1 < 1.
Case (i): Since p(t;) -1 < q* —a;, we have p(t;) -2 + o; < g* — 1, and

|Bi(, v)| < Cs P2 Dy, v)| < Co(1+ el + [v])P D> < Co(1+ ] + [v])* .

Thus (25) is valid.
1

Case (ii): Since o; < #, we have o;(p(t;) - 1) < q* -1, and

|Bi(u,v)| < C1vP72| Diu, v)| < Cs|Dilu,v) |p(ti)71 < Co(1+ul+ |V|)di(p(ti)71)~
Thus (25) is valid.

Thus problem (1) with (2), (4) and (5) has at least a solution. This completes the proof.
O

Let us consider
1
—(w@)| ") + (6w, (W0) T i, S(w), T(w),6) =0, te (01,678,  (26)
where ¢ is a parameter, and

¢ (& u, (w(2)) oz u,S(w), T(u),¢)

=f(tu, (w(t))lﬁ ', S(u), T(w)) + eh(t, u, (w(t)) oS ', S(u), T(u)),

where /1,f : ] x RN x RN x RY x RN — R¥ are Caratheodory. We have the following
theorem.

Theorem 3.3 Suppose that o < 1, ZZ,”:_IZ g —8=1; h(t) > 0 on [£,1], ap > f;f” h(t)dt
(£=1,...,m—2)and h(t) <0 on [0,&]; f satisfies the sub-(p~ — 1) growth condition; and
we assume that

o1

L q
DA )] < GiL+ lul + )7,
i=1

a +
> |Biw,v)| < Gy + ul + v])* 1 V(,v) eRY xRV,

i=1
then problem (26) with (2)-(4) has at least one solution when parameter ¢ is small enough.

Proof Denote

¢ (t,u, (w(t)) Fos} u',S(u), T(u), 8)
)

:f(t, u, (w(t))lﬁ u',S(u), T(u)) + )Lsh(t, u, (w(t))m u',S(u), T(u)).

We consider the existence of solutions of the following equation with (2)-(4)

-2

—wO O + (610, (W)U, Sw), T(w),e) =0, te (O, t4L.  (27)
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Denote
)Of)h (Ll, 8) = /31(A’B7N¢)L)(u)’

K, (u,e) = F{(p‘l |:t, (W)™ (,offA (u,€) + ZBi + F(N¢A(u))(t)):| },

ti<t

fo t)kaus(t th
(1-0)

P, (u,e) =

qu(u’)‘-) = P?’A(M,S) + ZAl + I<fk(ur 8),

ti<t

where Ny, (&) is defined in (10).

We know that (27) with (2)-(4) has the same solution of u = ®, (i, A).

Obviously, ¢ =f. So ®.(,0) = Wr(u,1). As in the proof of Theorem 3.1, we know that
all the solutions of u# = ®,(u, 0) are uniformly bounded, then there exists a large enough
Ry > 0 such that all the solutions of u# = ®.(u,0) belong to B(Ry) = {u € PC' | |lul; < Ro}.
Since ®(-,0) is compact continuous from PC' to PC!, we have

inf “u ®,(1,0), > 0. (28)
u€dB(R,

Since f and / are Caratheodory, we have
|E(Ng, () = F(Ngy () ||0 — 0 for (4, 1) € B(Rg) x [0,1] uniformly, as & — 0,
|pfk(u,s) - pfo(u,s)| — 0 for (u,1) € B(Ry) x [0,1] uniformly, as ¢ — 0,
||K1#A(u,8) —Kffo(u,e) ||1 — 0 for (u,1) € B(Ry) x [0,1] uniformly, as ¢ — 0,

’P# U,c) Pfo(u,8)| — 0 for (u,A) € B(Ry) x [0,1] uniformly, as ¢ — 0.

Thus

|| D, (u, 1) — Po(u, 1) ||1 — 0 for (u, 1) € B(Ry) X [0,1] uniformly, as ¢ — 0.
Obviously, ®¢(u, 1) = P (1,0) = Do (1, 0). We obtain

|| D, (u, L) — P (u, O)||1 — 0 for (u,1) € B(Ry) x [0,1] uniformly, as ¢ — 0.
Thus, when ¢ is small enough, from (28), we can conclude that

(uk)eHé( ><[01]||u ( uk)Hl

> inf ”u ®,(1,0) ||1 sup “ @ (14, 0) — @4 (1, 1) ”1 >0-
u€dB(Rp) (u,1)eB(Rg) x[0,1]

Thus u = ®, (1, 1) has no solution on dB(Ry) for any A € [0,1], when ¢ is small enough.
It means that the Leray-Schauder degree d;s[I — ®.(-, 1), B(Ry), 0] is well defined for any
A €[0,1], and

dys[I - @.(u, 1), B(Ro),0] = dys[I - P.(u,0), B(Ro),0].
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Since ®,(u,0) = Wr(u,1), from the proof of Theorem 3.1, we can see that the right-hand
side is nonzero. Thus (26) with (2)-(4) has at least one solution when ¢ is small enough.
This completes the proof. d

Theorem 3.4 Suppose that o <1, ZZ:IZ ay—8=1; h(t) >0 on [&,1], ap > S‘*l h(t)dt
(£=1,...,m—2)and h(t) <0 on [0,&]; f satisfies the sub-(p~ — 1) growth condltlon and
we assume that

k S
DA )] < GiL+ lul + )P,
i=1
d +
Z|Di(”'v)’ <Go(l+|ul+ V), V(uv)eRN xRN,

i=1

where o; < i 1, and p(t;)) -1 <q" —o;i= ., k, then problem (26) with (2), (4) and (5)

ple)-1
has at least one solution when parameter ¢ is small enough.

Proof Similar to the proof of Theorem 3.2 and Theorem 3.3, we omit it here. O

4 Existence of solutions in Case (ii)
In this section, we apply Leray-Schauder’s degree to deal with the existence of solutions
for system (1)-(4) or (1) with (2), (4) and (5) when o =1, ZZ”:_IZ ar -6 1L

When f satisfies the sub-(p~ — 1) growth condition, we have the following.

Theorem 4.1 Suppose that o =1, Ze _. ¢ — 8 #1; f satisfies the sub-(p~ — 1) growth con-
dition; and operators A and B satisfy the following conditions:

k

Sl )| < o1+l + 1),

i=1

Y IBiw )| < Co(L+ lul + )T T Vi) e RN x RY,

then problem (1)-(4) has at least a solution.
Proof Similar to the proof of Theorem 3.1, we omit it here. O

Theorem 4.2 Suppose thato =1, . o — 8 #1; f satisfies the sub-(p~ — 1) growth con-
dition; and operators A and D = (D», ..., D) satisfy the following conditions:

k a1

Z‘Ai(u,v)’ < Ci(1+ul +|v]) 7™,
i=1
a +
Z|Dl'(”"’)| < Co(L+ul + V)™, ¥(u,v)eRN xRV,
i=1

where

and pt;)-1<q" -, i=1,...,k

then problem (1) with (2), (4) and (5) has at least a solution.
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Proof Similar to the proof of Theorem 3.2, we omit it here. O

Theorem 4.3 Suppose that o =1, Zz “ap — 8 #1; f satisfies the sub-(p~ — 1) growth con-
dition; and we assume that

k o
Z|Ai(u,v)| < Ci(1+ |ul + )7,

i=1

3 IBiwv)| < Co(L+ lul + )" T V() RN x RY,

then problem (26) with (2)-(4) has at least one solution when parameter ¢ is small enough.
Proof Similar to the proof of Theorem 3.3, we omit it here. O

Theorem 4.4 Suppose that o =1, Z[ L og =8 #1; f satisfies the sub-(p~ — 1) growth con-
dition; and we assume that

- g
> A v)| < CulL+ Jul + ) P,

i=1

k +
Z‘D,'(u,v)’ <Co(1+ |ul+ W), V(uv)eRN xRN,
i=1

where o; < p‘f — andp(t)-1<q" —a;i= ., k, then problem (26) with (2), (4) and (5)
has at least one solution when parameter ¢ is small enough.

Proof Similar to the proof of Theorem 3.2 and Theorem 3.3, we omit it here. O

5 Existence of solutions in Case (iii)
In this section, we apply Leray-Schauder’s degree to deal with the existence of solutions
and nonnegative solutions for system (1)-(4) or (1) with (2), (4) and (5) when o < 1,

S lap-8<1.
When f satisfies the sub-(p~ — 1) growth condition, we have the following theorem.

Theorem 5.1 Suppose thato <1, Ze L og—38 <land oy, g, h satisfy one of the following:

(1% Yr e <1, g1 - Y7 +8) + h(H)(1-0) = 0;
(29 h(t) =0 on [£1,1], p > fée“ h(t)dt (6=1,...,m—2)and h(t) <0 on [0,&];

when f satisfies the sub-(p~ — 1) growth condition; and operators A and B satisfy the follow-
ing conditions:
: qt-1
Z|Ai(u, V)| < G+ |ul + [v])PT,

i=1

N B v)| < Co(1+ ful + )T, Vw,v) e RN x RY,

then problem (1)-(4) has at least a solution.

Page 22 of 28


http://www.boundaryvalueproblems.com/content/2013/1/161

Dong and Zhang Boundary Value Problems 2013, 2013:161 Page 23 of 28
http://www.boundaryvalueproblems.com/content/2013/1/161

Proof Similar to the proof of Theorem 3.1, we omit it here. O

Theorem 5.2 Suppose that o <1, ZZ”:_IZ o — 08 <land oy, g, h satisfy one of the following:

1% Y Par<1,g0A -0 ap+8) + ht)(1-0) > 0;
(29 h(t) =0 on [£,1], ap > f;‘z“ h(t)dt (€=1,...,m—2) and h(t) <0 on [0,&];

when f satisfies the sub-(p~ — 1) growth condition; and operators A and D = (D, ..., Dy)
satisfy the following conditions:
k -1

Z|A u,v) <C1(1+|u|+|vl) *1

i=1

k
Z|Di(u,v)’ <Go(l+ul+ V), V(uv)eRN xRN,
i=1
where
q--1 .
i < and pt)-1<q" -wa;, i=1,...,k
pt) -1

then problem (1) with (2), (4) and (5) has at least a solution.
Proof Similar to the proof of Theorem 3.2, we omit it here. O

Theorem 5.3 Suppose that o <1, Z;";lz o —8 <land ay, g, h satisfy one of the following:

19 Ze Lo <1,g@)1- Z@ Lo +8)+h(t)(1-0)>0;
(29 h(t) >0 on [£,1], g > f;‘z“ h(t)dt (€=1,...,m—2) and h(t) <0 on [0,&];

when f satisfies the sub-(p~ — 1) growth condition; and we assume that

k

Z|A u,v | <C1(1+|M|+|V|) v i

i=1

K +

S |Biw )| < Co(t+ lul + )T, V(u,v) e RN x RY,
i=1

then problem (26) with (2)-(4) has at least one solution when parameter ¢ is small enough.
Proof Similar to the proof of Theorem 3.3, we omit it here. O

Theorem 5.4 Suppose that o <1, ZZ”;IZ o —8 <landay, g, h satisfy one of the following:

1% Y Par <1, g0 -0 ap +8) + h(t)(1-o) > 0;
(29 h(t) =0 on [£,1], ap > f;‘z“ h(t)dt (€=1,...,m—2) and h(t) <0 on [0,&];

when f satisfies the sub-(p~ — 1) growth condition; and we assume that

k

Z|A u,v | <C1(1+|M|+|V|) v i

i=1

k +

D IDiwv)| < G+ ul + W)™, V(u,v) e RN x RY,
i=1
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where o; < p‘f — andp(t)-1<q" —a;i= ., k, then problem (26) with (2), (4) and (5)
has at least one solution when parameter ¢ is small enough.

Proof Similar to the proof of Theorem 3.2 and Theorem 3.3, we omit it here. d

In the following, we will consider the existence of nonnegative solutions. For any x =
(x%,...,x4N) € RN, the notation x > 0 means «/ > 0 foranyj=1,...,N.

Theorem 5.5 Suppose that o <1, Y /P =8 <1, Y0P o <1, g()1 = Y02 ap + 8) +
h(t)(1-0o) > 0. We also assume:

1% f(t,x,9,5,2) <0,Y(t,x,9,52) €] x RN x RN x RN x R¥;

2%) Foranyi=1,...,k Bi(u,v) <0,¥(u,v) e RN x RN;

39) Foranyi:1,...,k,j:1,...,N,A}L:(u,v)v"2O,V(u,v)eRN x RN,
4% p(t) <o.

—~ o~ o~ o~

Then every solution of (1)-(4) is nonnegative.

Proof Let u be a solution of (1)-(4). From Lemma 2.10, we have

+ ZAi + F{(p‘l |:t, (w(t))f1 (pg(u) + ZB,» + F(Nf(u))):| }(t), Vte].

ti<t ti<t

We claim that p3(x) > 0. If it is false, then there exists some j € {1,...,N} such that
p’s(u) <0.
It follows from (1°) and (2°) that

|:p3(u) +Y B+ F(Nf(u))(t):|/ <0, Vtel. (29)

ti<t

Thus (29) and condition (3°) hold
Al<0, i=1,...,k (30)

Similar to the proof before Lemma 2.8, from the boundary value conditions, we have

- ! ~ /0 " <F{¢-1 [t, (w()™ (p?, +Y B+ P(Ag«(@))] }(r) + ZA,) dt

Z( -1 ae{Zgqu +fg 2 03+Zt<tB + F(Ny(u)))] dt}
1- Zz’:l Oy + 5
Z; 1 Ai(l - Ze o1 o)
1- Z -1 Ole +4
(1 Yrlan) [y et (W(t))’l(ps +2 s Bi + FNy ()] dt

1- Z,_, o+
N fol h(@)(F{o™'[t, w(6)) (o3 + 2, <tB- + F(Np))1}E) + 32, Ad) dt

(31)
1- Z[ -1 o:,_»+8
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From (29) and (30), we get a contradiction to (31). Thus p3(x) > 0.
We claim that
k
pa() + Y B;+ F(Ny)(1) <0. (32)

i=1
If it is false, then there exists some j € {1,...,N} such that
k J
|:,03(u) +Y B+ F(Nf)(l):| >0.
i=1
It follows from (1°) and (2°) that
j
|:,03(u) +Y B+ F(Nf(u))(t):| >0, Vtel. (33)
ti<t

Thus (33) and condition (3°) hold
Al>0, i=1,...,k (34)

From (33), (34), we get a contradiction to (31). Thus (32) is valid.

Denote O(t) = p3(u) + Zt,«Bi + F(Np(u))(t), Ve €]

Obviously, ®(0) = p3 > 0, (1) < 0, and O(¢) is decreasing, i.e., O(t') < O(¢") for any
t',t" €] witht' >t". Foranyj=1,...,N, there exist {; € / such that

®t)>0, Vte(0,f), and ©(r) <0, Vte(yT).
It follows from condition (3°) that /(¢) is increasing on [0, ;] and #/(¢) is decreasing on
(¢, T). Thus min{#/(0), #/ (1)} = inf,e; /(¢),j =1,...,N.
For any fixed j € {1,...,N}, if

#(0) = itrel}fuj(t), (35)

from (4) and (35), we have (1 — 6)#/(0) > 0. Then #/(0) > 0.
If

W) = itn]fu/(t), (36)

from (4), (36) and condition (4°), we have (1 — Y7;* a; + 8)#/(1) > 0. Then #/(1) > 0.
Thus u(t) > 0, V¢ € [0, T]. The proof is completed. O

Corollary 5.6 Under the conditions of Theorem 5.1, we also assume:

1% f(t,x,9,82) <0,¥(t,xy,s72) €] x RN x RN x RY x RN with x,5,z > 0;
(2°) Foranyi=1,...,k, Bi(u,v) <0,V(u,v) € RN x RN with u > 0;
(3% Foranyi=1,....,k,j=1,...,N, Al(u,v)vV > 0, ¥(u,v) € RN x RN with u > 0;


http://www.boundaryvalueproblems.com/content/2013/1/161

Dong and Zhang Boundary Value Problems 2013, 2013:161
http://www.boundaryvalueproblems.com/content/2013/1/161

(4%) h(z) <0;
(5°) Foranyte[0,1] and s € [0,1], k.(t,5) > 0, h,(¢,s) > 0.

Then (1)-(4) has a nonnegative solution.
Proof Define M(u) = (My(u'),..., My(uN)), where

u, u=>0,

My(u) =
#(w) 0, u<O.

Denote
F(tuv, S@w), Tw) = £ (£, M(w), v, S(M(W), T(Mw))), V(t,u,v) €] x RY x RY,

thenf(t, u, v, S(u), T(u)) satisfies the Caratheodory condition, and;fv(t, u,v,S(u), T(u)) <0
for any (¢,u,v) €] x RN x RN,
Foranyi=1,...,k, we denote

Ai(u,v) =Ai{(M(u),v), Bi(u,v) = Bi(M(u),v), VY(u,v)eRY xRV,
then Zi and B; are continuous and satisfy

Bi(u,v) <0, VY(u,v)eRN xRN foranyi=1,...,k,

Zf(u,v)ﬂzo, Y(u,v) e RYN xRN foranyi=1,...,k,j=1,...,N.

It is not hard to check that

(20y lim|u|+|‘,|ﬁ+oo(7(t, u,v,S(w), T())/(lu] + [v|)7®-1) = 0 for ¢ € J uniformly, where g(t) €
C(J,R),and1<q <q*<p;
+ -1
3% Zl 1|A (u,v)] < Cr(L+ |u| + |v|)p+ 1, V(u,v) e RN x RN;
(4%) 5 Biw,v)| < Co@ + [ul + V)T, ¥(u,v) € RN x RV,

Let us consider

(WO pio 1 (©))) =T (t, 1, W(O)POT 10, S(u), Tw)), te T,
lim,_, .+ u(t) — lim,_, - u(t;)

= Aullime - w(@) time - W(O)PT U (@), =1,k
lim, o W)@ 1 (6)) — im, i~ (D pio (' (8))

= Byllim,.- u(t),limHt (w(t))zﬁu(t)) i=1,...k
u(0) = [, g(Ou(t)dt, = Y au(E) - [ h(e)ul)

(37)

It follows from Theorem 5.1 and Theorem 5.5 that (37) has a nonnegative solution u.
Since u > 0, we have M(u) = u, and then

f(t u, (w(t)) lu ,S(u), T(u)) f(t u, (w(t)) 1u ,S(u), T(u))

A Jim we), im (w(1)) 701 W(0) = Ai( Jim u(@), Jim (w() 7o W),

t— tl._ t— ti_

B, Jim w(e), Jim (w(0) P70/ (0)) = By fim w(0), lim (w(0) 7071 (1))

t—>tl. t— ti
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Thus u is a nonnegative solution of (1)-(4). This completes the proof. O

Note (i) Similarly, we can get the existence of nonnegative solutions of (26) with (2)-(4).
(ii) Similarly, under the conditions of Case (ii), we can discuss the existence of nonneg-
ative solutions.

6 Examples
Example 6.1 Consider the existence of solutions of (1)-(4) under the following assump-
tions:

16w, (w(®) T o, S(0), )
(102, (W(t))gﬁi—ij 1102
®-1 ®-1 i
+ (S@)™ ™ + (T@)™™, te(0,1),t#ti= et

A, ) = u ™ Pu+ v ™2y, i=1,...,k

2 2 .
Bi(u,v) = lul*u+vi*v, i=1,...k

1 C+1 ¢ 0, O0<t<4i,
)= ——, =—, =—, h(t) = - m
g() i a=— & - (2) N

where (Su)(t) = Ole”su(s) ds, (T(w))(t) = fot(t2 +s2)u(s)ds, p(t) = 6 + 37t cos 3t, q(t) =3 +
27t cost.

Obviously, g(t) <4 <5 < p(t); h(t) =0 when 0 < ¢ < % =& > f;‘“ h(t)dt (£ =
1,...,m — 2); then the conditions of Theorem 3.1 are satisfied, then (1)-(4) has a solution.
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