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1 Introduction
In this paper, we discuss the nonlocal initial value problem

x'(t) € Ax(t) + F(t,x(¢)), tel=][0,1],
x(0) = g(x),

(1.1)

where A is the infinitesimal generator of a strongly continuous semigroup of bounded
linear operators (i.e., Co-semigroup) 7'(¢) in a Banach space X, and F : [0,1] x X — P.(X),
g:C([0,1]; X) — X are given X-valued functions.

The study of nonlocal evolution equations was initiated by Byszewski [1]. Since these
represent mathematical models of various phenomena in physics, Byszewski’s work was
followed by many others [2—7]. Subsequently, many authors have contributed to the study
of the differential inclusions (1.1). Differential inclusions (1.1) were first considered by Aiz-
icovici and Gao [8] when g and T'(¢) are compact. In [9-12] the semilinear evolution dif-
ferential inclusions (1.1) were discussed when A generates a compact semigroup. Xue and
Song [13] established the existence of mild solutions to the differential inclusions (1.1)
when A generates an equicontinuous semigroup and F(t, ) is Ls.c. for a.e. £ € [0,1]. In [14]
the author proved the existence of mild solutions of the differential inclusions (1.1) when A
generates an equicontinuous semigroup and a Banach space X which is separable and uni-
formly smooth. In [15] Zhu and Li studied the differential inclusions (1.1) when F admits a
strongly measurable selector. In [16] the differential inclusions (1.1) were discussed when
{A(2)} is a family of linear (not necessarily bounded) operators. In [17] local and global
existence results for differential inclusions with infinite delay in a Banach space were con-
sidered. Benchohra and Ntouyas [18] studied the second-order initial value problems for
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delay integrodifferential inclusions. In [19, 20] the impulsive multivalued semilinear neu-
tral functional differential inclusions were discussed in the case that the linear semigroup
T(¢) is compact. The purpose of this paper is to continue the study of these authors. By
using a new method, we prove the existence results of mild solutions for (1.1) under the
following conditions of g and T'(¢): g is either compact or Lipschitz continuous and T'(¢)
is an equicontinuous semigroup. So, our work extends and improves many main results
such as those in [8-12, 14, 15].

The organization of this work is as follows. In Section 2, we recall some definitions and
facts about set-valued analysis and the measure of noncompactness. In Section 3, we give
the existence of mild solutions of the nonlocal initial value problem (1.1). In Section 4, an
example is given to show the applications of our results.

2 Preliminaries

Let (X, | - |I) be a real Banach space. Let P.(X) = {A € X : nonempty, closed, convex]}.
A multivalued map G : X — X is convex (closed) valued if G(x) is convex (closed) for all
x € X. We say that G is bounded on bounded sets if G(B) is bounded in X for each bounded
set B of X. The map G is called upper semicontinuous (u.s.c.) on X if for each x, € X the
set G(xp) is a nonempty, closed subset of X, and if for each open set N of X containing
G(xp), there exists an open neighborhood M of xy such that G(M) C N. Also, G is said to
be completely continuous if G(B) is relatively compact for every bounded subset B C X.
If the multivalued map G is completely continuous with nonempty compact values, then
G is u.s.c. if and only if G has a closed graph (i.e., x, — x0, ¥4, = Y0, ¥» € G(x,) imply
¥o € G(x0)). Moreover, the following conclusions hold. Let D C X and G(x) be closed for
all x € D, if G is w.s.c. and D is closed, then graph(G) is closed. If G(D) is compact and D
is closed, then G is u.s.c. if and only if graph(G) is closed. Finally, we say that G has a fixed
point if there exists x € X such that x € G(x).

We denote by C([0,1]; X) the space of X-valued continuous functions on [0, 1] with the
norm ||x|| = sup{|lx(¢)||;£ € [0,1]}, and by L}(0,1; X) the space of X-valued Bochner func-
tions on [0, 1] with the norm ||x|| = fol lx(s)| ds.

A Cp-semigroup 7T'(t) is said to be compact if T'(¢) is compact for any ¢ > 0. If the semi-
group T(t) is compact, then t — T(t)x is equicontinuous at all £ > 0 with respect to x
in all bounded subsets of X; i.e., the semigroup T'(f) is equicontinuous. If A is the gen-
erator of an analytic semigroup 7'(¢) or a differentiable semigroup T'(¢), then T'(¢) is an
equicontinuous Cp-semigroup (see [21]). In this paper, we suppose that A generates an
equicontinuous semigroup 7'(¢£) on X. Since no confusion may occur, we denote by « the
Hausdorff measure of noncompactness on both X and C([0,1]; X).

Definition 2.1 A function x € C([0,1]; X) is a mild solution of (1.1) if
(1) x(t) = T(t)g(x) + [y T(t—s)v(s)ds,
(2) x(0) = g(x), where v € Sg, = {v e L}(I, X) : v(t) € F(t,x(£))}.

To prove the existence results in this paper, we need the following lemmas.

Lemma 2.2 [22] If W C C([0,1]; X) is bounded, then a(W (t)) < a(W) for all t € [0,1],
where W (t) = {x(t);x € W} C X. Furthermore, if W is equicontinuous on [0,1], then
a(W(t)) is continuous on [0,1], and (W) = sup{a(W (t)); £ € [0,1]}.
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Lemma 2.3 [22] If{W,}; is a decreasing sequence of bounded closed nonempty subsets
of X and lim,,_, .o (W,,) = 0, then (2] W, is nonempty and compact in X.

Lemma 2.4 [23] If {u,}%, C L}(0,1; X) is uniformly integrable, then a({u,(2)}2,) is mea-
surable and

a({/o u,,(s)ds}n_l) 52/0 a({un(s)}zl) ds. (2.1)

Lemma 2.5 [24] If the semigroup T(t) is equicontinuous and n € L'(0,1;R*), then the set
{t > fo (t—s)x(s) ds;x € L0, L, R*), |x(s)|| < n(s), for a.e. s € [0,1]} is equicontinuous on
[0,1].

Lemma 2.6 [25] If W is bounded, then for each ¢ > 0, there is a sequence {u,};°; € W
such that

a(W) <2a({u2)) +e. (2.2)

A countable set {f,}5°, C L1(0,1;X) is said to be semicompact if

(a) itis integrably bounded: ||f, ()|l < w(¢) for a.e. ¢ € [0,1] and every n > 1, where
o(-) € LH0,1;R*);

(b) the set {f,,(£)}52, is relatively compact for a.e. £ € [0, 1].

Lemma 2.7 [26] Every semicompact set is weakly compact in the space L*(0,1;X).

Lemma 2.8 [16, 26] If {f,,}°, C L'(0,1;X) is semicompact, then {fo — 8)fuls)ds}, is
relatively compact in C([0,1]; X) and, moreover, if f,, — fo, then

/t T(t - s)fu(s)ds — /t T(t - s)fo(s)ds
0 0
as n— 0.

The map F: W € X — X is said to be o contraction if there exists a positive constant
k <1 such that

a(F(Q)) < ka(Q)
for any bounded closed subset Q € W.

Lemma 2.9 [27-30] (Fixed point theorem) If W C X is a nonempty, bounded, closed,
convex and compact subset, the map F : W — 2V is upper semicontinuous with F(x) a
nonempty, closed, convex subset of W for each x € W, then F has at least one fixed point
inW.

Lemma 2.10 [26] (Fixed point theorem) If W C X is nonempty, bounded, closed and con-
vex, the map F : W — 2V is a closed a contraction map with F(x) a nonempty, convex and
compact subset of W for each x € W, then F has at least one fixed point in W.
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3 Main results
In this section, by using the measure of noncompactness and fixed point theorems, we give
the existence results of the nonlocal initial value problem (1.1). Here we list the following
hypotheses.
(1) The Cy semigroup T'(¢) generated by A is equicontinuous. We denote
N =sup{[|[T(®);¢ € [0,1]}.
(2) g:C([0,1];X) — X is continuous and compact, there exist positive constants ¢ and
d such that ||g(x)|| < ||| + d, Vx € C([0,1]; X).
(3) The multivalued operator F: [0,1] x X — P.(X) satisfies the hypotheses:
t — F(t,x) is measurable for every x € X;
x — F(t,x) is us.c. for a.e. t € [0,1];
the set Sp,. = {v € L}(I,X) : v(t) € F(t,x(t)); for a.e. t € [0,1]} is nonempty.
(4) There exists L € L}(0,1;R*) such that for any bounded D C X,

a(F(t,D)) < L(H)a(D)

fora.e. t €[0,1].
(5) There exist a function m € L'(0,1; %*) and a nondecreasing continuous function
QRN — N such that

|E@,%) | < m@&)lIx])
forallx € X,and a.e. £ € [0,1].

Remark 3.1 If dimX < oo, then Sg, # ¥ for each x € C([0,1]; X) (see Lasota and Opial
[31]). If dim X = oo and x € C([0,1]; X), then the set Sg, is nonempty if and only if the
function Y : [0,1] — R defined by Y (¢) = inf{||v| : v € F(¢,x(t))} belongs to L}(0,1; R*) (see
Hu and Papageorgiou [32]).

The following lemma plays a crucial role in the proof of the main theorem.

Lemma 3.2 [26] Under assumptions (3)-(5), if we consider sequences {x,}52; C C([0,1]; X)
and {v,}2, C LY(0,1; X), where v, € Sg,,, such that x,, — x, v, — v, then v € Sg.

Now we give the existence results under the above hypotheses.

Theorem 3.3 If (1)-(5) are satisfied, then there is at least one mild solution for (1.1) pro-
vided that there exists a constant R with

1 R 1
/ m(s) ds </ ———ds. (3.1)
0 N(cr+d) NS2(s)
Proof Define the operator I' : C([0,1]; X) — C([0,1]; X) by

(Tx)(¢) = {y(t) € C([O, 1];X) 2y(t) = T(H)g(x) + /0 T(t—s)v(s)ds;v e Sp,x}.

We shall show that the multivalued I" has at least one fixed point. The fixed point is then
a mild solution of the problem (1.1).
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(1) We contract a bounded, convex, closed and compact set W C C([0,1]; X) such that
" maps W into itself.

In view of (3.1), we know there exists a constant 1 > 0 such that

1 R 1
m(s)ds < ds, (3.2)
v/(; T0+T] NQ(S)

where Ty = N(cR + d).

Then there exists a positive integer K such that

To+Kn 1 1 To+(K+1)n 1
/ ds </ m(s)ds 5/ ds. (3.3)
To+n NQ(S) 0 T NQ(S)

0+n

Hence, weget 0 =y <t <ty <--- <tx_1 < tx =1 such that

151 To+2n 1
m(s) ds = / ———ds,
/(; To+n NQ(S)

ty To+3n 1
/ m(s)ds = / ———ds,
151 To+2n NQ(S)

cey

-1 To+Kn 1
/ m(s)ds = / ds,
tko To+(i-1)y NS2(s)

1 To+(K+1)n 1
/ m(s)ds < / ds
tr Tosky  INSQAs)

We denote Wy = {x € C([0,1]; X), [x()|l; = sup{llx(®)]| : t € [tin,t:]} < To + in,i =
1,2,...,K}, then W, € C([0,1]; X) is nonempty, bounded, closed and convex.
For any x € Wy, we have

(Tx)(t) = {y(t) 2y(t) = T(t)g(x) + /0 T(t - s)v(s)ds; v(t) € Sp,x}.

Therefore

ly@] < | T(0gw)| +

/t T(t—s)v(s)ds
0

< N(cllxll +d) + N /O m(s)([|x(s) ) ds
<N +Ki) ) N [ 0|

0
< N(cR +d) +N/0tm(8)9(||x(8) |)ds < To + N/Otm(S)Q(”x(S)”) ds,

and

Iyl = sup{|ly@®)] : ¢ € [ti-1, t:]}

< sup{To +N/tm(s)£2(||x(s)||)ds:te [ti_l,ti]}
0

Page 50of 13
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<Ty +N/0 im(s)Q(”x(s)”)ds

< Toe | [ w0 ds [ moa(lso])ds

1

+...+/f m(s)Q(Hx(s)”)ds:|

i-1

< T +N|:/t1 m(s) dsQ2(Ty + 1) + ftz m(s) dsQ2(Ty + 21)
0 51

ey /ti m(s) ds(To + in)}

tia

To+2n To+3n
<To+N / dsQ(T, +27)+/ dsQ(To + 2n)
° |: To+n NQ(S) 0 To+2n NQ(S) 0

To+(i+1)n 1
et dsQ(Ty + ir;):|
/7"o+i77 NQ(S)

< Ty +in,

which implies I' : W, — 2%0 is a bounded operator.

Define W, = convl'(W)), where conv means the closure of the convex hull in C([0,1]; X).
Then Wi C C([0,1]; X) is nonempty bounded closed convex on [0,1] with W; € W,,.
Let W,,1 = convl'(W,) for all n > 1. Similarly to the above discussions, we know that
W1 € W, forn=1,2,...as W) € Wy and W, Ws, ... are both nonempty, closed, bounded
and convex. Thus {W,,}}% is a decreasing sequence consisting of subsets of C([0,1];X).

Moreover, set

then W is a convex, closed and bounded subset of C([0,1];X) and I'(W) C W.

Now, we claim that W is nonempty and compact in C([0,1];X). To do so, from
Lemma 2.6, we know for arbitrary given € > 0, there exist sequences {v,}%) C Sg,w, such
that

a(WVl+l(t)) = a((r Wn)(t))

< Za(/tT(t—s)vn(s)ﬁflds) +e
0

< 4fta(T(t—s)vn(s),i°1) ds+¢
0
< 4N/ta(v,,(s)f,il) ds+e¢
0
< 4N/toz(F(s, Wn(s)) ds+e¢
0

< 4N/tL(s)a(Wn(s)) ds +¢.
0
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Since this is true for arbitrary € > 0, we have

t
a(W,Hl(t)) < 4N/ L(s)a(Wy,(s)) ds.
0
Because W, is decreasing for #, we can define

w(t) = nErPoo“((W”)(t))‘

Let n — +00, we have

ut) < 4N / ' Ls)uts) ds.
0

It implies that (£) = 0 for all £ € [0,1]. By Lemma 2.2, we know that lim,,_, ;oo (W,,) = 0.
Using Lemma 2.3, we obtain W = (1,2 W, is nonempty and compact in C([0,1]; X).

(2) We shall show that I' is closed on W with closed convex values. It is very easy to see
that I" has convex values.

Let us now verity that graph(T") is closed. Let {x,}°; C W with x, — x in C([0,1]; X),
and y, € I'x, with y, — y in C([0,1]; X). Moreover, let {v,,}°%; C L'(0,1; X) be a sequence
such that v, € Sg,, for any n > 1, and

() = T(t)g(x,) + /O T(t - s)v,(s) ds.

Asx, — xin C([0,1]; X), we know that {x,,}°; is a bounded set of C([0,1]; X), we denote
Ry =sup{llx,|l:n=1,2,...}.
From hypothesis (5), we obtain

[va@ || < [F&,x,0)|| < mOQ(IIxall) < m@)QAR,).

Then we have the set {v,}32, is integrably bounded for a.e. t € [0,1].
From hypothesis (4), we know

o({v®},) =aF (6 {x0},,)) = Lo«({x0},5) =0

for a.e. t € [0,1]. Then the set {v,(¢)}°2, is relatively compact for a.e. t € [0,1].

n=1
So, the set {v,(t)}3°; is semicompact. By applying Lemma 2.7, it yields that {v,(£)}3;
is weakly compact in LY(0,1;X). We get that there exists v € LY(0,1; X) such that v, — v.
Therefore, we infer that

/t T(t—s)v,(s)ds — /t T(t - s)v(s) ds.
0 0

Further, we have

yu(t) > T(t)g(x) + /O t T(t - s)v(s)ds,

Page 7 of 13
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and hence
y(t) = T(t)g(x) + / T(t - s)v(s)ds
0

By Lemma 3.2, it implies that v € Sg,, i.e., y € I'(x). Therefore graph(I") is closed. And
hence I" has closed values on W'.

(4) T isu.s.c.on W.

Since TW C W is compact, W is closed and graph(T") is closed, we can come to the
conclusion that I' is u.s.c. (see [30]).

Finally, due to fixed point Lemma 2.9, T has at least one point x € I'(x), and x is a mild
solution to the semilinear evolution differential inclusions with the nonlocal conditions
(1.1). Thus the proof is complete. d

Remark 3.4 In [8-12] the authors discuss the nonlocal initial value problem (1.1) when
T (t) is compact. In [14] the existence of mild solutions of the differential inclusions (1.1) is
proved when A generates an equicontinuous semigroup and Banach space X is separable
and uniformly smooth. In this paper, by using a new method, we prove the operator I"
maps compact set W into itself. We do not impose any restriction on the coefficient L(¢),
and we only require T'(¢) to be an equicontinuous semigroup. So, Theorem 3.3 generalizes

and improves the related results in [8-12, 14].

Theorem 3.5 [15] If (1)-(5) are satisfied, then there is at least one mild solution for (1.1)
provided that there exists a constant R > 0 such that

1
N(cR +d) +N/ m(s) dsQ2(R) < R. (3.4)
0

Proof In view of (3.4), we get

R—-N(cR + d) R 1
./ m(s) ds <  NQ®) ) /N(cmd) NQ(s) ds

From Theorem 3.3, the nonlocal initial value problem (1.1) has at least one mild solu-
tion. O

Remark3.6 If N =1,c= %, d=0,Q(x) =xand fol m(s) ds = 1. We cannot obtain a constant
R such that

1
“R+R <R
3

By using Theorem 3.5, we do not know whether or not equation (1.1) has a mild solution.
But we know there exists a constant R = 1 such that

1 R 1
/ m(s)ds:1<1n3:/ ds
0 N(er+d) N Q(s)

So, Theorem 3.3 is better than Theorem 3.5.
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Theorem 3.7 [12] If (1)-(5) are satisfied and | g(x)| < d, then there is at least one mild
solution for (1.1) provided that

1 +00 1
/o m(s) ds</d NOO ds. (3.5)

Proof In view of (3.5), we get there exists a constant R such that

1 R 1
m(s)ds < / ds.
v/O OR+d NQ(S)

By Theorem 3.3, we complete the proof of this theorem. O

Next, we give the existence result for (1.1) when g is Lipschitz continuous.

We suppose that:

(6) There exists a constant ¢ € R* such that ||g(u) — gW)|| < cllu — v|| for all u,v e
C([0,1]; X). Therefore, ||g(x)|| < c|lx|| + d, where d = ||g(0)]|.

Theorem 3.8 If (1) and (3)-(6) are satisfied and

1
Nc + 4N/ L(s)ds <1,
0

then there is at least one mild solution for (1.1) provided that there exists a constant R

satisfying

1 +00 1
/Om(s)ds< o NS ds. (3.6)

Proof With the same arguments as given in the first portion of the proof of Theorem 3.3,
we know I' : W, — 2%0 is a bounded map with convex values and is closed on Wj.

Now, we prove the values of I" are compact in C([0,1]; X).

Let x € C([0,1]; X) and y, € I'(x). To prove that I'(x) is compact, we have to show that

yx has a subsequence converging to a point y € I'(x). We have v, € Sg, such that

ynlt) = T(0g) + / T(¢ - )v(s) ds.
0
From hypothesis (5), we obtain
lva@®)| < |E(2@) | < m@QII%1l).

Then we have the set {v,}7°, is integrably bounded for a.e. ¢ € [0,1].
From hypothesis (4), we know

a({va(®)}",) <a(F(tx(0)) < L) (x(2)) =0

for a.e. t € [0,1]. Then the set {v,(¢)};°, is relatively compact for a.e. £ € [0,1].

Page9of 13
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So, the set {v,(£)}72; is semicompact. By applying Lemma 2.7, it yields that {v,(£)}52;
is weakly compact in LY(0,1;X). We get that there exists v € LY(0,1;X) such that v, — v.

Therefore, we infer that
t t
/ T(t - s)v,(s)ds — / T(t —s)v(s)ds,
0 0
and
t
lim y,(¢) = T(t)g(x) + / T(t - s)v(s)ds = y(t).
n— +00 0

By Lemma 3.2, it implies that v € S, i.e.,y € I'(x). Therefore I has compact values.
Next, we prove I is an « contraction map. For any B C W, we have

«((TB)(t)) = oc(T(t)g(B) ¥ /O T(t - 5)Skp ds)

< Nca(B) + a(/t T(t-s)Ses ds>.
0

From Lemma 2.6, we know for arbitrary given € > 0, there exist sequences {v,};% C Sr 5
such that

a(/o T(t—-s)Skp ds> = 2u (/0 T(t—s)vu(8)hey ds) +¢

t
< 4/ a(T(t—s)vuls)y)) ds + €
0
t
<4N | a(vals)2))ds+e
0
t

< 4N a(F(s,B(s))) ds+¢
0

< 4N/tL(s)a (B(s)) ds+¢
0

1
< 4N(x(B)/ L(s)ds + ¢.
0

Since this is true for arbitrary € > 0, we have

t 1
a(/ T(t—s)Sp,Bds> < 4Noz(B)/o L(s)ds.

0

Therefore, we obtain
1
a(I'B) < (Nc + 4N/ L(s) ds)oc(B).
0

Noting Nc + 4N fot L(s) ds < 1, therefore T" is an « contraction map.
Finally, due to Lemma 2.10, I' has at least one fixed point. This completes the proof.
O
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4 An example
In this section, as an application of our main results, an example is presented. We consider
the following partial differential equation:

%%t) + E\a|§2maa(§)Dau(€’t) Gf(t,u(§,t)), ({) t) € Q x [O, 1])
M(é‘rt) =0, (é‘rt) €0Q x [0!1]: (4'1)
u(,0) = [, o k(t,Con,u(n b)) dtdn, ¢ €,

where 2 is a bounded domain in %" with a smooth boundary 92, a,(¢) is a smooth real
function on .

We suppose that

(a) The differential operator Xy <2maq(¢)D* is strongly elliptic [21].

(b) The function k: [0,1] x 2 x € x R — N satisfies the following conditions:

(b1) k(t,z,n,r)is a continuous function about r for a.e. (¢,£,n) € [0,1] X  x Q.
(by) k(¢ ¢,n,r) is measurable about (£, ¢, n) for each fixed r € N.
(b3) Forany R >0, there is Bz € L'([0,1] x € x € x N;N*) such that

k(t, ¢,n,7) = k(t, ¢ n,7r)| < Br(6:¢,¢',m)

forall (¢,¢,n,7),(t,¢',n,r) € ([0,1] x Q x Q x N) with |r] <R, and

AL—0

1
lim // Br(t, 2, AL,n)dtdn =0
e Jo

uniformly for ¢ € Q.
(bs) There exist a(-) € L(0,1) and d(-) € L*([0,1] x € x ,%*) such that

|k(t,¢,m,7)| < alt)r +d(t,¢,m)

forall (¢,¢,n,7) € ([0,1] x 2 x  x R).

Let D(A) = H*" N HY () and Au(¢) = —Zjaj<2ma(¢)D*u(Z, -), then A generates an ana-
lytic semigroup on X = L2(Q) ([21]). We suppose

1
2(u)(©) = /Q /O k(6,2 m,uln,0)) de dn.

From [33], we obtain g satisfies hypothesis (2).
Then equation (4.1) can be regarded as the following nonlocal semilinear evolution

equation:

u'(t) € Au(t) +f(t,u(t)), tel=][0,1],
u(0) = g(u).

4.2)

By using Theorem 3.3, the problem (4.1) has at least one mild solution z € C([0,1]; L2(S2))
provided that hypotheses (3)-(5) and (3.1) hold.
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