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Abstract

In this paper, the existence and multiplicity results of positive solutions for a nonlocal
differential equation are mainly considered.
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Introduction
In this paper, we are concerned with the existence and multiplicity of positive solutions
for the following nonlinear differential equation with nonlocal boundary value condi-

tion

-9 (fl |u(s)|"d<p(s)> u’(t) = h()f(u(t)), in0<t <1,
0

0

1)
1
au(0) — pu'(0) = 0, yu(1) +ou'(1) =g (f u(S)dw(S)) ’

where @, B, 7, 0 are nonnegative constants, p = ay + ad + fy > 0, ¢ > 1;
fol [u(s)|9de(s) fol [u(s)|7de(s) denote the Riemann-Stieltjes integrals.

Many authors consider the problem
fw)®
ﬂ ’
(Ja/(4))

because of the importance in numerous physical models: system of particles in ther-

—Au=M inQcR", u=0, onaL, ©)

modynamical equilibrium interacting via gravitational potential, 2-D fully turbulent
behavior of a real flow, one-dimensional fluid flows with rate of strain proportional to
a power of stress multiplied by a function of temperature, etc. In [1,2], the authors use
the Kras-noselskii fixed point theorem to obtain one positive solution for the following

nonlocal equation with zero Dirichlet boundary condition
1
~a| [ | v - o)
0

when the nonlinearity fis a sublinear or superlinear function in a sense to be established
when necessary. Nonlocal BVPs of ordinary differential equations or system arise in a vari-
ety of areas of applied mathematics and physics. In recent years, more and more papers
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were devoted to deal with the existence of positive solutions of nonlocal BVPs (see [3-9]
and references therein). Inspired by the above references, our aim in the present paper is
to investigate the existence and multiplicity of positive solutions to Equation 1 using the
Krasnosel’skii fixed point theorem and Leggett-Williams fixed point theorem.

This paper is organized as follows: In Section 2, some preliminaries are given; In Sec-
tion 3, we give the existence results.

Preliminaries
Lemma 2.1 [3]. Let y(¢) € C([0, 1]), then the problem
—u"(t) =y(t), in0<t <1,
1
au(0) - pu(0) =0, yu(1) +ou'() =g | [ u)de(®) |

0
has a unique solution
1

1
u(r) =7 " [ w0 | + [ cie9pras

0 0

where the Green function G(z s) is

G5y = 1| Bre)@ey =y in0ss<t =1,
T | (Brat)(+y —ys), in0<t <s<1.

It is easy to see that

G(t,s)>0,0<ts<1;,G(ts)<G(s s), 0=<ts<]1,

and there exists a 6 € (0, ;) such that G(¢, s) > 6 G(s, s), 0 <t<1-6,0<s<1.
For convenience, we assume the following conditions hold throughout this paper:
(H1) f; g ®: R* — R" are continuous and nondecreasing functions, and @ (0) > 0;
(H2) ¢(2) is an increasing nonconstant function defined on [0, 1] with ¢(0) = 0;
(H3) Ah(£) does not vanish identically on any subinterval of (0, 1) and satisfies

1-6

0< f G(t,s)h(s)ds < +oo.
6

Obviously, u € C*(0, 1) is a solution of Equation 1 if and only if u € C(0, 1) satisfies
the following nonlinear integral equation

1

B+at [y ()
u(t) = 8 u(s)de(s) | + | G(ts) . ds.
p 0/ 0/ o(J lulrd)

At the end of this section, we state the fixed point theorems, which will be used in

Section 3.

Let E be a real Banach space with norm || - || and P € E be a cone in E, P, = {x € P
2 ||x|| <r}(r > 0). Then, P, = {x € P: ||x|| <r}. A map « is said to be a nonnegative
continuous concave functional on P if a: P — [0, +0) is continuous and

a(tx+ (1 —1t)y) = ta(x) + (1 — Ha(y)
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for all x, ye P and t € [0, 1]. For numbers 4, b such that 0 <a <b and « is a nonne-
gative continuous concave functional on P, we define the convex set

P(a,a,b)={xeP:a <a(x),|lx]| <b}.

Lemma 2.2 [10]. Let A : P, — P, be completely continuous and o be a nonnegative
continuous concave functional on P such that o (x) = ||x|| for all x € P,. Suppose
there exists 0 <d <a <b = ¢ such that

(i) xe P (o a b): o (x) >a} » D and o (Ax) >a for x € P (o, a, b);
(i) ||Ax|| <d for ||x|| < d;
(iii) a(Ax) >a for x € P (0, a, c) with ||Ax]|| >b.
Then, A has at least three fixed points x;, x,, x5 satisfying
llxill <d, a <a(x),

[lx3]] >d and «(x3) < a.

Lemma 2.3 [10]. Let E be a Banach space, and let P € E be a closed, convex cone in
E, assume Q;, Q, are bounded open subsets of E with 0 e Q;,Q; c Q, and
A:PN(Q,\Q1) — P be a completely continuous operator such that either

@) ||Au|| < ||u]], ue P noQy and ||Aul|| = ||u||, u € P N 9Qy; or

(i) [|Aul| = ||u||, u € P noQy and ||Au|| < ||u]|, u € P N 0Q,.

Then, A has a fixed point in PN (2,\Q;)-

Main result

Let E = C[0, 1] endowed norm ||u|| = maxo<.<; |#|, and define the cone P € E by

P = {u € E:u(t) = 0, min u(t) > 0||u||}.
H<t<1-6

Then, it is easy to prove that E is a Banach space and P is a cone in E.
Define the operator 7: E — E by

1 1
B+at h(s)f (u(s))
T(u)(t) = g u(s)de(s) | + | G(t.s) ds.
g f / @ (fy id)

Lemma 3.1. T E — E is completely continuous, and Te now prove thatP < P.
Proof. For any u € P, then from properties of G(¢ s), T (u)(£) = 0, t € [0, 1], and it
follows from the definition of T that

1

1
a+pB h(s)f (u(s))
T ()l < g | [ uls)de(s) | + | Glss) ds.
g / / @ (Jy Iuldy)

Thus, it follows from above that

1

1
min 7)) = min | 7“5 | [uaow | + [owg VD g

9<t=1-0 9<t=1-0 1) , ) <D<f01 |Ll|”7d(p)
1 1
a+f h(s)f (u(s))
>0 g u(s)de(s) | +0 | G(s,s) ds
g / / @ (fy lutide)

= O||T(u)ll
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From the above, we conclude that 7P € P. Also, one can verify that 7 is completely
continuous by the Arzela-Ascoli theorem. O

Let
1-6 1-6
l=min/G(t,s)h(s)ds, L = min /G(t,s)h(s)ds,
=t=1 . O<t<1-6 :

1

L= min/ G(t, s)h(s)ds.

0

Then, it is clear to see that 0 </ < L < L.
Theorem 3.2. Assume (H1) to (H3) hold. In addition,
(H4)

L. f(6r) 1
Mg = 1

(H5) There exists a constant 2 < p; such that

| 70 1
AL SUP L g((p(1 — ) — p(0))07r7) = it

1 1
(H6) There exists a constant p, with p + 5 = 1 such that
1 2

r
lim sup 8(r) < P
r—>o0 T pap(1)(B+a)
Then, problem (Equation 1) has one positive solution.
Proof. From (H4), there exists a 0 <1) <  such that

f(6r) - 1

(i) <10 T o

Choosing R; € (0, 1), set Q; = {u € E: ||u|| <R;}. We now prove that
(Tull > [lull, Vue PNa2. (4)
Let u € P N 9Q;. Since minge,<1 ¢ u(t) 2 6 ||u|| and ||u|| = Ry, from Equation 3,

(H1) and (H3), it follows that

1

Brat 1 h(s)f (u(s))
Tu(t) = g u(s)de(s) | + | G(ts) ds
(o)« fn J0100)

N M) (u(s))
) 0/ “ o(fy |u|qd<o)ds
0

L)
1
h(s)f (u(s))
G(t,s) ds
g/ ®(Jy uttdy)

1

v

f(6R1)
~ O(Rlp(1)) J
f(ORy)
~ O(Rle(1))
> Ry = [[ull.

G(t,s)h(s)ds

Page 4 of 11
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Then, Equation 4 holds.
On the other hand, from (H5), there exists R; > 0 such that

1) o

r®d((p(1 —0) — (0))0r9) ~ pik Vr > R;. 5)

From (H6), there exists R, > 0 such that

8(r) p
< » Vr=Ry. (6)
T p2p(1)(B+a)
Choosing R, = max {R1,R1, 0(<p(1_1;2)_¢(9))} +1,set Qy = {ue E: ||u]| <R;}. We now

prove that

Tull < llull, YuePNaQy. )

If u e PN oQ, we have

0 1-6

/ u(s)dp(s) > [ u(s)dg(s) = 6R(g(1 — 8) — 9(6)) > Ry.

1 6
From Equations 5, 6, we can prove

1 1
B+at h(s)f (u(s))
Tu(t) = g u(s)de(s) | + | G(ts) ds
P (0/ ) '0/ d)(fol |u|qd<p)

1 1
B+a h(s)f (u(s))
< d + [ G(t, d
< g(ofu(S) sﬂ(S)) 0/ (t 5)q><f01 Iul"dw) s

1

1
pra  ° h(s)

= d + ’ d

o pag(1)(B+a) J u(s)de(s) f(||U||)O/G(t 5)¢(f91_9 |U|"d¢) s

1

Prep F(lull

o pap(1)(B+a) O @((ga(l—e)—w(e))e«nunq)of s
<R2 Ry
T n * p2
=Ry = [|ull.

Then, Equation 7 holds.
Therefore, by Equations 4 and 7 and the second part of Lemma 2.3, T has a fixed

point in P N (Q,\Q1), which is a positive solution of Equation 1. O

Example. Let g = 2, h(t) = 1, ®(s) = 2 + 5, ¢(t) = 2, f(y) = 92(14129)“‘; 43y and

1
g(s) =52 namely,

1 1
. <2+f |u(s)|2d(zs)) w'(0) = "0 ws v, in0 <<,
0

1

au(0) — Bu'(0) =0, yu(l) +48u'(1) = |:f u(s)d(zs):| 2.

0
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It is easy to see that (H1) to (H3) hold. We also can have

62(1 — 20) 1
£(6r) g (03 + (67)°)
lim inf = lim inf = 00,
r—0+  1®(rdp(1l)) r—0+ (2 +212)
62(1—20) 1
(r3 +7%)
lim sup /() = lim sup 4L !

o0+ r®((p(1 — 0) — 9(6))09r1) oo (2 +2(1 — 20)02r2) 8L

Take p, = 2, then it is clear to see that (H4) and (H5) hold. Since

1
r r2

lim sup 8(r) =limsup =0,

r— 00 T r—00 T

then (H6) hold.
Theorem 3.3. Assume (H1) to (H3) hold. In addition,
(H7) There exists a constant 2 < p; such that

| ) 1
PSP (o1 — 0) — p(6))077) = prt

1 1
(H8) There exists a constant p, with p + 5 = 1 such that
1 2

. 8(r) 0 ,
PRSP = (1) (B +a)

(H9)

. . f(6r) 1
A (1)) T 1

Then, problem (Equation 1) has one positive solution.
Proof. From (H7), there exists 17; > 0 such that

f() 1
r®((¢(1 —0) — ¢(6))09r1) ~ piL’ YO <1 < 1. ®)

From (H8), there exists 77, > 0 such that

8(r) _ p
r T pap(1)(B+e)

YO <71 < 1. )
Choosing Ri = min{ny, i)}, set Q; = {u e E: ||u|| <R;}. We now prove that

Tull < |lull, YuePNaf. (10)
If ue PN oQy, we have

1 1

/ u(s)dg(s) < f Rido(s) < Rig(1) < na.

0 0

Page 6 of 11
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From Equations 8, 9, we can prove

1 1
Tu(t) = ﬁ;“tg (/ u(s)dga(s)) +/G(t,s) @h(s)f(”(s)) ds
0

: (o tuirde)
1 1
Bra h(s)f (u(s)
< g u(s)de(s) | + | G(ts) ds
o fumen) - fea 01,
1 1
_Bra . h(s)
, pzw(l)(ﬂ+a)0/ M +f (”””)0/ o (g oae)

1
pra Q)
= 0 pee )M (o1 - 0) — pt@nn / Gl
R R
T v p2
=Ry = |[ull.

Then, Equation 10 holds.
On the other hand, from (H7), there exists R; > 0 such that

L (11)
ro(rip(1)) — 1 -
1
Choosing R, = max{R;, (eq(w(lfel)w(g)))q} + 1 set Qy ={ue E: ||lu|| <R:}. We now
prove that

NTull = llull, YuePN oK. (12)

If u e PN aQ,, Since ming.,<1.¢ u(t) = 0 ||u|| and ||u|| = R, we have
1 1-6
/ [uldg(s) > / lul’de > 07RI(p(1 — 6) — ¢(#)) = R;. (13)
0 6

By Equation 11, (H1) and (H3), it follows that

1 1
B+at h(s)f (u(s))
Tu(t) = g u(s)de(s) | + | G(t.s) ds
’ (! ) ! ®( s lutidy)

h(s)f (u(s))
> | G(t,59) ds
/ ®( Jy lulrde)

0

h(s)f (u(s))
G(t,s) ds
9/ ®(Jy ul'dp)

f6Ry) [
~ O(Rje(1)) J

f(OR2)
~ O(Rip(1))
> Ry = [lu]l.

v

G(t,s)h(s)ds

Page 7 of 11
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Then, Equation 12 holds.

Therefore, by Equations 10 and 12 and the first part of Lemma 2.3, T has a fixed
point in P N (Q,\Q;), which is a positive solution of Equation 1. O

Example. Let g = 2, h(t) = t, ®(s) = 2 + s, ¢(t) = 2¢, f(u) = 2 u? and g(s) = 5°.

Theorem 3.4. Assume that (H1) to (H3) hold. In addition, ¢(1) > 1, and the func-
tions f; g satisfy the following growth conditions:

(H10)
| 70 1
PRSP (g (1 - 0) — p(8))arnyr = 4L’
. 8(r) J ,
ARSI S 4B v (1)
(H11)
. f(r) 1
PSP & ((p(1— 0) — p(0))0r0)r ~ 2L
lim sup 8(r) < P

oo P T (B a)p(l)’

(H12) There exists a constant a > 0 such that

fy» G

a
, foruela |
0

Then, BVP (Equation 1) has at least three positive solutions.
Proof. For the sake of applying the Leggett-Williams fixed point theorem, define a
functional o(u) on cone P by

o(u) = %rtnglln_‘9 u(t), YuelPl.

Evidently, 6: P — R" is a nonnegative continuous and concave. Moreover, o(u) < ||
u|| for each u € P.
Now, we verify that the assumption of Lemma 2.2 is satisfied.
Firstly, it can verify that there exists a positive number ¢ with ¢ > b = { such that
T:P. — P
By (H10), it is easy to see that there exists 7 > 0 such that
fr) 1
((¢(1—0) — p(0))07r7)r ~ 4L’
8(r) p
< , VYr>r,
o 4B +a)e(l)

Vr>rt,

Set

T

Taking

¢ > max{b, 4LM., M (B + ) I3
P

Page 8 of 11
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If y € P, then
[ITu(t)[] = max [Tu(t)]
tel0,1]

o Bt (] ety MOR)
o] p g(/u(s)dw(s)) IGI%O/G(M)@(IOI Iul”dw)ds
1

0

1
_Bre . MO (u(s)
=, g (Of u(s)dgp(s)) Lrelllgzlcl.o/G(t,s)CD(fol |u|‘7dgo)d5

1
B+a Flull)
=, g(<ﬂ(1)llull)+trer[13>fl (I>((<,0(1—9)—(p(9))9"||u||‘1)0 G(t, s)h(s)ds

sﬁ+“( P MUWM+MQ+L(ﬁf+MJ

A

P \4(B+a)p(1)

<.

by (H1) to (H3) and (H10).
Next, from (H11), there exists d’ € (0, a) such that

f() /
q)(((p(l - 9) — (,0(9))9‘17“1)1‘ < 2t vre [O' d ]I
8(r) _ P vrelo, ]

T 2(Bra)e(1)
Take d = w?/l)' Then, for each y € P;, we have

[1Tu(e)ll = max |Tu(r)]
tel0,1]

= max p +atg (/ u(s)dgo(s)) +Ir€r[1(?)1<]/G(t,s) hs)f (u(s)) ds
0

ef01] P ) CD(fol [ul7de)

; 1
: 5;“g (f ”(S)dﬁf’(s)) 4 max [ Ge,s) "EVEED G
0

ot O(f, lulde)
1
_Bra . FQlul)
=, gle(1)1ull) max (I>((<,0(1—9)—(p(9))9"||u||‘1)0 G(t, s)h(s)ds

=70 (a1 ()
<d.

Finally, we will show that {u € P (0, a, b): o(u) >a} = & and o(Tu) >a for all u € P
(0, a, b).

In fact,
a+b
ut) = €fueP(o,ab):o)>al
For u € P (0, a, b), we have

b> |lull] >u> min u(t) >a,
te[0,1-6]
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for all £ € [0, 1 -6]. Then, we have

1 1
. . B+at
Tu(t) = d G(t,
_min, () = min ©* (fu@)qmﬂ)+ nnnm/'( 9
0

e )
= refEi%]/ ot S)ap( Jy lultde)
/ G(t, )h(s)f (u(s))ds

4

B <I>(¢;(1)bq) ze[91 0]
1-0
1 P(bp(1))a
> ®(p(1)b9) L t€[91 o 6/ G(t,s)h(s))ds

=a

by (H1) to (H3), (H12). In addition, for each u € P (6, a, ¢) with ||Tu|| >b, we have

[rmn (Tu)(t) = 0]|Tul| > 6b > a.
te[,1

Above all, we know that the conditions of Lemma 2.2 are satisfied. By Lemma 2.2,

M),
®( J 1ulrdy)

the operator T has at least three fixed points u,(i = 1, 2, 3) such that

[l <d,

a< min uy(t)
te[0,1-0]

llus]| > dwith min us(t) < a.
te[0,1-0]

The proof is complete. O

Example. Let g = 2, h(t) = t, O(s) = 2 + 5, ¢(t) = 2¢, f(u) =
2
g(S) = 16(§+a) 25+s’ namely,
1
—(2+ [ Iu(s)Pd(2s) ) u'(¢) = t4 5742, in0 <t < 1,
0
e oyl o Uy ud(s)’
au(0) — pu'(0) = 0, yu(1) +8u'(1) = 14,0 2+ 1 u(s)d2s)
From a simple computation, we have
2
. f(r) . 4
1 -1 -
%P D ((p(1 = 0) — p(6))62r2)r ~ o P (24 2(1 — 20)62r2)r
$0) o) 20 p p
li — i 16(B+a) 2+1 _ )
R TR T (B ea) T 4B ade(1)
f(r) . alr
li —1 0,
120 o ((p(1 = 6) — p(0))01r9)r ~ 20" (24 2(1 = 20)0212)r

TZ

p
16 241
lim sup (Bra) 2+
—0

8(r) _o,
r

= lim sup
—0

Then, it is easy to see that (H1) to (H3) and (H10) to (H11) hold. Especially, take a =

1, by —f(1) = 41407 & 1407 _ @((3)%(1)),1 and (H1), then (H12) holds.
fla) =f(1) = = L

Lo? Lo?

92 42 and,

Page 10 of 11
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