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1. Introduction

Differential equations governed by nonlinear differential operators have been exten-
sively studied in the last decade, due to their several applications in various sciences.
The most famous differential operator is the well-known p-Laplacian and its generali-
zation to the generic ®-Laplacian operator (an increasing homeomorphism of R with
®(0) = 0). Many articles have been devoted to the study of differential equations of the

type
(@) (1) = f(t, x(1), ¥ (1))

for ®-Laplacian operators, and recently also the study of singular or non-surjective
differential operators has become object of an increasing interest (see, i.e., [1-10]).

On the other hand, in many applications the dynamic is described by a differential
operator also depending on the state variable, like (a(x)x)’ for some sufficiently regular
function a(x), which can be everywhere positive [non-negative] (as in the diffusion
[degenerate] processes), or a changing sign function, as in the diffusion-aggregation
models (see [7], [11-13]).

So, it naturally arises the interest for mixed nonlinear differential operators of the
type (a(x)®(x))” In this context, in [11] we studied boundary value problems on the
whole real line
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(a(x(0))2(x'(1)))" = (&, x(1), ¥ (1))

x(—o0) =v;, x(+00) =1,

obtaining results on both existence and non-existence of heteroclinic solutions. Such
criteria are based on the comparison between the behavior of the right-hand side f{t, x,
x’) as |t| > +o and ¥ — 0, combined to the infinitesimal order of the differential
operator ®(x) as x” — 0. Rather surprisingly, the presence of the state variable x inside
the right-hand side and the differential operator does not influence in any way the
existence or the non-existence of solutions, but it only entails a more technical proof
and a sligthly stronger set of assumptions on the operator ®. Roughly speaking, if a(x)
is positive and fi, x, x") = g(¢, x)h(x) for some positive continuous function /4, then the
solvability of the boundary value problem depends neither on a, nor on 4. Moreover,
even the prescribed boundary values v, v, are not involved on the existence of
solutions.

A crucial assumption in [11] is a limitation on the rate of the possible decay of f(., «,
x) as |t| — +oo; precisely, we assumed that f{¢, x, ¥) ~ |¢|° for some & >-1 (possibly
positive).

In the present article we focus our attention on right-hand sides having the critical
rate of decay 0 = -1 and show that, contrary to the situation studied in [11], now the
solvability of the boundary value problem is influenced by the behavior of the right-
hand side and of the differential operator with respect to the state variable x. For
instance, when f(¢, x, ") = g(x)h(¢, x’) the existence of solutions depends on the ampli-
tude of the range of the values assumed by the functions a and g in the interval [vy,
v,] determined by the prescribed boundary values.

In Section 2 we study the existence/non-existence of solutions for general right-hand
sides f(¢, x(¢), x°(¢)) (see Theorems 2.3-2.5); more operative criteria are stated in the
subsequent section for f of product type.

We conclude the article with some examples (see Examples 3.8-3.10), useful to have
a quick glance on the role played by the behavior with respect to x.

The study of the solvability of the boundary value problem for rates of decay J < -1
is still open.

2. Existence and non-existence theorems
Let us consider the equation

(a(x())@ (X' (1)) = f(t, x(t),x'(t)) forae teR, (2.1)

where @ : R — R is a positive continuous function, and f: R*> — R is a given Car-
athéodory function. From now on we will take into consideration increasing homeo-
morphisms @ : R — R, with ®(0) = 0.

Our approach is based on fixed point techniques suitably combined to the method of
upper and lower solutions, according to the following definition.

Definition 2.1. A lower [upper] solution to equation (2.1) is a bounded function @ €
CY(R) such that (a © &)(® © @) e WHHR) and

(a(e())®(' (1)) = [<] f(t (), o' (1), forae.teR.
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Throughout this section we will assume the existence of an ordered pair of lower
and upper solutions o, B, i.e., satisfying o) < B(¢) for every t € R, and we will adopt
the following notations:

7 := [infa(r), sup B(t)], v:= |Z| =sup B(r) — infa(r)
teR teR teR teR

m:=min a(x) >0, M :=max a(x), d:=max{la'(t)]+|8'(t)| :teR}.
xeZ xeZ

Note that the value d is well-defined, in fact | [‘ligloo o (t) = |t|li>r£loo B'(t) = 0, since (a ©
a)(@ © ), (a © B)(@ © B) belong to W"(R) and m >0.

Moreover, in what follows [x]" and [x]™ will respectively denote the positive and
negative part of the real number x, and we set x A y := min{x, y}, x V y := max{x, y}.

The next result proved in [11] concerns the convergence of sequences of functions
correlated to solutions of the previous equation.

Lemma 2.2. For all n € N let I, := [-n, n] and let u, € C'(I,) be such that:
(aouy)(®ou,) e WH(1,), the sequences (u,(0)),, and (u,,(0)),are bounded and finally

(a(un ()P, (1)) = f(t, un(t), u,(t)) forae.tel,.
Assume that there exist two functions H, ye L'(R) such that

lu, ()] < H(t) and |a(un(t))®(u,(t))| < y(t) ae only, foralneN.
Then, the sequence (x,), © C'(R) defined by

uy(t) fortel,
X(t) == { un(n) fort>n
up(—n) fort < —n

admits a subsequence uniformly convergent in R to a function x € C'(R), with (a © x)
(@ o x) e WHN(R), solution to equation (2.1).

Moreover, ifngfpoo un(—n) = U and ngfpoo un(n) = u*, then we have that
. o . b
tLl{noox(t) =u tkrgox(t) u*.

The first existence result concerns differential operators growing at most linearly at
infinity.

Theorem 2.3. Assume that there exists a pair of lower and upper solutions o, B € C'
(R) of the equation (2.1), satisfying o(t) < B(¢), for every t € R, with o increasing in (-,
-L), B increasing in (L, +o), for some L >0.

Let @ be such that

[
lim sup 2 < 400 (2.2)
[y|—=+00 |V|
and
[}
tim inf *0) = o (2.3)
y—0* y“

for some positive constant y.
Assume that there exist a constant H >0, a continuous function 0 : R* — R" and a
Sfunction A € LU([-L, L)), with 1 < q < oo, such that
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FLxy) =Aa(0)8(a(x)|@(y)) forae |t| <L, everyxeZ, [yl =H (2.4)
11

[ = 25)
0(7)

(with ; = Oif q = +o0).
Finally, suppose that for every C >0 there exist a function N¢c € L'(R) and a function
Kc € Wﬁ)’cl([O, +00)), null in [0, L] and strictly increasing in [L, +o),

such that:
+00 1
/ e nm®e® g o oo (2.6)
and put
M 1
Ne(r) = @71 ( ?(C) fMKC(”) (2.7)
m
we have
flt.x,y) < =K'c(t)®(lyl)

forae.t>L, everyxeZ, |y| <Nc(t), (2.8)
f(_t/ X, )’) = K/C(t)q)(M)

If(t,xy)l <nc(t) if xeZ |yl <Nc(t)+la' (@) +]8'(t)l, foraeteR  (2.9)
Then, there exists a function x € C'(R), with (a © x)(® © x) € W"'(R), such that

(a(x())@(x' (1)) =f(t x(t), x'(t)) forae.teR
a(t) <x(t) < B(1) for every t € R
x(—00) = a(—00), x(+00) = B(+00).

Proof. In some parts the proof is similar to that of Theorem 3.2 [11]. So, we provide
here only the arguments which differ from those used in that proof.

By (2.2), without loss of generality we assume H > ,; and

|®(y)] <Kl|y| whenever |y| > H, (2.10)

for some constant K >0.
Moreover, by (2.5), there exists a constant C > d>_1(17\n4 ®(H)) > H such that

mo(C) 17 g 1
/ T dr > (KMv)' 9. (2.11)
M®(H) 0(z)

Fixne N, n > L, and put [, := [-n, n].
Let us consider the following auxiliary boundary value problem on the compact
interval I.:

(a(Tx(0) @(x'(1))) = f(t Tx(r), Qu(1)) + arctan(w(z, x(1))), a.e.t€ly
(P7)
x(=n) = a(=n), x(n) = p(n)
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where T : Wh(I,) - W “!(I,) is the truncation operator defined by

Te(t) == [B(1) Ax()] Vv a(1);
Qu(1) = =(Nc(t) + [/ (1) + [B()]) V [T'x(t) A (Ne(t) + 1o’ ()] + 1B/ ()1)];
and finally w : R* — R is the penalty function defined by w(t, x) := [x - B(t)]* - [x -«
1.

By the same argument used in the proof of Theorem 3.2 [11], one can show, using
only assumption (2.9), that for every n > L problem (P}) admits a solution u,, such that

a(t) < un(t) < B(t) foralltel, (2.12)
hence Ty, (t) = u,(t) and w(t, u,(¢)) = 0. Moreover, it is possible to prove that

u,(t) >0 whenever L < |t| <n (2.13)

u (to) =0 forsome tp € [L,n) = u,(t) =0 in [to, n) (2.14)

(see Steps 3 and 4 in the proof of Theorem 3.2 [11]).

Now our goal is to prove an a priori bound for the derivatives, that is
[, (£)] < Ncg(t) for ae. t € I,. We split this part into two steps.

Step 1. We have |u)(t)] < C < Nc¢(t) for every t € [-L, L].

Indeed, since u, € C'(I,) and u,([—L,L]) C Z, we can apply Lagrange Theorem to
deduce that for some 7y € [-L, L] we have

/ 1 supB —infa v
[uy, (o)l = 2LIun(L) —uy(=L)| < oL =, <H< C.

Assume, by contradiction, the existence of an interval (73, 1) € (-L, L) such that
H < |u,(t)] < Cin (71, o) and |u;,(71)| = H, |u,(72)] = C or viceversa.

Since N¢(t) = @71 (Md(C)) = C for every t € (1, 72), we have |u,(t)| < N¢(t) for
every t € (71, 73). Then, by the definition of (P}) and assumption (2.4), for a.e. t € (zy,

7,) we have

|(@(un ()@ (u'n(1)))'] = 1(a(Tu, () PWn()))] = 1f (¢ Ty, (1), Qu, (1))
= If (& un(0), w'n(0))] < 2(0)0 (a(un (D)) (W n(1))]).

Therefore, using a change of variable and the Holder inequality, we get

1

wo© T e (D)0 ()] o
fMtb(H) 9(.[) T = 7 9(|a(u,,(t))<l>(u’n(t))|) |(a(un(t))q>(un(t))) | (it (2.15)

1 1—
< fr’f)\(t)|a(un(t))c1>(u’,,(t))|1*a de < | x||q(ijf |D (1 (1))] dt) a

Moreover, since 1}, has constant sign in (7, 7,), using (2.12) we have

/rz W, (0)] dt = [un(22) — a(71)] < v,

1

Therefore, by (2.10), from the previous chain of inequalities we deduce

m®(C) -,;17517 o 17; 1_1
/ dr < | kllq<KM/ [/ (1) dt) < || Allg(KMv) ~d (2.16)
Moy 0(7) .
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in contradiction with (2.11). Thus, we get |u, (t)| < C for every t € [-L, L] and the
claim is proved.

Step 2. We have u, (t) < N¢(¢) for every t € I, \ [-L, L].

Define i := sup{t > L : u,(t) < Nc¢(z) for every 7 € [L, ]}, and assume by contradic-
tion that { < n. Hence, u/(f) = Nc(f) > 0 and by (2.13), (2.14) we deduce that
u),(t) > 0 in [L, f} Moreover, by (2.12) and the definition of Q,, we get

(a(un (1) D (, (1)) = f(t, un(t), u, (1)) in [L, 2],
so0, by (2.8) we have

K'c(t)

o a(un(£))®(u,(t)), ae. in|[L1].

(a(un(0)) @ (u, (1)) = =Ko ()P (u, (1) < =

Then, recalling that K¢ (L) = 0 and u},(t) > O for every t € [L, t], we infer

/ ' (@(un(s))(W'n(s)))"
a(un()PWn(0) _ " a(uy(s)) O (Wals)) < g arke®
a(un(L))®(u'n(L)) -

implying

aun(£)) D (1L (1)) < a(un(L)) (1, (L)) M5 < Mab(C) & nKe)

since u},(L) < C. Therefore, u,(t) < Nc(t) for every t € [L, ], in contradiction with
the definition of ;. The same argument works in the interval [-r, -L] and the claim is
proved.

Summarizing, since |u;,(t)| < N¢(t) for every ¢ € I, by the definition of Qy, we have

(a(un ()P, (1)) =f(t, un(t), u,(t)) forae. tel,.

. ot
Observe now that condition (2.3) implies that hgnsolfp El/fﬁ) < +00, Hence, by

assumption (2.6) we get Nc € L'(R) and applying Lemma 2.2 with H(£) = Nc(¢) and y
(£) = nc(t) we deduce the existence of a solution x to problem (P). O

In order to deal with differential operators having superlinear growth at infinity, we
need to strengthen condition (2.5), taking a Nagumo function with sublinear growth at
infinity, as in the statement of the following result.

Theorem 2.4. Suppose that all the assumptions of Theorem 2.3 are satisfied, with the
exception of (2.2), and with (2.5) replaced by

lim o)

y=>+00 Yy

=0. (2.17)

Then, the assertion of Theorem 2.3 follows.

Proof. The proof is quite similar to that of the previous Theorem. Indeed, notice that
assumptions (2.2) and (2.5) of Theorem 2.3 have been used only in the choice of the
constant C (see (2.11)) and in the proof of Step 1. Hence, we now present only the
proof of this part, the rest being the same.
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Notice that by assumption (2.17), we have

1
1—
mé T 4

chp(H) 6(7) de

lim =400

£—+00 171

E 4

hence, there exists a constant C > @‘1(% ®(H)) = H such that

mo(C) 17 11
/ dr > (2ML®(C))  7||All,. (2.18)
Mo 0(7)
With this choice of the constant C, the proof proceeds as in Theorem 2.3. The only
modification concerns formula (2.16), which becomes, taking (2.15) into account:

mo(C) 17 g n 17(11 1
/ o(1) dr < ||)\-||q<M/ |D(u'4(1))] dt) < lIAllg(2MLO(C)) 4
M®(H) 7

in contradiction with (2.18). From here on, the proof proceeds in the same way. O

In the particular case of p-Laplacian operators, one can use the positive homogeneity
for weakening assumption (2.17) of Theorem 2.4 and widening the class of the admis-
sible Nagumo functions, as we show in the following result.

Theorem 2.5. Let ® : R — R, ®(y) = |y|’y, and assume that there exists a pair of
lower and upper solutions o, B € C'(R) to equation (2.1), satisfying o(t) < B(t), for
every t € R, with o increasing in (-o, -L), B increasing in (L, +), for some constant L
>0.

Moreover, assume that there exist a positive constant H, a continuous function

0 :R" — R" and a function 2 € LY[-L, L]), with 1 < q < +oo, such that

f(tx,y)l <AM0)0(a(x)lyl’~") forae |t| <L everyxeZ, |yl >H  (2.19)

oo 1120
/ v’ ! dr = +o00. (2.20)
6(7)

Finally, suppose that for every C >0 there exist a function N¢c € L'(R) and a function
K¢ € Wl'l([O, +00)), null in [0, L] and strictly increasing in [L, +eo), such that:

loc
+00 1
/ ¢ Mo-DFW g1 _ oo (2.21)

and put

1
— 1
Ne(1) = C(ﬁrf)p ' m(p-nyKe(l)

we have

ftxy) < =K'c(O)ylP!
forae t>1L, everyxeZ, |yl <Ng(t), (2.22)

f(=txy) = K'e(t)yPP~
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If(t,xy) <nc(t) ifxeZ |yl <Nc(t)+|a' () +18(t), forae teR. (2.23)
Then, there exists a function x € C'(R), with (a © x)(® © x) € W"'(R), such that
(a(x()® (X' (1)) =f(t, x(t), X' (¢t)) forae teR

a(t) < x(t) < (1) for every t € R
x(—00) = a(—00), x(+00) = B(+00).

Proof. The proof is quite similar to that of Theorem 2.3. Indeed, notice that the pre-
sent statement has the same assumptions of Theorem 2.3, written for ®(y) = |y|"2y,
with the exception of conditions (2.2) and (2.5), which were used only in the proof of
Step 1. Hence, as in the proof of the previous Theorem 2.4, we now provide only the
proof of Step 1, the rest being the same.

At the beginning of the proof, without loss of generality we assume H > 7 and we

1
choose (- - (fr\s)pfl H > H» in such a way that

mot 0= L=t
p— q q
a1 0(7)

The proof of Step 1 begins as previously, determining an interval J = (ty, 75) € (-L, L)
sup B —infa v

1 .
such that |u)(zo)| = 2L|u"(L) —up(—-L)| < . =, <H< C. in J, and

lu),(t2)| =C, |u,(72)| = C or vice versa. Then, as in the proof of Theorem 2.3, assump-
tion (2.19) implies that for a.e. £ € J we have

|(a(un () 2('n(1)))] = I(a(To, () PW'n()))'] = If(t T, (1), Qu, ()] =
= 1f(tun(0), w'n()] = A(0)8(a(un ()l n(0)P1).

Therefore, put
ar = a(x(m)) W (2)lP e = a(x(w)) W ()1

we get
1 1 1 1

mer-1 .Ep—1(1fq) o Tp—l(lfq)

/MH”* 6(7) dtf/m oy

plr )

| [ @) -1y

_ / Oalu(@)un(opy OO

= fTZA(t)(61(Ltrl(t))”11 Iu/n(t)l)lf‘l’ d

1
1 1 T 1
— q
< [aflgme1 " ﬂ(f |u/n(t)|dt)
T

in contradiction with (2.24). Thus, we get |u;,(t)| < C for every t € [-L, L] and Step 1
is proved. O

1ot
< |Mlg(vmp=t) " a

As we mentioned in Section 1, the assumptions of the previous existence Theorems
are not improvable in the sense that if conditions (2.3) and (2.8) are satisfied with the
reversed inequalities and the summability condition (2.6) [respectively (2.21) for the
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case of p-Laplacian] does not hold, then problem (P) does not admit solutions, as the
following results state.
Theorem 2.6. Suppose that

o(y)

lim sup < 400 (2.25)
y—0* Y“
for some positive constant y. Moreover, assume that there exist two constants L > 0, p

>0 and a positive strictly increasing function K € W ([L, +o00))satisfying

loc

+00 1
/ e 1 gy = 400 (2.26)
where M = . er[l;}l}r\l}] (%), such that one of the following pair of conditions holds:
f(t,xy) = —K'@®)®(yl) foraet>L, everyxe v v'] |yl <p (2.27)

or
f(t,xy) <K'(-t)®(lyl]) forae t<—L everyxe|[v,v'] Iyl <p. (2.28)
Moreover, assume that
tf(t,x,y) <0 forae. |t| =L everyxeR, |yl <op. (2.29)

Then, problem (P) can only admit solutions which are constant in [L, +o) (when
(2.27) holds) or constant in (-oo, -L] (when (2.28) holds). Therefore, if both (2.27) and
(2.28) hold and L = 0, then problem (P) does not admit solutions. More precisely, no
function x € C'(R), with (ax)(®Ox") almost everywhere differentiable, exists satisfying
the boundary conditions and the differential equation in (P).

Proof. Suppose that (2.27) holds (the proof is the same if (2.28) holds).

Let x € C'(R), with (@ © x)(®ox’) almost everywhere differentiable (not necessarily
belonging to W"'(R)), be a solution of problem (P). First of all, let us prove that
lim ®(¢(1)) = 0,

Indeed, since x(+e) = v* € R, we have ligfolipx’(t) > 0 and litfilﬂi)lolfx/(t) <0

Taking into account that ® is an increasing homeomorphism with ®(0) = 0, if
li[rEJrglfx/(t) < 0, then there exists an interval [£;, £,] € [L, +o) such that -p <® (x(£))
<0 in [t, ], P(¥'(t2)) > §j ®(x'(t1)). But by virtue of assumption (2.29)

we deduce that a(x(t))P(x'(£)) is decreasing in [#;, £,] and then

(L) = | a((L)P(R)) = | alx(b)PE(n)) < 1 (X ()

o e . 1 3 / _ . . .
a contradiction. Hence, necessarily htfl)lﬂl)lolf x'(t) =0, We can prove in a similar way

that lim supx’(t) =0, 5o, lim ¥/(t) = 0 and we can define £*:= inf{t > L : |x(7)| < p
t—>+00 [—+00
in [£, +o0)}.
We claim that x°(¢) > 0 for every ¢ > ¢* Indeed, if x'(f) < 0 for some > t*, since a(x

(£)D(x(2)) is decreasing in [¢* +eo) by (2.29), we get

a(x())@(x' (1)) < a(x(1))@(x' (1)) < md(x'(1)) <0, foreveryt> 1. (2.30)

Page 9 of 17
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Since a is positive, then ®(x’(£)) <0 for every ¢ > . Hence, from (2.30) we get
M®(x'(t)) < m®(x'(t)), and so

K(t) <! (ZCID(x’(i))) <0 foreveryt>1

in contradiction with the boundedness of x. Thus, the claim is proved.

Let us define 7 := inf{t > t* : x(t) > v~ in [t, +00)} > t*. We now prove that x'(£) = 0
for every t > t.

Let us assume by contradiction that «'(f) >0 for some f>7 Put
T:=sup{t>t:x(r) > 0in [t t]}; we claim that T = +co. Indeed, if T <+, since 0 <
x(t) < p in[t, T], by (2.27) we have

(a(x()@ (X' (1)) = f(t, x(t), ¥ (t)) = —K'(1)®(¥'(t)) fora.e. te T (2.31)
So, assuming without loss of generality p < 1, we get

K'(1)
m

(a(x()2(x'(1)) = —K' (@' (1) = — "~ a(x(t)) (x'(1))

where ™M 1= Ee[ig)i,g(T)]a(é)' Then, integrating in [¢, T] with ¢ < T we obtain (taking

into account that x’(7) = 0)

K/g‘l:)

& a(x(t))®(x'(z))dr foreveryt e (i, T|

T
(o) = [
t
so by the Gronwall’s inequality we deduce a(x(£))@(x(¢)) < 0, i.e. x/(¢) < 0 in the same
interval, in contradiction with the definition of T. Hence T = +co.
Therefore, since 0 < x’(£) < p and v ~ < x(£) < v' in [f, +00), we get

(@O)PE @) = (x0X(0) 2 K e m) = Daer)
for a.et > 7, where M = . erlrvl_i,nw] a(X), The above inequalities imply that for a.e. t > ¢

a(x()PW (1) _ (" (ax(s)PWE)) 1
Oga(x(f))cb(x/(i))_ L a(x(s)) D (' (s)) ds_ﬁl(K(t) K(1))

and then

(x'(1)) = AIA a(x(0)) B (x (7)) KO-K®)

where M := max a(x), By virtue of (2.25) and (2.26), since «'(f) > 0, we get

x€[v—,v+]
x(+00) — x(f) = [ x'(t)dt = +00, in contradiction with the boundedness of x.
Therefore, x’(£) = 0 in [f, +00) and by the definition of 7 this implies 7 = ¢* So, x’(¢) =
0 in [¢*, +o0) and by the definition of ¢* this implies t* = L. O
Remark 2.7. In view of what observed in Remark 6 [13], if the sign condition in

(2.29) is satisfied with the reverse inequality, i.e., if

tf(t,x,y) >0 forae. [t|>L, everyxeR, |yl <p, (2.32)

then it is possible to prove that ngfooxj(t) =0and x(¢) < 0 for |t| > L. So, since v~ <

v, when L = 0 problem (P) does not admit solutions.
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3. Criteria for right-hand side of the type f(t, x, y) = b(t, x)c(x, y)
In this section we present some operative criteria useful when the right-hand side has
the following product structure

ftx,y) = b(t, x)e(x, y).

As we will show, there is a strict link between the local behaviors of ¢(x, -) at y = 0
and of b(-, x) at infinity which plays a key role for the existence or non-existence of
solutions.

In what follows we assume that b is a Carathéodory function and ¢ is a continuous

function satisfying
c(x,y) >0 foreveryy#0andxe[v_,v']; ¢(v~,0)=c(v*,0)=0.

Notice that in this framework, the constant functions o(t) := v’ and B(¢) := v' are a
pair of well-ordered, monotone, lower and upper solutions. Consequently, according to
the notations given after Definition 2.1, in this case we have

I=[v ,v], v=v'—v7, d=0
and again

m :=min a(x) >0, M :=max a(x),
xeZ xel

According to the results of the previous section, the first three results provide suffi-
cient conditions for the existence of solutions for our special f split in the product of b
and c¢. Then we will deal with sufficient conditions for the non-existence of solutions.

Theorem 3.1. Let there exists a function A € L (R), 1 < q < +o, such that

loc

|b(t,x)| <A(t) forae teR, everyxe|v,v*] (3.1)

Suppose that there exist positive constants hy, hy, ki, ko, p, H, L, & with ¢ < 1, and a

constant o € [—1,—1 + h}jl &), such that for every x € [v, v'] we have

t-b(t,x) <0 forae. |t| >L, (3.2)
hlt ™' < [b(t,x)| <holtl”, forae. |t| >L, (3.3)
k() < c(xy) < ka®(Y1),  whenever Iyl < p, (3.4)
c(xy) < kz|<I>(y)|27‘11 whenever |y| > H. (3.5)

Finally, let conditions (2.2) and (2.3) hold with 0 < p < hlkl.

Then, problem (P) admits solutions.
Proof. Put o(r) = kz( )2—{1; for r > 0, from (3.1) and (3.5) it is immediate to verify
the validity of conditions (2.4) and (2.5). Let us now fix a constant C > 0 and put

C := max {p, ! ([Z@(C))} .

r
m

Page 11 of 17
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Since c(x, y) > 0 for y # 0, denoted by fic := min{c(x,y) :x € [V, v*],p < ly| < C),
we have #ic > 0. Finally, put

A

Ye = min{ cpn(q((;]) ki)

Consider the following functions:
y(t) ;== min{ min_ [b(—t,x)|, min [b(t,x)[}, t>0;
xe[v=,v*] xe[v=,v*]

He(t) = 0 for0<t<I;
e v fly(r)dr  fort>1L;

M 1
Mc(t) = &~ (m ®(C) e—M”C(“')>, teR.

Observe that by assumption (3.3) we have #(t) > 0 for a.e. ¢ > L and

lim Hc(t) = +00, hence  1im Mc(t) = 0, S, there exists a constant L > L such that
t—+00 |t]—+00 ~

Mc(t) < p whenever [t] > L. Let us define

Ko(p) o | He® for0 <t <L¥;
W= He(Le) +h [l y(e) dr fori> Lt

and let N be the function defined in (2.7).

By the positivity of the function ¥, K¢ is strictly increasing for ¢ > L. Moreover, by
condition (3.1), we have K¢ € Wl}J’:([O, +00)). Further, since y¢ < k; we have Hc(t) <
K(2) for every ¢ = 0 and then N(2) < Mc(t) for every t € R.

Observe that by (3.2) and the definition of y, we obtain

f(txy) = b(t, x)c(x,y) < ¥eb(t, x)P(lyl) < —K(1)@(lyl)
and
f(=t,x,y) = b(—t,x)c(x,y) > ¥cb(—t, x)(ly]) = KL(£)D(Iy])

for ae. t € (L, LE), every x € [v,v'] and every |y| < N¢(t) < C. Similarly, by (3.4) we

have
ftx,y) = b(t, x)c(x, ) < kab(t, x)@(Iy]) < =K ()@ (Iy])
and
f(=t,x,y) = b(=t,x)c(x,y) = kab(—t, )2 (Iyl) = K(0) P (Iy])

for a.e. t > L, every x € [v,v'] and every |y| < Nc(£) < Mc(¢) < p. Then, condition
(2.8) of Theorem 2.3 holds.

Now, from (3.3) it follows that hikit™! < K (t) for ae. t > L{. As a consequence,

t
Kc(t) = Ke(LE) + hiky log I for every t > L{.. (3.6)

Then, by the upper bound on the exponent y we get

+00 1 Ke(t) 00 ik
/ e uM dt < Const. / t #M dt < +00,
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and condition (2.6) follows.
Finally, let us define

max |b(¢, x)]| - max c(xy) ifft] <L§
ne(t) = § vl (@p)elv-pIx[-CL)
hoky [t]” @ (Ne(1))* if [t] > LE.

By (3.3) and (3.4), for every y € R such that |y| < N¢(¢) for a.e. t € R and every x €
[V, v'], it results

If(t, % Y)l = 1b(t x)lc(x,y) < nc(t),

that is condition (2.9), so it remains to prove that nc e L'(R). To this purpose,
notice that by (3.1) and the continuity of ¢ we have n¢ € L'([—L%, LE]). Moreover,
when [t] > L, by (3.6) we have

M € ¢ hik
0 < ne(t) < hzkzltl"( d)(C)) e~ MKl < Const. |7~ M *.
m

Since o < h}\fl e — 1, we get nc € L'(R). Therefore, Theorem 2.3 applies and guaran-

tees the assertion of the present result. O
For differential operators having superlinear growth at infinity, the following result
can be applied, whose proof is a consequence of Theorem 2.4.
Theorem 3.2. Let all the assumptions of Theorem 3.1 be satisfied with the exception
of (2.2) and with (3.5) replaced by
max c(x,y)

lim ] _ (3.7)
l—+00 | D(y)]

Then, if (2.3) holds true with a positive u < h;\fl, problem (P) admits solutions.
Proof. Set

o0 g (ronfe (507 (o)) oo () )

Observe that # is a continuous function on [0, +c°), such that
O(a(x)|®()]) = c(x,y) foreveryxe[v ,v*],yeR,

hence (2.4) holds. Moreover, by (3.7), for every ¢ > O there exists a real c, such that
c(x,y) < el@(y)l foreveryx € [v™,v'], [yl = c..

Hence, for every s > M max{®(c,), -®(-c,)} we have 0(s) < | s, that is

lim 0(s) =

s—>+00  §

0.

Hence, the proof proceeds as that of Theorem 3.1, applying Theorem 2.4 instead of
Theorem 2.3. O

Finally, in the case of p-Laplacian operators, the following result holds, as a conse-
quence of Theorem 2.5, by the same proof of Theorem 3.1.

Theorem 3.3. Consider ®(y) = |y|*?y, p > 1, and let all the assumptions of Theorem
3.1 be satisfied with the exception of (2.2) and condition (3.5) replaced by
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1
o(xy) <kalyl” 4, for every |y] > H. (3.8)

Then, if p <1+ hll\fl, problem (P) admits solutions.
1 1
Proof. Define o(r) := kz(r)“p—l(l*q)‘ Easy computations allow to verify that
m

assumptions (2.19) and (2.20) are satisfied. The conclusion follows as in the proof of
Theorem 3.1, now applying Theorem 2.5. In fact, observe that in this case (2.3) is satis-
fied for 4 = p - 1 and, defined K¢ and 1¢ as in the proof of Theorem 3.1, conditions
(2.22) and (2.23) hold true. Notice that they are the rewriting of conditions (2.8) and
(2.9), respectively, in the case of p-Laplacian operators. O

In the previous results the requirement u < h}\fl is not merely technical, but it is
essential, as it will be clarified by the following non-existence result.

Theorem 3.4. Suppose that (3.2) holds for a.e. t € R and let there exist a real con-
stant A > 0 and a positive function A € L'(0, A) such that

|b(t,x)| <¢(t]) forae. |t|] <A, xe[v,v]. (3.9)
Moreover, assume that there exist positive constants h, k, p such that

Ib(t,x)| <h|t|™!, foreveryxeR, ae. |t| > A (3.10)

c(x,y) <kO(ly]), foreveryxeR, 0<y<p. (3.11)
If (2.25) holds with a positive u > Zf, then problem (P) does not have solutions.
t
Proof. Put K(t) := k/ £(t)dr for t € [0, A] and K(¢) := fOA £(7)dr + hk(logt — logL)
0

for £ > A. Note that assumptions (2.27) and (2.28) are satisfied for L = 0. Moreover,
+00 1 +00 1
/ e 1 W 4¢ > Const. / £ ™ dr = 400

by the lower bound on the exponent u. So, the assertion follows from Theorem 2.6.
o

The following results are immediate consequences of Theorems 3.1, 3.2, and 3.4.
Corollary 3.5. Let fit, x, y) = h(t)g(x)c(y), with h € LZ)C([R), for 1 < g < +eo, ¢ continu-
ous in R and g continuous and positive in [v,v'].

Assume that t - h(t) < 0 for every t € R and c(y) > 0 for every y # 0. Moreover, sup-

pose that
lim [Ch()] = h € (0,400), Tim ‘0 ik € (0, +00).
Jt]—+00 =0 @(|yl)
Let (2.2) holds and
lim sup <) | < +00. (3.12)

—+ 2—
M= () a

Then, if (2.3) holds with an exponent y such that hiky ~x€r[1l)1j,nv+]g(x) > MW problem
admits solutions; insteaa i . olas witn an exponent satisfyin,
(P) admi luti i d if (2.25) hold ith U isfying

hiky 'xeﬂ?§§+]g(x) < MU (P) does not admit solutions.
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Corollary 3.6. Let all the assumptions of Corollary 3.5 be satisfied, apart (2.2) and
with (3.12) replaced by the following condition

c(y)

‘y‘Ln}m ! = (3.13)

Then, the same conclusions of Corollary 3.5 hold.

Finally, for the p-Laplacian operator we can state the following criterium, conse-
quence of Theorems 3.3 and 3.4.

Corollary 3.7. Let fit, x, y) = h(D)g(x)c(y), with h € L]

1we(R), for 1 < q < +eo, b continu-
ous in R, g continuous and positive in [v, v']. Let ®(y) = |y|’> y, for p > 1.
Assume that t - h(t) < 0 for every t € R and c(y) > 0 for every y = 0. Moreover, sup-

pose that there exist

c(y)

lim |th(t)| = h;, lim =1k, limsup 1
[t|—>+00 V4 |yl—+00 |y|P*q

< +00,

for a positive constant h;.

Then, ifhlkl -xer[rvl_ilnw]g(x) > M(p - 1), problem (P) admits solutions; instead if

hiky 'xeflT]}§1§+]g(x) <m(p—=1), (P) does not have solutions.

We conclude with some examples in which the previous corollaries apply.
n=2 . -
Example 3.8. Let f(¢t,x,y) := _h\/1f+[4 g@)IyI“(1 +]y/?) 2 where h is a positive
constant and g is a generic continuous function, positive in [v,v"]. Suppose that ®(y) =
y]y|[#?| arctan y| with > 1 for every y € R and a(x) = 1 for every x € R.
If h(t) := _hJ1[+t4 and cy) = (1 + |y|2)”;2, it is immediate to check that all the

assumptions of Corollary 3.5 are satisfied for g := +oo, h; := h, ky := 1. Then, if

xer[rvl_i'nw] g(x) > l;; problem (P) has solutions, instead if xer[rulfiféqg(x) < /; then problem
(P) does not have solutions.

Example 3.9. Let ft,x,y) :=—h ¢1t+t4 g(x)|)’|ﬂ , where /1 is a positive constant and g is
a generic continuous function, positive in [v,v*]. Let ®(y) := y|y|*! e and a(x) = 1.
Then condition (3.13) is satisfied for every > 0 and all the assumptions of Corollary

3.6 hold with /; := & and ky := 1. Then, if er[Iljn+]g(x) > l; problem (P) has solutions,

instead if r[nax ]g(x) < l; then problem (P) does not have solutions.
xe|v—, vt

Example 3.10. Let f(t,x,y) := —h¥a! g(x)lylP~1/1 +y2, where £ is a positive con-

stant and g is a generic continuous function, positive in [v,v*]. Let ®(y) := y|y|[’* and

a(x) = 1. Then all the assumptions of Corollary 3.7 are satisfied, for g := +, h; := h;,
B L 20— 1) o .
hy := 1. Then, if r[nm ]g(x) > L problem (P) has solutions, instead if
xe€lv—,v* T
2(p-1) :
Ilnax | g(x) < oh then problem (P) does not have solutions.
xelv—, vt

Remark 3.11. Note that in [11] the existence of heteroclinic solutions was proved
when in assumption (2.8) one has ®(|y|)?, instead of ®(|y|), for some y > 1. Of course,
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for small |y| we have ®(|y|)” < ®(|y|) for each y > 1, hence the present condition (2.8)
implies the validity of the analogous condition with y > 1, assumed in [11] (see condi-
tion (8)). But, on the other hand, taking y > 1 one can lose the summability of the
function K¢ required in assumption (7) of [11]. In fact, in the following example the
present Theorems 2.3 and 2.4 are applicable, whereas the results established in [11] do
not work.

Consider the problem, already discussed in Example 4 [7]:

(@(¥' (1)) = m(t)®(I«'(¢)]), a.e onR
x(—00) =0, x(+00) =1,

where a(x) =1 and m : R — R is the function defined by

o
=%, |t >1

— ¢
m(1) { —ot, | <1,

for some o > 0. As it easy to check, the best function K¢ satisfying condition (8) in
[11] is Kc(t) := [olog t],, but condition (7) of [11] does not hold, whatever ¥ > 1 may
be. Hence, the existence results proved in [11] are not applicable. Instead, notice that
condition (2.6) herein considered holds whenever o >u (see (2.3)) and Theorem 2.3 (or
Theorem 2.4) applies, provided that the operator ® also satisfies the other required
assumptions. Similar considerations can be done for the p-Laplacian operator too,
using Theorem 2.5.
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