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Abstract

We prove the existence of positive ground states for the nonlinear Schrodinger
system

-Au+ (1 +al)u=F,(uVv)+Av,
~Av+ (1 +bK)v=F,(uv) +Au,

where g, b are periodic or asymptotically periodic and F satisfies some superlinear
conditions in (u,v). The proof is based on the method of Nehari manifold and the
concentration-compactness principle.
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1 Introduction and statement of the main result
This paper was motivated by the following two-component system of nonlinear Schro-
dinger equations:

-i3p = Ap + lp*d + Blol*p, xeR"t>0,
-i0¢ = Ap + palelPe + BlplPe, xR, 1>0,
¢=¢1), ¢=9x1)eC,

o(x, ), 0(x,6) > 0 as|x| - oo,t>0,

where i1; >0,i=1,2, 8 € Rand n = 2, 3. The system (1.1) has applications in many physical
problems, especially in nonlinear optics (see [1]). To obtain standing wave solutions of (1.1)
of the form ¢(x, £) = e*%u(x), p(x, £) = e*?'v(x) with A, A5 > 0, the system (1.1) turns out to
be

—Au+ Mu = u® + Buv?,
1 M1 B (1.2)
—AV + v = oV + Byu.

Following the work [2] by Lin and Wei about the existence of ground states for the problem
(1.2), there are many results on the existence of ground states relevant to five parameters
(A1, A2, (1, 1o and B); see [3—9] and the references therein. Later in [10], assuming A; =
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A2 =1, Pomponio and Secchi established the existence of radially symmetric ground states
for (1.2) with general nonlinearities (f () and g(v)).

On the other hand, some authors considered the existence of ground states for non-
autonomous similar problems. We recall the results about non-autonomous case for two
subcases. For periodic case, in [11] Szulkin and Weth referred that treating as periodic
Schrodinger equations, it is possible to deduce that there are ground states for the follow-

ing system using the method of Nehari manifold:

—Au+u=Gy(x u,v), (1.3)
—Av+v=Gylx,uv), |

where G is periodic in x and satisfies some superlinear conditions in (#,v). For non-
periodic case, we refer to [8, 12—-14] for instance. As we can observe, most of the previous
results on ground states for the non-periodic system have used the condition that there
exists a limit system (or the problem at infinity; for precise statement, refer to [15]). More-
over, the limit system is autonomous. Here we mainly deal with an asymptotically periodic
Schrédinger system which has a periodic non-autonomous limit system, roughly speak-
ing. In this paper, we are concerned with the existence of positive ground states for the
nonlinear Schrodinger system in W2(RY) x WH2(RN) (N > 2)

—Au+ 1 +ax)u=F,(u,v)+Av,
—Av+ (1 +bx))v=F,(u,v) + A,

(NLS)

where A > 0 is a real parameter. For simplicity, we denote +00 by co

2N
2* _ m) N Z 3;
oo, N=2.

Moreover, in what follows, the notation inf (sup) is understood as the essential infimum
(supremum). In the sequel, let 2, b € L*(RY) and F € C}(R?,R) with F(0, 0) = 0, we always
assume that

(V1) infpa {1 +a(x)} > A, infpn {1 + b(x)} > A,

(F1) |VF(u,v)| < Co(1 + |(,v)|97") for some Co > 0 and 2 < g < 2%,

(F2) [VF(u,v)| = o(|(u,v)]) as |(u,v)| = O,

(F3) Y(u,v)#(0,0),s>0,s+> M is strictly increasing,

(F4) 52('1:3 — oo as |(u,v)| —> oo,

(F5) F,(u,v) >0, F,(u,v) >0, F,(0,v) = F,(4,0) =0, u>0,v>0,

(F6) F(u,v) <F(lul,|v]), u,v € R.

(F1)-(F4) are similar to the conditions of the nonlinearities for the periodic system (1.3) as

considered in [11]. We divide the study of (NLS) into two cases as follows.
First, we consider the periodic case
(V2) a(x) = a(x+7y), b(x) = b(x +y), Vx e RN, y € ZN.

We have the following result.


http://www.boundaryvalueproblems.com/content/2013/1/13

Zhang et al. Boundary Value Problems 2013, 2013:13 Page 3 of 16
http://www.boundaryvalueproblems.com/content/2013/1/13

Theorem 1.1 Let (V1), (V2) and (F1)-(F6) hold. Then the system (NLS) has a positive

ground state.

Remark 1.1 Itis observed that the system (NLS) with periodic 2 and b is a particular case
of the problem (1.3) with

G(x,u,v) = F(u,v) + Auv — %(oz(x)u2 +b(x)v?),

and G is periodic in x. The problem (1.3) is mentioned in [11] when G is periodic in x.

However, in [11] the conditions on the function G are not made explicit.

Next, we consider the asymptotically periodic case. We assume that there are functions
ap, by € L°(RN) satisfying (V1) and (V2) and a, b satisfies that

(V3) limpyo oo la(x) — a,(x)] = 0, limy— o0 |b(x) — by(x)| = 0,

(V4) a<a,, b<b,.
We have the following result.

Theorem 1.2 Assume that a, and b, satisfy (V2). Let (V1), (V3), (V4) and (F1)-(F6) hold.
Then the system (NLS) has a positive ground state.

Remark 1.2 Conditions (V1) and (V4) imply that a, and b, satisfy (V1).

In addition, we consider the following conditions:
(V5) ap=by,:=V,a+b=<2V,
(F7) E,(4,v)=F,(v,u), u>0,v>0.

We have the following result.

Theorem 1.3 Suppose that a, and b, satisfy (V1) and (V2). Let (V1), (V3), (V5) and (F1)-
(F7) hold. Then the system (NLS) has a positive ground state.

We will prove Theorems1.1,1.2 and 1.3 using the method of Nehari manifold. We first re-
duce the problem of seeking for ground states of (NLS) into that of looking for minimizers
of the functional constrained on the Nehari manifold. Then we apply the concentration-
compactness principle to solve the minimization problem. Since the Nehari manifold for
(NLS) may not be smooth, in the same way as [11], we will make use of the differential
structure of a unit sphere in W 2(RN) x W2(RN) to find a (PS). sequence (c is the infi-
mum of the functional constrained on the Nehari manifold). When (NLS) is periodic, we
will use the invariance of the functional under translation to recover the compactness of
the (PS), sequence. When the system (NLS) is asymptotically periodic, the difficulty is to
recover the compactness for the (PS), sequence. By comparing ¢ with the infimum of the
functional of the related periodic limit system constrained on the corresponding Nehari
manifold, we will restore the compactness.

The paper is organized as follows. In Section 2 we give some preliminaries. In Section 3
we introduce the variational setting. In Section 4 we consider the periodic case and prove
Theorem 1.1. Section 5 is devoted to studying the asymptotically periodic case and show-
ing Theorems 1.2 and 1.3.
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2 Notation and preliminaries
We use the following notation:

+ For simplicity, we denote [ /1:= [y h(x)dx and [ h:= [, h(x)dx, where E C RN is
measurable.

+ X denotes the Sobolev space W"(RN) (N > 2), with the standard scalar product
(,v)x = [(Vu- Vv + uv) and the norm ||u||% = (u,u)x. H = X x X with the norm
I, V)II%; = llull% + |vl|%. When there is no possible misunderstanding, the subscripts
could be omitted.

+ The usual norm in L"(RY) (2 < r < 00) will be denoted by | - |,.

e S={(wv)eH: wv)|*=1).

+ Forany ¢ >0 and z € RY, B,(2) denotes the ball of radius ¢ centered at z.

Note that @, b € L*(RN) and F € C}(R?,R). Then by conditions (F1) and (F2), the func-

tional

1
D(u,v) = 5<||u||2 +v)I? + /cl(x)u2 +/b(x)v2> —A/uv—/l—"(u,v)
is of class C! and its critical points are solutions of (NLS). Moreover, by (V1) we have

,u”(u,v) ”2 < lul®+|Iv)* + /‘oz(x)u2 +/‘la(9c)v2 - ZA/uv < v” (u,v) 2 (2.1)

with w,v > 0.
A solution (i, V) of (NLS) is called a ground state if

(i, 7v) = min{dJ(u, v):(u,v) € H\ {(0, 0)}, D' (u,v) = 0}.

A ground state (¢, v) such that u > 0,v >0 (¥ > 0, v > 0) is called a positive (non-negative)

ground state. Below we give some lemmas useful for studying our problem.

Lemma 2.1 (F1) and (F2) imply that for all € > 0, there exists C. > 0 such that

|VF(14, V)| < e|(u, v)| + C€|(u, v)|q_1 Yu,veR. (2.2)
(F2) and (F3) yield that
F(u,v) >0, 2F(u,v) < VF(u,v)(u,v) V(u,v) #(0,0). (2.3)

Moreover, (F3) implies the function a(s) = %VF(su,sv)(su, sv) — F(su,sv) is increasing in
(0,00) for all u,v € R.

Proof The inequalities (2.2) and (2.3) are easily inferred from the corresponding assump-

tions. We just prove the last conclusion. Indeed, let s, > s; > 0. Then by (F3) we obtain

a(sy) —olsy)

1 1
= §VF(52u, SoV)(so14, $9V) — EVF(slu, s1V)(s1u, s1v) + F(s1u, 51v) — F(sou, $oV)

Page 4 of 16
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2 VF(syu, , U VE(s1u, ) 52

:/ ‘. M,ﬁ_/ ;. M(ﬁ_/ VE(t, t9) (1, v) dt

0 S2 0 S1 s1
~ /51 ; [VF(szu,szv)(u, v)  VFE(siu,s1v)(u, v)i| gt

0 82 S1

52
+/ ;. [VF(szu,szv)(u, V) _ VF(tu, tv)(u, v):| 4> 0, -
s1 $2 t

Lemma 2.2 Let (F1) and (F2) hold. Then ®' is weakly sequentially continuous. Namely, if
(4, Vi) = (u,v) in H, then ®'(u,,v,) — ®'(u,v) in H.

Proof Suppose (i, v,) — (u,v) in H. After passing to a subsequence, we assume (u,,, v,,) —
(u,v)in LT (RN) x LT (RN). By (F1), we get

loc loc

4

9
F,(4,,vy) = F,(u,v), Ey(tnvy) = F,(u,v) in L7 (RN) x LTT(RN).

ocC

Then for all (¢, ) € C(RY) x CP(RYN), we have

/Fu(un,vn)¢—> /Fu(u, V), /Fv(umvn)co - /Fv(u, V).
So, one easily has that

(@ (@, vi), (8, 9)) = (@', ), (6, 9)). (2.4)

Now, we claim that &' (i, v,,) is bounded in H. Indeed, for (4, k) € H, using (2.2) and the
Holder inequality, we obtain that

lfﬂ,(un,vn)h‘ < c/(|un| S lval)ll + Cf(mm*l + vl ]

< C(Ittuls + Val2) ]z + CLC(latal2™ + vl 2) Il

< C(lltull + 1vall) 1all + CoC(sn | + vl T 2] < C' |2l
Similarly, we get | [ F,(u,,v,)k| < C||k||. Then we easily have
(@ (1t vi), (1, 0)| < C|| G K-

Hence, ®'(u,,v,) is bounded in H. Combining with the fact that C{°(RN) x C°(RY) is
dense in H, we easily deduce that (2.4) holds for any (¢, ¢) € H. Therefore, ®'(u,,v,) —
®'(u,v) in H. a

3 Variational setting
This section is devoted to describing the variational framework for the study of ground
states for (NLS).

Itis easy to see that ® is bounded neither from above nor from below. So, it is convenient

to consider ® on the Nehari manifold that contains all nontrivial critical points of ® and
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on which ® turns out to be bounded from below. The Nehari manifold M corresponding
to @ is defined by

M= {(u,v) €EH\ {(0,0)} :<<I>’(u, V), (u,v)) = O},
where

(@' (,v), ) = llull® + [l + /oz(x)u2 +/b(x)v2 —2A/uv—/VF(u, v)(u,v).
Below we investigate the main properties of ® on M.

Lemma 3.1 Let (F2) and (F3) hold. Then ® is bounded from below on M by 0.

Proof Note that

¢|M(u,v)=/[%VF(M,V)(M,V)—F(M,V)]. (3.1)

By (2.3) we have ® | (1, v) > 0. O

Define the least energy of (NLS) on M by ¢ := inf & |y, then ¢ > 0. Next, we prove M is a
manifold. First, we give the following two lemmas, which will be important when proving
M is a manifold.

Lemma 3.2 Let (V1) and (F2)-(F4) hold. Assume (u,,,v,) — (u,v) in H and (u,v) # (0, 0).
Then for any {t,} with t, > 0 and t, — oo, we have

/F(tnum thn)
— L >

2
tVl
Moreover, ®(t,u,, t,v,) = —00.

Proof Since (4, v,) = (,v) in H, we assume that (,,v,) = (&, v) in L2 (RV) x L2 (RN),

and (u,,v,) — (u,v) a.e. on R?N for a subsequence. By (&, v) # (0, 0), there exists a positive
measure set Q such that (u(x), v(x)) # (0,0), Vx € Q. Then ¢,|(u,,(x), v,(x))] = 00, x € Q.
By (F4) we have

F(t,u,,t
/ limM(u2 + vz) = 00.
Q

T 2@+vi) "

Therefore, (2.3) and the Fatou lemma yield that

li /F(tnun; EaVn)
m | ——— =X

£

Using (2.1) we have

t2 2F (t,thy, tyVy)
(D(tn(umvn)) = §n|:v(”un||2 + ||Vn||2) - / %} — —00,
n

since {(u,,v,)} is bounded in H. O

Page 6 of 16
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Lemma 3.3 Let (V1) and (F1)-(F4) hold. Then
(i) for each (u,v) € H\ {(0,0)}, there exists t, ) such that if gu,.)(t) := ®(tu,tv), then
g(/u,v)(t) >0 for 0 <t <ty andg(’u,v)(t) <0 fort > ty);
(ii) there exists p > 0 such that ty, ) > p for all (w,z) € S;
(iii) for each compact subset W C S, there exists a constant Cy such that t(,,) < Cyw for
all (u,v) e W.

Proof (i) Note that

géu,w(t):t[nun% P+ [ atwi + [ -2 fuv- [ M}

Using (F2), we infer that when ¢ is small enough, g(/u,v)(t) > 0. By Lemma 3.2 and (2.3), we

have

oo, L —> 00.

VF(tu, tv)(u,v) 2F (tu, tv)
[

Then when ¢ is large enough, g, (¢) < 0. Then g(,,) has maximum points in (0, c0). More-
over, from (F3) one easily deduces that the critical point of g, is unique in (0, c0), and
then it is the maximum point. We denote it by #(,,). Then g, ,(¢) > 0 for 0 < £ < £, and
g(/u,v)(t) <0 for £ > f(,).

(ii) If (2, v) € M, then

Nl + |Iv]1? + /‘oz(x)u2 +/b(x)v2 —ZA/uv: / VE(u,v)(u,v).
By (2.1) and (2.2), we get
w(llul® + 1v11%) < e(luly + 1v3) + Ce (lul + [vI2) < e(llull* + [VII*) + CCc (ull? + |v]19),
where € > 0 is arbitrary. Then
e 772 + |Iv]|*~* = C.
So, there exists p > 0 such that
el + |v]|> > p> forall (u,v) € M. (3:2)
Using (i), for (w,z) € S, there exists £(,;) > 0 such that g(, , ({w,») = 0. Then £(,5)(w, 2) €
M. Then (3.2) yields the conclusion (ii).
(iii) We argue by contradiction. Suppose that there exist a compact set W and a se-
quence {(u,,v,)} such that {(u,,v,)} C W C S and £y,,) — 00. Since W is compact,
there exists (&,v) € W such that (u,,v,) = (4,v) in H. Then Lemma 3.2 implies that

D (L) (Uns Vi) = —00. Contrary to Lemma 3.1 since £, ,,) (%, Vs) € M. This ends the

proof. g
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Remark 3.1 Lemma 3.3(i) implies that for each (,v) € H \ {(0,0)}, there exists a unique
L) > 0 such that

Ly (u,v) e M and dD(t(u,V)(u, V)) = max ®(tu, tv). (3.3)
>

As a consequence of Lemma 3.3(i), we can define the mapping m : S — M by m(u,v) =
L) (1, v). By Lemma 3.3, [11, Proposition 3.1(b)] yields the following result.

Lemma 3.4 [f(V1) and (F1)-(F4) are satisfied, then m is a homeomorphism between S and
M, and M is a manifold.

If M is a C' manifold, we can make use of the differential structure of M to reduce the
problem of finding a ground state for (NLS) into that of looking for a minimizer of ®|y,
and solve the minimizing problem. However, since F € C}(R?, R), M may not be a C! man-
ifold. Noting that M and S are homeomorphic, we will take advantage of the differential
structure of S to seek for ground states for (NLS) as [11]. Therefore, as in [11], we intro-
duce the functional ¥ : S — R defined by W (u, v) := ®(m(u,v)), and we have the following
conclusion.

Proposition 3.1 Let (V1) and (F1)-(F4) hold. Then the following results hold:
() If {(wn,zn)} is a PS sequence for WV, then {m(wy,z,)} is a PS sequence for ®.
(i) (w,2) is a critical point of V if and only if m(w, z) is a nontrivial critical point of ®.
Moreover, infg W = infy; ®.
(ili) A minimizer of ®|u is a solution of (NLS).

Proof As in the proof of [11, Corollary 3.3], we can show (i) and (ii). Now, we prove the
conclusion (iii). Indeed, let (#,v) € M such that ®(u, v) = c¢. Then ¥ (w, z) = ¢, where (w, z) =
m ' (u,v) € S. By the conclusion (ii), we have W(w,z) = infs . So, ¥'(w,z) = 0. Using the
conclusion (ii) again, we deduce that ®'(,v) = 0. O

From the definition of a ground state, we translate the problem of looking for a ground
state for (NLS) into that of seeking for a solution for (NLS) which is a minimizer of ®|,.
By Proposition 3.1(iii), in order to look for a ground state for (NLS), we just need to seek

for a minimizer of ®|;.

4 The periodic case
In this section, we consider the periodic case and prove Theorem 1.1. In [11], Szulkin and
Weth considered the existence of ground states for periodic single Schrédinger equations.
Treating as in [11], we find ground states for a periodic case for the system (NLS). In ad-
dition, under conditions (F5) and (F6), we deduce that there are positive ground states.
From the statement in Section 3, it suffices to solve the minimizing problem. By conclu-
sions (i) and (ii) of Proposition 3.1, we first make use of the minimizing sequence of ¥ to
obtain a (PS), sequence of ®. Then we use the invariant of the functional under translation
of the form v~ v(- — ), y € ZN to recover the compactness for the (PS). sequence.

Proof of Theorem 1.1 Let (w,,z,) € S be a minimizing sequence of W. By the Ekeland vari-
ational principle [16, Theorem 8.5], we may assume that ¥'(w,,z,) — 0. Using Proposi-
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tion 3.1(i), we have that ®'(u,,v,) — 0, where (u,,v,) = m(w,,z,) € M. Proposition 3.1(ii)
implies that ®(uy,, v,) = ¥(w,, z,) — infg ¥ =c.
We claim that {(u,, v,)} is bounded in H. Otherwise, suppose s, := ||(#,, v,)|| — oo up to

(#n,vn)
1wl
(RN) and (w,,,z,) — (w,z) a.e. on R?N after passing to a subse-

a subsequence. Set (wy, z,) = . Then we assume (w,,z,) =~ (W,2) in H, (w,,z,) —

(RN) x L?

loc

(w,2) in LY
quence. Moreover, the Sobolev embedding theorem implies that {(w,,z,)} is bounded in
LI(RN) x LY(RN), namely, {Iwulg + 1zul4} is bounded. Taking a subsequence, we suppose
[Wnlg + |2nlqg — A € [0,00).

(i) If A = 0, then for any € > 0, there exists K € N such that |w, |7 + |z,]2 < Ce, for n > K.

Combining with (2.2), for n > K and s > 0, we have
/P(swy,,szn) < 632(|wn|§ + |zn|§) + SqCCE(|Wn|Z + |z,,|g) < Ce.

Then fF(sw,,,sz,,) — 0. Hence, by (2.1) we get

s2u ) ) s2u
¢ +0,(1) = Dty V) > P(sWy, 524) > T(IIWHII +l1zull®) = | Flswy,sz4) — -

a contradiction for s > _/ %

(ii) If A # 0, then we can assume that w,, / 0 in LY(RN). From the Lions compactness
lemma [16, Lemma 1.21], it follows that there exist §; > 0 and x,, € RN such that

/ [Wal? > o. (4.1)
By (xn)

Since ® and M are invariant by translation of the form v v(- - y), y € ZV, translating w,,
if necessary, we may assume {x,} is bounded. Since w,, — win le0 . (RN), then (4.1) implies
w # 0. Then from Lemma 3.2, we deduce that ®(s,w,,s,z,) — —oo. This is impossible
since ®(s,W,, $,2,) = ®(uy,,v,) — c.

Hence, {(u,,,v,)} is bounded in H. Suppose that (u,,v,) — (&, V) in H, (u,,v,) — (&, V) in
LE (RN) x L2 (RN) and (u,,v,) — (i1, V) a.e. on R?N for a subsequence. Since @' (u,,, v,,) —
0, Lemma 2.2 yields ®'(z, V) = 0.

We will show that (i, V) # (0,0). Similarly, suppose |u,|g + [v4l; = B € [0,00). If B=0,
then as before, combining with (2.2), we obtain that | VF(u,,v,)(u4,v,) — 0. Hence, by
(2.1) we have

On(l) = <(D/(M,,, Vn)) (unr Vn))
= M(llun||2 + ||Vn||2) - / VE(tp, V) (tn, Vi)
= w(llenll® + 1vall®) + 04 (D).

Then (u,,v,) — (0,0) in H. This is impossible since (u,,v,) € M and (3.2) holds. There-
fore, B # 0. So, we can assume #, 4 0 in LI(RN). Then the Lions compactness lemma
implies that there exist y, € RN, § > 0 such that

/ |y |? > 6. (4.2)
Bi(yn)
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As before, translating u, if necessary, we may assume {y,} is bounded. Since (4.2) and
u, — i in LY (RN), we get iz # 0. Note that ®'(i, V) = 0. So, (&1, V) € M. Then by (3.1) we
get

c+0y(1) = D(uy,vy)

= /[%VF(Mn,Vn)(umvn)_F(u”’vn)]

> /[%VF(Z;, V) (i, v) - F(i, T/)] +0,(1)

= O, V) + 0,(1), (4.3)

where (4.3) follows from the Fatou lemma and (2.3). Then ® (i, V) < ¢. According to (i, V) €
M, we have ®(i1,V) > c. Thus, ®(i1, V) = c¢. Consequently, (&, V) is a ground state of (NLS).
It remains to look for a positive ground state for (NLS). First, we can assume that
(&4,v) is non-negative. In fact, note that |Vu|3 = |V|u|[5 and |Vv|5 = |[V|v||5 for all
(u,v) € H. Then (|ul,|V|) € H. Let T > 0 be such that t(|x|,|V|) € M. By (F6) we easily
have that ®(z|x%|,7|V|) < ®(rit, Tv). Moreover, ®(tiz, tv) < ®(it, V) since (it,V) € M. Then
®(t|ul,t|v|) < ®@@, V). So, (t|i], t|v|) is also a minimizer of ® on M. Then (t|u|, t|V|) is
also a ground state of (NLS). Thus we can assume that (i, v) is a non-negative ground state
for (NLS). Now, we claim that &z # 0, v # 0. Indeed, if i = 0, then from (F5) and A > 0, the
first equation of (NLS) yields that ¥ = 0. Then (i, V) = (0,0). This is impossible. So, & # 0.
Similarly, v # 0. By (F5), applying the maximum principle to each equation of (NLS), we
infer that z > 0, 7 > 0. The proof is complete. d

5 The asymptotically periodic case

In this section, we will consider the asymptotically periodic case and prove Theorems 1.2
and 1.3. As in the proof of Theorem 1.1, we first take advantage of the minimizing sequence
of ¥ to find a (PS), sequence of ®. In what follows, the important thing is to recover the
compactness for the (PS), sequence. For this purpose, we need to estimate the functional
levels of the problem (NLS) and those of a related periodic problem of (NLS) (roughly
speaking, the limit system of (NLS) by (V3))

—Au+(1+ay(x)u=F,(u,v) +Av,

(NLS),
—Av+ 1+ b,(x))v =F(u,v) + Au.

Hence, first we introduce some definitions and look for solutions for the problem (NLS),.
The functional of (NLS), is defined by

D, (u,v) = %<||u||2+ ||V||2+fap(x)u2+/bp(x)vz) —k/uv—/F(u,v).

The Nehari manifold of (NLS), is

M, = {(u,v) € H\ {(0,0)} : (@, (1,v), (,v)) = O},
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and ¢, = infyy, ®,, is the least energy of (NLS), on M,,. Note that

Dplm, (,v) = /[%VF(M, v)(u,v) — F(u, V):|. (5.1)

As for ¢, we have ¢, > 0.

Lemma 5.1 Suppose that ay, by, satisfy (V1) and (V2). Let (F1)-(F6) hold. Then the problem
(NLS), has a positive ground state (u,v) € My, such that ®,(u,v) = cp.

Proof As a corollary of Theorem 1.1, we infer that the problem (NLS), has a positive
ground state. Moreover, from the argument of Theorem 1.1, we find that the ground state

of the problem (NLS), we obtained is a minimizer of ®, on M,,. O

The existence of a positive ground state for the problem (NLS), implies that (NLS) has
a positive ground state when a = a,, and b = b,. So, it remains to consider

a#a, or b#b,. (5.2)
Next, we prove that ¢ < ¢, under some conditions.

Lemma 5.2 Suppose that a,, b, satisfy (V2). Let (V1), (V4), (5.2) and (F1)-(F6) hold. Then

C<Cp.

Proof Let (u9,v9) € M, be a positive ground state of (NLS), such that ®,(uo,v0) = c,.
Assume ¢ > 0 satisfies t(ug, Vo) € M. By (V4), we get

/[(a(x) —ay(x))ug + (b(x) - by(x))vg] < 0.

Then & (tuo, tvy) < ©,(tuo, tvo).
Replacing ® and M by ®, and M,, respectively, (3.3) also holds. Noting that (o, vo) €
M, we infer that

D, (tug, tvo) < Ppluo,vo) and D, (tug, tvo) = ®p(uo,vo) ifandonlyift=1. (5.3)
Therefore,

¢ < D(tug, tvo) < Pp(tug, tvo) < @pluo, vo) = ¢p. (5.4)
If ¢ < ¢,, we are done. Otherwise, ¢ = ¢,. Then by (5.3) and (5.4), we get £ =1 and
D(ug,vo) = ¢. Then (uy, ) is a ground state for (NLS). Note that (9, vy) is a solution of
(NLS),. From the first equations of (NLS) and (NLS),, we infer that @ = a,,. Similarly, b = b,

contrary to (5.2). The proof is now complete. d

Lemma 5.3 Suppose that a,, b, satisfy (V1) and (V2). Let (V1), (V5), (5.2) and (F1)-(F7)
hold. Then c < c,.
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Proof Let (u9,vo) € M, be a positive ground state of (NLS), such that ®,(uo,vo) = c,. By
(V5) and (F7), we find that (v, uo) is also a minimizer of ®, on M,,. Let ¢,7 > 0 be such
that ¢(uo, vo), T(vo, o) € M. Using (V5), we have [(a(x) + b(x) — 2V (x))(u3 + v3) < 0. Then

[~ Vo) + (- V)3l <0 or

[1at) - Ve + (o) - V)] <o.
Without loss of generality, we assume that

[ats) - V)i + (bt - V2] 0.

Then ®(tuy, tvo) < ®,(tuo, tvo). Below we argue analogously with the proof of Lemma 5.2
to infer that ¢ < c,. This ends the proof. O

Now, we are ready to prove Theorems 1.2 and 1.3. The proof is partially inspired by [17],
where the authors dealt with Schrodinger-Poisson equations.

Proofof Theorem1.2 Asthe argument of Theorem 1.1, we infer that there exists a sequence
(¢4, vs) € M such that ®'(u,,v,) — 0 and ®(u,,v,) — c.
We claim that {(u,, v,)} is bounded in H. Otherwise, suppose £, := ||(#,, v,)|| — oo up to

— (t,Vn)
@)l
we suppose |Wy|, + |24, — A € [0,00) and exclude the case that A = 0. So, A # 0, then we

asubsequence. Set (w,,, z,,) Asin the proof of Theorem 1.1, taking a subsequence,

can assume that w, /4 0 in L1(RN). From the Lions compactness lemma, it follows that
there exist 8o > 0 and y,, € RN such that

f wal? > 0.
Bi(yn)

Set w, = w,(- + y,) and z, = z,,(- + y,). We assume that (w,,z,) =~ (W,2) in H, (W,,z,) —
(w,2)inL> (RN)x L?

loc loc

/ |WVI|2 >80’
Bl(yn)

we obtain w # 0. So, Lemma 3.2 implies that

/ F(tnﬁ/n: tngn)

L

(RN) and (W, Z,) — (,2) a.e. on R?N up to a subsequence. Then by

— Q.

Then by (2.1), we get

D(uy, Vi)
= (s v 112
_1[wm%wWW+fmw@+fmmﬁ—n/%m]_/meﬁﬂn
2 @t Vi) 12 2
<g_/Fm%¢ﬁ»%_
-2 £2

This is a contradiction.
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Hence, {(u#,,v,)} is bounded in H. Up to a subsequence, we assume that (u,,v,) —

(i, V) in H, (ty,vs) = (&,7) in L2 (RN) x L2 (RN) and (u,,v,) — (i,7) a.e. on R*N. By

Lemma 2.2, we have ®'(#, 7) = 0. Namely, (i, V) is a solution of (NLS).
Below we prove that (i, ¥) # (0, 0). We argue by contradiction. Suppose that (i, ¥) = (0, 0).
By (V3), for any € > 0, there exists > 0 such that

’a(x) - ap(x)‘ <€, ’b(x) - bp(x)’ <€ forall [x] >r. (5.5)

Note that (#,7) = (0,0), after passing to a subsequence, we assume (u,,v,) — (0,0) in
L?(B,(0)) x L*(B,(0)). So, for the above ¢, there exists J; € N such that for # > J;, we have

/ Ul <e, / Vi<e.
B(0) Br(0)

Combining with (5.5), for n > J;, we get

‘/(a(x)—ap(x))ufl

< fBr(O)}a(x) —ay(x)|up + € /RN\B,(O) up < (|alo + |aylo)€ + Ce.
Then [ (a(x) - a,(x))u? — 0. Similarly, [(b(x) - b,(x))v2 — 0. Therefore,

Oty V) = Dty Vi) + 00 (L) (1t Vi), (W V) = (@ Wt V), (s v2)) + 0(1).
Hence,

Oty va) =€+ 0,0), (P (W, Vi), (thn, V) = 04(1). (5.6)

Let s, > 0 be such that s, (u,,v,) € M,. We claim that s, > 1 for large » and 5, — 1.
First, we prove that

limsups, <1. (5.7)

n—00

Otherwise, there exist § > 0 and a subsequence of s,,, still denoted by s,,, such thats, >1+§
for all # € N. From (5.6) we have

HwWHMW+/%Wﬁ+/%Wﬁ—%/WM=/VHWWW%WHW®-

Moreover, by s,(u,, v,) € M, we get

si[||un||2+ ||V,,||2+/ap(x)ufl+fbp(x)vi—2Afunvn]

=fVF(S,,un,snvn)(s,,un,s,,v,,).

Hence,

/ [VF(snun,snvn)(um V)

s — VF(ut, vie) (s Vn)] =0,(1).

Page 13 0of 16
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By s, >1+ 6 and (F3), we obtain

/[VF((I +8)tt, (1 + 8)V,0) (s Vir)

1+ S - Vp(um Vn)(un: Vn)] E On(l)' (58)

Similar to the proof of Theorem 1.1, if (i, v,,) — (0,0) in LI(RN) x L1(RN), then (i1, v,,) —
(0,0) in H. Contrary to (3.2), since (u,,v,) € M, therefore, (u,,v,) # (0,0) in LI(RN) x
LI(RN). Suppose u, 4 0 in L1(RN). Then from the Lions compactness lemma, it follows
that there exist x, € RN and §; > 0 such that

/ U2 > 8. (5.9)
By (xn)

We denote u, and v, by u, = u,(- + x,) and v, = v,(- + x,,). Similarly, we assume that

(thn, V) = (@, V) in H, (#y, V) = (@,9) in L} (RN) x L (RN) and (i, #,) — (,V) a.e. on

RN up to a subsequence. By (5.9), we have

/ T
B1(0)

So, it #0. From (5.8), (F3) and the Fatou lemma, we obtain

0< /[VF((I +8)u, (1 +8)v)(,v)

123 - VF(u,v)(1s, 17):| <0,

which is impossible. Consequently, (5.7) holds.

Now, we show that s, > 1 for large n. Indeed, on the contrary, passing to a subsequence,

we assume that s, < 1. Using (3.1) and (5.1), we have
1
Cp = q)p(snumsnvn) = 5VF(Snun,SnVn)(Snumann) — F(sut4, 4 V1)

< f Ewwmvn)(umvn)—F(umvn)}

= ®(uy,v,) +0,(1) =c+0,(1), (5.10)

where (5.10) follows from the fact that « is increasing in (0, c0) by Lemma 2.1. Then ¢, <c¢,
contrary to Lemma 5.2. Therefore, combining with (5.7), we may assume that

sy >1, forlargen and lims,=1. (5.11)

n—00

For € >0 and 1 <s <s,, using (2.2) we get

‘f VE(stt, 5V,,)(th, Vi)

< esp(ltnly + [val3) + Cesi (sl + [Val). (5.12)
Combining (5.11) with (5.12), one easily has that

/[F(s,,un,snvn) — F(ttn,vy)] = /jn [/ VE(suty, svy) Uy, vn)dx] ds = 0,(1).


http://www.boundaryvalueproblems.com/content/2013/1/13

Zhang et al. Boundary Value Problems 2013, 2013:13 Page 150f 16
http://www.boundaryvalueproblems.com/content/2013/1/13

Since a,,, b, € L°°(RN) and {(u,, v,)} is bounded, we get

2-1
S”2 |:||u,,||2+ ||vn||2+/ap(x)u3+/bp(x)vf,-2,\/unvn] = 0,(1).

Hence, ®,(s,1y,8,Vn) = ©p(ty, i) + 0,(1). Then using (5.6), we have ¢, < &, (s,1y,5,V,) =

c+0,(1). Then ¢, < c. However, Lemma 5.2 implies that ¢ < ¢,. This is a contradiction. Note
that this contradiction follows from the hypothesis that (i,v) = (0,0). So, (%,7v) # (0,0).
Then (i, V) € M.

It suffices to show that ®(z, V) = ¢. By (3.1) we have

¢+ 05(1) = Bl v,) = [ BVF(un,vn)(umm —F(un,v,q)}

> / EVF(&, )i, ¥) - F(@, a)] +o,(1)
= ®(iL,7) + (1), (5.13)

where the inequality (5.13) holds by (2.3) and the Fatou lemma. Then ®(z, V) < c¢. Accord-
ing to (&,v) € M, we have ®(i,v) = c. Then (&,7) is a ground state for (NLS). Below we
argue analogously with the proof of Theorem 1.1 to get a positive ground state for (NLS).
The proof is complete. d

Proof of Theorem 1.3 By Lemma 5.3, repeating the argument of Theorem 1.2, we show
the existence of a ground state for (NLS) and then look for a positive ground state as the
argument of Theorem 1.1. O
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